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Abstract

In this thesis, we describe three variants of a purely synthetic framework to treat
the differentiation of analytic functions: differential A-calculus, Taylor A-calculus,
and differential categories. We present the first explicit description of the rela-
tionship between Taylor A-calculus and differential A-calculus, showing that Taylor
A-calculus can be thought of a subset of differential A-calculus. Separately, we gen-
eralize the existing definition of the free cornering on a resource theory, which is a
model of asynchronous processes, in the literature to include infinite resources and
the ability to borrow resources. We will, then, prove that the category of resource
transducers induced by this generalized notion of the free cornering has a canonical
differential categorical structure.
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Chapter 1

Introduction

One of the key concepts that will be studied in this thesis is that of an a asynchronous processes.
The basic idea of an asynchronous processes is that it is a system that that is composed from simpler
processes that take in a certain collection of resources and output a certain (potentially different)
collection of resources and/or messages that communicate the state of those resources after the
process has concluded. The collection of all possible resources that is used by an asynchronous
processes (or a collection of asynchronous processes) is called a resource theory, and the behavior
of each simpler processes within an asynchronous process can also be influenced by the messages
produced by other simpler processes in the system. Those processes that just take in and then
output a message, without taking or outputting a resource, is called a resource transducer.

In 2023, Chad Nester, an Estonian mathematician at the University of Tartu, defined the
free cornering in [15], which is a rudimentary graphical model of asynchronous processes. The
general idea in this paper is that a symmetric monoidal category can be thought of as a resource
theory, where the objects are some collection of resources, morphisms are processes that manipulate
resources, and tensoring represents having two resources or performing two processes manipulating
resources simultaneously. From a symmetric monoidal category, one can build a double category
called the free cornering, where a subset of cells called vertical cells represent processes on resources
and a subset of cells called horizontal cells represent messages between distinct parts of the system.
The subset of horizontal cells form the category of resource transducers. In [16], Chad Nester
showed that the category of resource transducers is an instance of linear actegories, a logic of
message passing developed by Canadian mathematicians J.R.B. Cockett and Craig Pastro in [6]
back in 2007. Importantly, linear actegories are grounded in linear logic, which is the first indication
that free cornering and linear logic are intimately tied, and is one of the motivations for the work
in this thesis.

Separate from the topic of free cornering, in 2004, Thomas Ehrhard and Laurent Regnier, French
mathematicians at the Institut de Mathématique de Luminy, developed a powerful framework to
express the differentiation of analytic functions purely syntactically called the differential A-calculus
in [8]. In attempt to simplify the syntax of differential A-calculus and make its connection to linear
logic more apparent, Ehrhard and Regnier in 2006 (see [7]) proposed two new frameworks to
express the differentiation of analytic functions syntactically: Taylor A-calculus and differential
interaction nets, which is also referred to as differential linear logic. While these systems seem very
different at first glance, as stated toward the end of [7] and as restated in Theorem 4.1.14 in this
thesis, Taylor A-calculus and differential interaction nets are actually equivalent. Also, in 2006,
at the same time that Ehrhard and Regnier were working on these two frameworks of synthetic
differentiation, R.F. Blute, J.R.B. Cockett, and R.A.G. Seely, formulated a fourth framework to
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express the differentiation of analytic functions purely syntactically called the differential category
(see [1]). It is immediate that the morphisms in the differential category that are formed only
by the differential category’s structure maps are, in fact, just differential interaction nets. In this
way, differential categories and differential interaction nets are equivalent as systems for synthetic
differentiation.

Chapter 2 of this thesis will carefully work out the details of differential A-calculus, making a few
minor improvements to the definitions of differential terms, substitution, and partial differentiation
to ensure that the notion of free variables, substitution, and partial differentiation are well-defined.
Chapter 3 will, then, carefully work out the details of Taylor A-calculus. It is important to note that
Taylor A-calculus, differential interaction nets, and differential categories are equivalent frameworks
for synthetic differentiation. But this raises a natural question? how do these systems relate to the
original framework for synthetic differentiation, differential A-calculus? It is strongly suggested in
[9] that Taylor-A calculus is a subset of differential A-calculus. In section 3.4, we provide the first
explicit description of this, showing that substitution, partial differentiation, and differential (-
reduction is preserved by the canonical injection from Taylor A-calculus into differential A-calculus
(see Lemma 3.4.5, Lemma 3.4.7, Theorem 3.4.8, and Lemma 3.4.9).

At this point, we have mentioned asynchronous processes and synthetic differentiation, but so
far, we have not in any way illustrated the reason these two concepts are related. Let us change
that.

A year after Chad Nester published his original work on free cornering, Chad Nester together
with Niels Voorneveld, another Estonian mathematician, improved the definition of the free corner-
ing in [16]. In this paper, they define the free cornering with choice, which enables the description
of control statements (i.e., choice) in an asynchronous process, and the free cornering with choice
and iteration, which enables the description of loops (i.e., iteration) along with choice in an asyn-
chronous process. Interestingly, according to Lemmas 18-19 in [16] (which are restated in Lemmas
4.3.4 and 4.3.5 in this thesis), the right comultiplication cell, right counit cell, the right comonadic
comultiplication cell, and right comonadic counit cell, which are all resource transducers and are
defined in Definition 4.3.3, behave surprisingly similarly to the natural transformations contraction,
weakening, digging, and dereliction in a differential category. Hence, it is only natural to assume
that that category of resource transducers under suitable conditions is, in fact, just a differential
category. That is what this thesis will explore in Chapter 4.

In order to show that the category of resource transducers is, in fact, a differential category, it is
important to recognize that the category of resource transducers misses two key properties. First,
the category of resource transducers is not symmetric, as Chad Nester points out in Observation 6.4
in [15]. Second, the category of resource transducers lacks natural transformations corresponding to
co-contraction, co-weakening, and co-dereliction, which appear in differential categories. To show
that the category of resource transducers has these properties, we add very natural conditions to
our resource theory and correspondingly generalize our notion of a free cornering with choice and
iteration. Namely, to add symmetry, it will be necessary to allow resources to be borrowed (in the
sense presented in [14]) and allow the existence of infinite resources, and to add co-contraction,
co-weakening, and co-dereliction, we will need an additive structure in our resource theory and
free cornering. This results in the definition of a resource category, presented in Definition 4.1.16,
and the free cornering with choice and iteration of a resource category, presented in Definition
4.2.3. Under these minimal conditions, we find the remarkable fact that the category of resource
transducers has a canonical differential categorical structure (see Theorem 4.3.21).



Chapter 2

Differential A\-Calculus

In this chapter, we will introduce the first of four formulations of a purely syntactic framework
to treat differentiation of analytic functions, which is primarily based on Thomas Ehrhard and
Laurent Regnier’s seminal paper [8] on the topic. The first section will give a brief motivation of
the syntax of differential A-calculus without getting too in the weeds with the precise construction
of a differential term. The second section will then provide the precise construction of a term in
this calculus. To accomplish this, it will be necessary for us to define what will be called differential
pre-terms, whose properties will make up most of the material of the second section. The third
section will introduce a recursive definition of the partial derivative of a differential term and will
demonstrate that this definition of a partial derivative allows for purely symbolic formulations of
the chain rule, the generalized Leibniz rule, and Schwarz’s theorem. The fourth and final section
of this chapter will introduce a procedure of evaluating a differential term, expanding the usual
notion of S-reduction in ordinary lambda calculus. This section will then conclude with a proof
that the differential A-calculus satisfies the Church-Rosser property.

2.1 DMotivating the Syntax of Differential \-Calculus

The title of this paper uses quite a peculiar phrase: synthetic differentiation. But what precisely
does synthetic mean, especially in the context of differentiation? The idea, here, is that we want to
be able to express ideas or prove properties about differentiation of analytic functions via purely
symbolic reasoning, rather than via, say, the usual limit definition of differentiation. So, in this
context, synthetic means via purely symbolic reasoning, and this is precisely what differential -
calculus accomplishes. This is a very similar idea to how sequent calculus, originally introduced
by German mathematician Gerhard Gentzen in 1935 [10], allows us to draw conclusions about
properties of classical logic via syntactic manipulations of sequents without considering the actual
semantic notion of truth underpinning classical logic.

Now that we have a rough idea of the goal of synthetic differentiation, which is to capture
syntactically the behavior of differentiation, there is a natural follow-up question. How should we
construct the syntax to capture the behavior of differentiation in a way that is computationally
useful? The first syntactic element we will need is a denumerable set V of symbols (henceforth called
variables), which we will use to represent the arguments of functions such as x, y, z and to represent
analytic functions themselves such as f : R? — R. This denumerable set V' of variables will serve
as the base case of our differential terms. However, labeling an analytic function by the symbol
f does not tell us much about what f actually is, and hence, is not very useful computationally.
We should have differential terms that allow us to break down a function into an argument and
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some simpler differential term that may or may not use this argument. Such a term is known as
an abstraction, and is written as Ax.s, where x, a variable, is the argument of the function and s,
a simpler differential term, is some process that may or may not use z. For example, using this
notation, we would write the function that takes in a number and returns that inputted number
(i.e., the identity function) as I = Az.xz, and we would write the projection function that takes
any number to some value represented by y (i.e., the projection function) as P = Az.y. It seems
though, since an abstraction only has one argument, that we can only express functions that take
in one parameter, like the identity I and the projection function P. However, by using multiple
abstractions, we can actually express a function that takes any number of arguments. A function
f:R™ - R can be written as f = Azy.(...(A\z1.5)...), where z; is a variable representing the ith
argument of f and s is some differential term representing a process that may or may not use the
arguments x1,...,T,. For example, using this notation, we would write the function that takes in
two arguments and returns the second input as K = Az.(Ay.x). The last fundamental syntactic
element we will need before getting into differentiation is some way to express the composition
of two functions. This is accomplished by concatenation, and a term formed this way is called
an application. For example, the composition of the differential terms representing the analytic
functions s and ¢ is written as st. To recap, so far, we have that a differential term is one of the
following;:

(i) a variable;
(ii) an abstraction Az.s, where z is a variable and s is a differential term; or
(iii) an application st, where s and t are differential terms.

However, at this point, we still have not introduced any syntax representing the derivative of
a function. In fact, the only differential terms we have discussed are simply the terms found in

ordinary A-calculus. Let us fix this. Given a positive integer n € N, positive numbers i1, ...,i,, a
variable f, representing an analytic function of type R” — R, and differential terms ¢y, - - , 5, rep-
resenting some functions, we introduce the differential term D;, ;. f*(t1,...,t,), which represents

the function whose type is the same as f and is given by

Tlyeees T > (O o Oy F)(@15 @) - t1(T15 o @) -t (215 T (2.1.1)

Note that i1, ..., 4, do not necessarily need to be distinct. Similarly, given a positive integer n € N,
a variable x, representing an argument of a function, a differential term s, representing a process
that may or may not use the argument z, and differential terms ty,--- ,t,, representing some
functions, we introduce the differential term D} Az.s = (t1, ..., t,), which represents the function of
type R — R given by

x> (0 )(@) - ta(z) - ta(2), (2.1.2)

where f : R — R is the one-dimensional analytic function represented by Az.s. Observe that (2.1.2)
coincides with (2.1.1) when m = 1. Hence, a differential term can also be of the following:

(iv) a differentiated variable (D;, ... i, * (t1,...,t,)), where n,i1,...,i, € N are positive integers,
x €V is a variable, and t1,...,t, are differential terms; or
(v) a differentiated abstraction (DYAx.s * (t1,...,t,)), where n € N is a positive integer, z € V is

a variable, and s,t1,...,t, are differential terms.
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This gives us a notion of differentiation that very conservatively extends ordinary A-calculus.
Yet, if we want any shot at expressing even simple behavior of derivatives, such as the product rule,
we are still missing one critical ingredient: sums. That is, we want differential terms that take the
form >3 | (ri 0 s;), where s; are simpler differential terms and r; are some symbols from the set R
(henceforth called scalars), representing real numbers. Hence, a differential term can also be of the
following:

(vi) a scalar multiplication r - s, where r is a scalar and s is a differential term;
(vil) a sum s+ t, where s, ¢ are differential terms; or
(viii) 0, which represent the zero functions.

These eight different kinds of differential terms will make up our calculus, which will be called
differential A-calculus. With this intuition at hand, let us make this notion of a differential term
much more precise.

2.2 Differential Pre-Terms and Terms

It is tempting to jump straight into defining differential terms, and it is not entirely unreasonable
to do this. But by making this leap, we would be glossing over a critical point: the set of differential
terms is not a freely generated system. This should not be surprising. Just note, for instance, that
sums of differential terms should clearly be identified by commutativity and associativity. The lack
of freeness in the set of differential terms means that we cannot automatically claim that recursively
defined function on the set of differential terms, such as partial differentiation, is well-defined. To
resolve this issue, we define the set of differential pre-terms, which is freely generated, and then
quotient this set by the appropriate relations to obtain the set of differential terms. This approach
is motivated by [13], where the authors, Sgrensen Morten and Urzyczyn Pawel, quotiented the
freely-generated set of pre-terms to obtain the set of ordinary A-terms.

Definition 2.2.1. Set of Scalars

Let S be a denumerable set of symbols and let 1 be a distinguished symbol. Then, the set of
scalars R on S is the free set on S U {1} generated by two binary connectives - and +.

Definition 2.2.2. Differential Pre-Terms

Given a denumerable set V of variables, a set of scalars R, and a distinguished symbol 0,
a simple differential pre-term and a complex differential pre-term are defined via mutual
induction as follows:

&

(i) Given a nonnegative integer n € Ny, a variable x € V, positive integers i1, . .., i, € N, and
simple differential pre-terms t1,...,tn, (Diy,. i, @ * (t1,...,t,)) is a simple differential
pre-term.

(ii) Given a nonnegative integer n € Ny, a variable z € V, and simple differential pre-terms
Syt1y ..oy tn, (DY Az.s % (t1,...,t,)) is a simple differential pre-term.

(iii) Given a simple differential pre-term s and a complex differential pre-term 7, (s7) is a
simple differential pre-term.

(iv) 0 is a complex differential pre-term.
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(v) Given a simple differential pre-term s, s is also a complex differential pre-term.

(vi) Given ascalar r € R and a complex differential pre-term 7, (r-7) is a complex differential
pre-term.

(vii) Given complex differential pre-terms o and 7, (0 + 7) is a complex differential pre-term.

Let Agy denote the set of simple differential pre-terms, and let R{Agy) denote the set of
complex differential pre-terms.

[ )

Notice that at virtually every inductive step in the definition of a differential pre-term, outer
parentheses are added. This quickly makes differential pre-terms rather unwieldy, so we will adopt
some straightforward notational conventions to make differential pre-terms easier to read and write.

Notation 2.2.3

We apply the following notational conventions when writing differential pre-terms:

(i) The outermost parentheses are omitted. For example, (D¢ 2z * (y,y)), where z,y € V
are variables, is abbreviated as Dg oz * (y, ).

(ii) If n = 1 in a differential pre-term in the shape of Definition 2.2.2 (i)-(ii), the parenthesis
around the list of simple pre-terms at the end of the differential pre-term are dropped.
For example, (DsAz.x*(y)), where x,y € V are variables, is abbreviated as (Ds\zx.z*y).

(iii) Application associates to the right. For example, ((s7)c), where s € Agy is a simple dif-
ferential pre-term and 7,0 € R(Ag) are complex differential pre-terms, is abbreviated
to (sTo)

(iv) Summation associates to the right. For example, ((p + o) + 7), where p, 0,7 € R(Agyv)
are complex differential pre-terms, is abbreviated to (p + o + 7).

(v) Multiplication binds stronger than summation. For example, ((ry - 7) 4+ (r2 - o)), where
11,72 € R are scalars and 7,0 € R{A,) are complex differential pre-terms, is abbrevi-
ated as (1 -7+ r2-0).

It is important to note, before getting further, that not all variables were created equal; rather,
variables fall into two distinct classes. To build some intuition, think of the function A :=t — % gt?
representing the distance a ball falls at time ¢ after it was dropped at time 0 given that the constant
of gravitational acceleration is g. The symbols g and ¢ are clearly both variables. However, they do
not exactly behave in the same way. ¢ is a constant in the function h representing some value, which
can be specified later. We call g a free variable of h. On the other hand, ¢ is the argument of the
function h. We call ¢t the bound variable of h. That is, constants of functions are free variable and
arguments of functions are bound variables. Equipped with this intuition, let us translate this into
differential A-calculus. In differential A-calculus, we would write h as %)\t.Pgtt, where P is some
differential pre-term that returns the product of three inputted numbers when evaluated. Hence,
in differential A-calculus, a variable is said to be free when it is not contained in an abstraction
whose corresponding variable is the same; otherwise, the variable is said to be bound.
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Definition 2.2.4. The Variables of Differential Pre-Terms

Define the function Var: R{Agy) — V* that takes a complex differential pre-term to a finite
subset of variables by:

Var (D, i, x * (t1,...,ty)) = {&} U Var (t1) U --- U Var (t,), (2.2.1a)

Var (DY Ax.s = (t1,...,t,)) = {z} U Var (s )Var (tl) U -+ U Var (ty,), (2.2.1b)

Var (sp) = Var (s) u Var (p), (2.2.1c)

Var (0) = &, (2.2.1d)

Var (r - u) = Var (u), (2.2.1e)

Var (i + v) = Var () u Var (v), (2.2.1f)

where x € V is a variable, r € R is a scalar, n € Ny is a nonnegative integer, i1,...,%, € N are
positive integers, s,t1,...,t, € Ay are simple differential pre-terms, and p, v € R(Aq ) are

complex differential pre-terms. The image of a complex differential pre-term 7 € R{(A4y)
under Var will be called the wvariables of 7.

Definition 2.2.5. The Free Variables of Differential Pre-Terms

Define the function FV: R{Agy) — V* that takes a complex differential pre-term to a finite
subset of variables by:

FV (Diy,. inx* (t1,...,tn)) ={z} VFV (t1) u--- UFV (¢,), (2.2.2a)

FV (D")\x s# (1, ... tn)) = (FV (s) — {m}) UFV (t1) v - UFV (t,), (2.2.2b)

FV (sp) =FV (s) UFV (p), (2.2.2¢)

FV(0) = &, (2.2.2d)

V (r - 1) = FV (i), (2.2.2¢)

FV (,u +v)=FV (u) UFV (v), (2.2.2f)

where z € V is a variable, r € R is a scalar, n € Ny is a nonnegative integer, i1,...,4, € N are
positive integers, s,t1,...,t, € Ay are simple differential pre-terms, and p, v € R(Aqy) are

complex differential pre-terms. The image of a complex differential pre-term 7 € R{(Agy)
under FV will be called the free variables of T.

Definition 2.2.6. The Bound Variables of Differential Pre-Terms

Define the function BV: R(A4y) — V* that takes a complex differential pre-term to a finite
subset of variables by:

BV (D, .. i,z *(t1,...,t)) =BV (t1) u--- UBV (t,), (2.2.3a)

BV (Dl )\x s# (t1,...,tn)) ={z} U BV( ) UBV (t1) u--- UBV (t,), (2.2.3b)

BV (su) = BV (s) u BV (p), (2.2.3c)

BV (0) = &, (2.2.3d)

V(r-p) =BV (u), (2.2.3¢)

BV(,u-I—V)zB (u) U BV (v), (2.2.3f)

where x € V is a variable, r € R is a scalar, n € Ny is a nonnegative integer, i1,...,4, € N are

positive integers, s,t1,...,t, € Ay are simple differential pre-terms, and p, v € R(Aqy) are
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complex differential pre-terms. The image of a complex differential pre-term 7 € R{(A4y)
under BV will be called the bound variables of 7. &

The motivation for distinguishing free from bound variables spears when we try to define sub-
station. In particular, when we want to substitute a certain complex differential pre-term, say o
for a given variable, say, x into a complex differential pre-term, say, tau, we only want to replace
those instances of x in 7 that are free. To understand the reason we only replace free variables
when substituting, we go back to our intuition of free variables as constants and bound variables
as arguments. Intuitively it is clear constants are distinct from arguments: constants, as opposed
to arguments, are fixed values that can be specified later. Specifically, we can substitute a con-
stant with some chosen number. For example, consider again the function h = t — %th (or
h = %)\t.Pgtt in the notation of differential A-calculus), which tells us how much a ball traveled as
a given time t after being dropped given that the constant of gravitational acceleration is g. To
express appropriately how much the ball travels at a given time if the ball was dropped on the
Moon, we would simply substitute every instance of g in h with 1.625 m/s%, which would give us
h[(1.625 m/s?)/g] =t — 1(1.625 m/s?)t? (or h = $At.P(1.625 m/s?)tt in the notation of differen-
tial A-calculus). However, unlike a constant, it does not make sense to substitute the argument of a
function with some number, as it could fundamentally change a potentially very dynamic function
into some kind of projection. For example, if we substitute 1 s for every instance of ¢t in h we get
the function t — 1¢(1s)? (or $At.Pg(1 s)(1 s) in the notation of differential A-calculus), which
is a function that returns %9(13)2 for all inputs. No longer does the function, after this invalid
substitution, represent the distance a ball fell given a particular time after the ball is dropped.
Instead, this function represents a function that always returns the distance the ball fell after 1 s
given any time after the ball is dropped, making the fact that this is a function of time at all rather
irrelevant. This is precisely the reason we can only replace the free instances of a variable during
substitution.

The choice to only replace free variables and skip entirely bound variables during substitution
is absolutely necessary to make sure a differential pre-term maintains its general behavior after
substitution, as we demonstrated quite explicitly with the function representing the distance a ball
falls after it is dropped. However, it is not quite sufficient. Sometimes, it is simply impossible
to sensibly substitute a complex differential pre-term for a particular variable in another complex
differential pre-term. For example, suppose that we substitute ¢ for g in h. Then, we get the
function t — %t?’ or (At.Pttt in the notation of differential A-calculus), which returns the inputted
time cubed, and has no relation anymore to the distance a ball falls after it is dropped. Clearly,
this should be an invalid substitution, as it fundamentally altered the behavior of the function.
But what went wrong? The problem with this substitution is that we substituted a constant
with the argument of the function. This is called wvariable capture. Hence, to make sure that a
substitution is valid, we need to first ensure that no variables are captured. That is, in order for
a substitution to be valid, we need to make sure that whenever we replace a free variable, say, =
with a complex differential pre-term ¢ in the complex differential pre-term 7, we need to ensure
that no free variables of ¢ also appears as the corresponding variable of an abstraction containing
that instance of x. Specifically, we can only substitute o for  in 7 when Sub, , 7 = 1.

Definition 2.2.7. Condition for Substitution to be Possible
Given a variable z € V and a simple differential pre-term ¢ € Agy, define the function
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Suby ¢ : R(Aqy) — {0,1} by

Subg,¢ (Diy,..., in® % (t1,-. ., tn)) = Subg ¢ (t1) A -+ A Subg ¢ (tn), (2.2.4a)
Subg ¢ (Di1 ‘‘‘‘‘ in¥ ®(t1, .., tn)) = Subg ¢ (t1) A -+ A Subg ¢ (tn), (2.2.4b)
Subg ¢ (DY Az.s * (t1,. .., tn)) = Subg ¢ (t1) A -+ A Subg ¢ (tn), (2.2.4¢)
Suba.t (DT A.s # (b1, .., tn)) = {iubm,t (5) A Subg ¢ (t1) A -+ A Subg ¢ (tn) i)ft}gij“i;/e(’t) vz ¢FV(s), )
Subg,t (sp) = Subg,¢ (s) A Subg ¢ (1), (2.2.4e)

Subgz ¢ (0) = 1, (2.2.4f)

Subg,¢ (r - p) = Subg ¢ (1), (2.2.4g)

Subg ¢ (1 + v) = Subg ¢ (1) A Subg ¢ (v), (2.2.4h)

where y € V is a variable distinct from z, r € R is a scalar, n € Ny is a nonnegative integer,
i1,...,i, € N are positive integers, s,t1,...,t, € Agy are simple differential pre-terms, and
w, v € R{Ag4y) are complex differential pre-terms. s

We now define substitution for differential pre-terms. It will, or course, only be defined when
no variable is captured as a result of the substitution.

Definition 2.2.8. Substitution for Differential Pre-Terms

Given a variable € V, a complex differential pre-term 7 € R(A ), and a simple differential
pre-term t € Agy such that Sub,(7) = 1, the substitution 7[t/x] of t for x in 7 is defined
by:

(Diy,..iin@ * (1, .., tn))[E/2] = Dy, int * (t1[t/x], ... tat/x]), (2.2.5a)
(Diy,iny * (t1, - s to))[E/2] = Dy iy * (G1]t/2], . .. tat/x]), (2.2.5b)
(DY Ax.s * (t1,...,tn))[t/x] = DY Ax.s = (t1[t/x], ... ta[t/x]), (2.2.5¢)
(DY Ay.s = (t1,...,tn))[t/x] = DY Ay.s[t/x] = (t1[t/x], ..., ta[t/x]), (2.2.5d)
(sp)lt/x] = slt/x]p[t/x], (2.2.5¢)

0[t/z] =0, (2.2.5f)

(r-p)lt/z] = - plt/z], (2.2.5g)

(u+ v)[t/x] = plt/z] + v[t/z], (2.2.5h)

where y € V is a variable distinct from z, r € R is a scalar, n € Ny is a nonnegative integer,
i1,...,i, € N are positive integers, s,t1,...,t, € Agy are simple differential pre-terms, and
i, v € R(A4y) are complex differential pre-terms.

L]

With a solid definition of differential pre-terms, free and bound variables, and substitution, it’s
about time that we start proving some basic properties about these definitions.

Let 7 € R{A4y) be a complex differential pre-term and ¢t € Ay be a simple differential
pre-term. If x ¢ FV (1), then ¢ can be substituted for x in 7 (i.e., Subg;(7) = 1) and
T[t/x] = T.

Proof. This follows by induction on 7.

1. Assume that 7 = D;, ;. vy * (t1,...,t,), where n € Ny is a nonnegative integer, y € V is
a variable, i1,...,i, € N are positive integers, and t1,...,t, € Agy are simple differential
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pre-terms. Since
¢ FV (1) =FV(Dj,, iy (ti,...,tn)) ={z} VFV (1) u--- UFV (t,), (2.2.6)

we have that y # x and = ¢ FV (¢;) for all 1 < j < n, so by the induction hypothesis,
Subg; (t;) = 1 and t;[t/z] = t; for all 1 < j < n. Hence,

Subg s (1) = Subgt (Ds;,. i,y * (t1,...,tn)) = Subgt (t1) A -+ A Subgy (t,)

oy (2.2.7)
Tlt/x] = (Dsy,..iny * (t1, .. to))[t/x] = Dsy,. iy = (t1[t/x], ... ta[t/z]) (2.2.8)
=D, iyy*(tr,... . ty) =T
2. Assume that 7 = DV Ay.s = (t1,...,t,), where n € Ny is a nonnegative integer, y € V is a

variable, and s,tq,...t, € Agy are simple differential pre-terms. Since
x¢ FV (1) =FV (DI \y.s* (t1,...,ty)) = (FV(s) = {y}) VFV (t1) u--- UFV (t,,), (2.2.9)

we have that « ¢ FV (s)—{y} and z ¢ FV (¢;) for all 1 < j < n, so by the induction hypothesis,
Suby (t;) = 1 and ¢[t/x] = t; for all 1 < j < n. If x € FV (s), then y = x, which implies

that
Subg¢ (1) = Suby (DY Az.s * (t1, ..., tn)) = Subgy (t1) A -+ A Subgy (tn) (2.2.10)
=1A---Al=1,
lt/o] = (DPXz.s s (b, t)[tfa] = Didwss (lt/a),. o tallfad) oo
= DiAx.s* (t1,...,ty) = T.
If = ¢ FV (s), by the induction hypothesis, Sub,; (s) = 1 and s[t/z] = s, so
Subg (1) = Subg (DY Ay.s * (t1, ..., 1)) (2.2.12)
= Suby (8) ASubgy (f1) A+ ASubg(ty) =1 AT A--Al=1,
T[t/x] = (DY Ay-s * (t1, - .., tn))[t/7] (2.2.13)

= DY A\y.s[t/x] = (t1[t/x],. .., tp[t/x]) = DT Ay.s = (t1,...,t,) = T.

3. Assume that 7 = sy, where s € Agy is a simple differential pre-term and p € R{Ag4y) is
a complex differential pre-term. Since x ¢ FV (1) = FV (sp) = FV (s) u FV (1), we have
that = ¢ FV (s) and ¢ FV (1), so by the induction hypothesis, Sub, ¢ (s) = Subg; (1) = 1,
s[t/z] = s, and p[t/x] = p, which implies that Subg;(7) = Subg;(spu) = Suby:(s) A
Subg: (1) =1 A1 =1and 7[t/x] = (sp)[t/z] = s[t/x|u[t/z] = sp=T.

4. Assume that 7 = 0. Then, Sub, ((7) = Sub,+(0) = 1 and 7[t/x] = 0[t/z] = 0.

5. Assume that 7 = r - pu, where r € R is a scalar and p € R(Agy) is a complex differential
pre-term. Since z ¢ FV (1) = FV (r - ) = FV (u), by the induction hypothesis, Subg ¢ (1) = 1
and p[t/z] = p, which implies that Subg; (1) = Subg (r- ) = Subg (¢) = 1 and 7[t/z] =
(- wlt/a) = - plt/z] =i = 7.

6. Assume that 7 = u + v, where p,v € R(A4y) are complex differential pre-terms. Since
x ¢ FV(r) = FV(u+v) = FV (u) u FV (v), we have that = ¢ FV (u) and = ¢ FV (v),
so by the induction hypothesis, Sub, () = Subg, (v) = 1, plt/x] = p, and v|t/z] = v,
which implies that Suby ¢ (7) = Subg(u+v) = Subg: () A Subgs(v) = 1 A1 =1 and
rlt/z] = (u+ v)[t/2] = plt/e] + vlt/a] = g+ v = 7.

This completes the induction. l:l
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Let 7 € R(Aq4y) be a complex differential pre-term, t € Ay be a simple differential pre-term,
and x € V be a variable such that ¢ can be substituted for z in 7 (i.e., Subg ¢ (7) = 1). Then,
y € FV (7[t/z]) if and only if either y € FV (1) and = # y or y € FV (¢) and x € FV (7).

Proof. This follows by induction on 7. The details are left to the reader. l:l

Given a complex differential pre-term 7 € R(Agy) and a variable € V, « can always be
substituted for x in 7 (i.e., Sub, »(7) = 1) and 7[z/x] = 7.

Proof. This follows by induction on 7.

1. Assume that 7 = Dy, ;. y * (t1,...,t,), where n € Ny is a nonnegative integer, y € V is
a variable, i1,...,i, € N are positive integers, and t1,...,t, € Agy are simple differential
pre-terms. Note that y[z/z] =y if y # x and y[z/x]| = z[z/x] = x = y if y = . Also, by the
induction hypothesis, Sub, ; (t;) = 1 and tj[z/z] = t; for all 1 < j < n. Hence,

Subg » (7) = Subgz (Diy,...iny * (1, ..., tn)) = Subg » (t1) A -+ A Subgz (t5)

2.2.14
=1lA---Al=1, ( )
Tlz/z] = (Diy.iny * (b1, - ) [w/2] = Diy L yla/z] + (Gilz/z], .. ta[z/2])
(2.2.15)
= D’i17~--,iny * (tl, e ,tn) =T.
2. Assume that 7 = DV Ay.s = (t1,...,t,), where n € Ny is a nonnegative integer, y € V is a

variable, and s, 1, ...t, € Agy are simple differential pre-terms. By the induction hypothesis,
Subg s (s) = 1 and s[z/x] = s, and for all 1 < j < n, Sub,, (¢t;) = 1 and ¢;[z/x] = t;. If

y = z, then
Suby ; (7) = Suby ; (DY Ax.s * (t1,...,t,)) = Subg s (t1) A -+ A Subg s (tn) (2.2.16)
NN
rle/e] = (Diws« (1, ) lofa] = Dides s (lefal, oo talefal)

=DV Az.s#* (t1,...,ty) = T.
If y # x, then y ¢ {} = FV (x), which implies that

Suby 4 (1) = Suby & (DY Ay.s * (t1,...,tn)) = Subg 5 (s) A Subg z (t1) A -+ A Suby 4 (ty)
=1AlA---Al=1,
Tlz/z] = (DY Ay.s = (t1, ... . tn))[x/z] = DY Ay.s[z/z] = (t1[z/z], ..., tn]z/2])
=DV Ay.s=(t1,...,tp) =T.

3. Assume that 7 = su, where s € Agy is a simple differential pre-term and p € R{(Ag4y) is
a complex differential pre-term. By the induction hypothesis, Subg , (s) = Suby . (1) = 1,
slz/x] = s, and plz/x] = p, which implies that Sub, , (7) = Subg, (sp) = Subg g (s) A
Subg () =1 A1 =1and 7[z/z] = (sp)[z/z] = s[z/z|pu[z/z] = sp = T.

4. Assume that 7 = 0. Then, Sub, ;(7) = Sub,;(0) = 1 and 7[z/z] = 0[z/x] = 0.



12 CHAPTER 2. DIFFERENTIAL \-CALCULUS

5. Assume that 7 = r - pu, where r € R is a scalar and p € R(Agy) is a complex differential
pre-term. By the induction hypothesis, Sub, , (1) = 1 and p[z/z] = p, which implies that
Subg 4z (7) = Subg 4 (r- ) = Suby 4 (1) = 1 and 7[z/z] = (r-p)[z/z] =r- plz/z]=r -p=7T.

6. Assume that 7 = p + v, where u,v € R(Aqy) are complex differential pre-terms. By the
induction hypothesis, Sub, , () = Suby, (v) = 1, plr/xz] = p, and v[z/z] = v, which
implies that Sub, , (7) = Subg , (4 v) = Subgz (1) A Suby, (¥) =1 A1 =1 and 7[z/z] =
(b +v)lz/z] = ple/z] +vlz/z] = p+v =T

This ccompletes the induction. l:l

Let 7 € R{Ag4y) be a complex differential pre-term, let u,v € Ay be simple differential
pre-terms, and z,y € V such that  # y and Sub,, (7) = Suby , (T[u/z]) = Suby, (u) = 1.
If z ¢ FV (v) or y ¢ FV (1), then Sub,, (1) = Subg, u[w/y] (t[v/y]) = 1 and T[u/z][v/y] =
7v/y]lulv/y]/x].

Proof. This follows by induction on 7.

1. Assume that 7 = . Trivially, Sub, , (7
€T, SO Sbe,u[v/y] (T[U/y]) = Sub:v,u[v/y] (

Tlu/z][v/y] = z[u/z][v/y] = ulv/y] = z[ulv/y]/z]
= z[v/yllulv/yl/z] = [v/y][ulv/y]/x].

) = Suby, (z) = 1, and since z # y, T[v/y] = z[v/y] =
x) = 1. Then,

(2.2.18)

2. Assume that 7 = y. Then, Sub,, (1) = Suby, (y) = 1, and since y € {y} = FV (y) =
FV (1), we must have that x ¢ FV (v) = FV (y[v/y]) = FV (7[v/y]), so by Lemma 2.2.9,

Suby ufv/y] (t[v/y]) =1 and

Tlo/yllulv/yl/z] = Tlv/y] = ylv/y] = ylu/z]v/y] = Tlu/z][v/y]. (2.2.19)
3. Assume that 7 = 2z, where z € V is a variable distinct form z and y. Then,

Suby ,, (7) = Suby, (2) =1, (2.2.20)
Sbe,u[v/y] (T[U/y]) = Sbe,u[v/y] (Z[U/y]) = Sbe,u[v/y] (Z) =1, (2'2'21)
lu/x]lv/y] = z[u/x][v/y] = z[v/y] = z = z[u[v/y]/x]

= z[v/y][ulv/y]/z] = T[v/y][u[v/y]/z]. (2.2.22)

4. Assume that 7 = Az.s, where s € Agy is a simple differential pre-term. Since 7[u/x]| =
(Az.s)[u/z] = Ax.s = 7 and Suby, (7|u/x]) = 1, we have that Sub, ,(7) = 1, which implies
that v can be substituted for y in 7. Thus, 7[v/y] = (Az.s)[v/y] = Ax.s[v/y], which tells us
that Suby [,y (T[v/y]) = Subg 4y (Az.s[v/y]) = 1. Putting this all together,

lu/zl[v/y] = (Az.s)[u/z][v/y] = (Ae.s)[v/y] = (Ae.s[v/y]) = Aw.s[v/y])[u[v/y]/x]

= (Az.s)[v/y[ulv/y]/x] = T[v/y][ulv/y]/x].
(2.2.23)
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5. Assume that 7 = Ay.s, where s € Ay is a simple differential pre-term. Then, Sub, , (7) =
Suby, (Ay.s) = 1. Since y # x and 1 = Sub,, (1) = Subs, (Ay.s), which implies that
y¢Fv ('LL) orz ¢ FV (s). If z ¢ FV (s), then SUbw,u[v,y] (T[U/y]) = SUbw,u[v,y] (()‘ys)[v/y]) =
Sub, ufv,y] (Ay-s) =1 and

Tlu/z][v/y] = (Ay.s)[u/z][v/y] = (Ay.s[u/z])[v/y] = Ay.s[u/x] = Ay.s
= (Ay.s)[ulv/yl/z] = (Ay-s)[v/y]lulv/y]/x] = lv/y][ulv/y]/x].

If y ¢ FV (u), then by Lemma 2.2.9, u[v/x] = u, which implies that y ¢ FV (u) = FV (u[v/z]),
whence Suby, [, (T[0/y]) = Subg 4y (Ay.s) = 1 and

Tlu/z][v/y] = Ay.slu/z] = (Ay.s)[u/z] = (Ay-s)[ulv/y]/z]
= (Ay-s)[v/yllulv/yl/z] = T[v/y][ulv/y]/x].

6. Assume that 7 = Az.s, where z € V is a variable distinct from z and y and s € Agy is
a simple differential pre-term. Let us first show that Sub,, (7) = 1. Since z # y and
1 = Suby, (T[u/z]) = Suby, ((Az.s)[u/x]) = Suby, (Az.s[u/z]), we have that z ¢ FV (v) or
y ¢ FV (s[u/z]). If z € FV (v), this implies that y ¢ FV (s[u/z]) < (FV (s) — {z}) U FV (u),
where we used Corollary 2.2.10 for the inclusion, so since y # x, this tells us that y ¢ FV (s).
Thus, z ¢ FV (v) or y ¢ FV (s), which implies that Sub,,, (7) = Suby, (Az.s) = 1. Now, let
us show that Subg v/ (T[v/y]) = 1. Suppose that 2z € FV (u[v/y]) and z € FV (7[v/y]).
Further, suppose that « ¢ FV (v). By Corollary 2.2.10, FV (7[v/y]) < (FV (1) —y) U FV (v)
. Since = # y and = ¢ FV (v), this implies that € FV (7). Instead, suppose that z € FV (v).
Since z ¢ FV (v) or y ¢ FV (1) by hypothesis, this implies that y ¢ FV (7), so by Lemma
2.2.9, 7[v/y] = 7. Hence z € FV (7[v/y]) = FV (7). Therefore, regardless of whether z is in
FV (v), we have that z € FV (1) = FV (Az.s) = FV (s) — {z}, which implies that = € FV (s),
as z # z. Since 1 = Subg, (1) = Sub,, (Az s) by hypothesis and z # x, we have that
z ¢ FV(u) or x ¢ FV (s). Since we know that x € FV (s), this implies that z ¢ FV (u).
Since z € FV (u[v/y]), by Lemma 2.2.10, this implies that y € FV (u) and z € FV (v). Since
x € FV(s) and y € FV (u), by Lemma 2.2.10, y € FV (s[u/x]). Recall from earlier that
z ¢ FV (v) or y ¢ FV (s[u/z]), so the prior sentence implies that z ¢ FV (v), contradicting
the fact that z € FV (v). Hence, z ¢ FV (u[v/y]) or z ¢ FV (7[v/y]), which implies that
Sub, upvsy) (T[v/y]) = 1. Now, let us show that 7[u/z][v/y] = T[v/y][u[v/y]/z]. Since 1 =
Subg , (T) = Sub, , (Az.s), we must have that Sub, ,, (s) = 1, and since 1 = Suby, (7[u/z]) =
Suby . ((Az.s)[u/z]) = Suby, (Az.s[u/x]), we must have that Sub,, (s[u/z]) = 1, so by the
induction hypothesis, s[u/z][v/y] = s[v/y][u[v/y]/x], which implies that

Tlu/x]lv/y] = (Az.s)[u/z][v/y] = Az.su/z][v/y] = Az.s[v/y][ulv/y]/x]

(2.2.24)

(2.2.25)

(2.2.26)
= (Az.s)[v/yllulv/y]/z] = r[v/y][ulv/y]/z].

7. Assume that 7 = D;, ;.2 * (t1,...,t,), where n € Ny is a nonnegative integer, z € V is
a variable, i1,...,1, € N are positive integers, and t1,...,t, € Ay are simple differential
pre-terms. By hypothesis,

1 = Subg (1) = Subgy (Diy iz % (t1, ..., tn)) (2.2.27)
= Suby 4, (2) A Subgy (t1) A -+ A Subgy (tn),

1= Sbe,u[v/y] (T[U/y]) = Sbe,u[v/y]((Dil,---JnZ * (tlv s 7tn))[v/y])
Sty (Do 0/5] * (1[0 - tale5]) (2:2.25)
= SUba},u[v/y] (Z[’U/y]) A Subx,u[v/y] (tl[v/y]) ATRRA Subx,u[v/y] (tn[U/y]),
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which implies that Sub , (2) = Suby, 4,/ (z[v/y]) = Subg,, (t;) = Sub, ufv/y] (ti[v/y]) =1
for all 1 < j < n, so by the induction hypothesis, Suby ,(2) = Subg 4y (2[v/y]) = 1 and
z[u/z][v/y] = z[v/y][u[v/y]/z], and for all 1 < j < n, Suby(t;) = Suby ) (ti[v/y]) =1
and t;[u/x]|[v/y] = tj[v/y][u[v/y]/x]. Hence,

Suby,, (7) = Suby,v (Diy,....in 2 * (t1,. .., tn))

= Suby, (2) A Subys ((1) A - ASubyp(tn) =1A1A--Al=1, (2.2.29)
Sbe,u[v/y] (T[U/y]) = SUb:c,u[v/y] ((Dil,...,inz * (tl ~~~~~ tn))[’l)/y])
= Subatofs) (Da i 2[0/5] # (073 talo/]) 200)
= Subg u[v/y] (2[v/y]) A Subg uvy) (E1[v/y]) A -+ A Subg u[w/y) (Enfv/y]) -
=1AlA---Al=1,
[/ [0/9) = (Dis.oi % (b1 ta) /o]
Lo Y B (A O o O e ) a0
= (Diy,....inz[v/y][ulv/y]/z] = (t[v/y][ulv/y]/=],. .., tn[v/yl[ulv/y]/z])) o
= (Diy,yinz * (t1, .. -, tn))[v/y][ulv/y]/z] = T[v/y][u[v/y]/z].
8. Assume that 7 = D7 Az.s * (t1,...,tn), where n € Ny is a nonnegative integer, z € V is a
variable, and s,t1,...t, € Agy are simple differential pre-terms. By hypothesis,
1= z,u = T,u DY)z yeecyln
Subg o (7) = Subg 4, (DY Az.s * (t tn)) (2.2.32)

= Subg 4, (Az.5) A Subgy, (t1) A -+ A Subgy, (t),
1 = Suby w1 (T[v/y]) = Suby ufu/y) (DY Az % (1, 1)) [v/y])
= Suby oy (DF )0y * (/. . talv/u) (2.2:33)
= Suby u[u/y) ((A2.5)[0/y]) A Suby upwy (ti[v/y]) A -+ A Subg ey (En[v/y]),
80 Subyy (A2.5) = Subg y[u/y)((A2.8)[v/y]) = Subyy (t;) = Suby ) (tjlv/y]) = 1 for all
1 < j < n, which implies that by the induction hypothesis, we have that Sub,,(Az.s

) =
Sub, ufv/y ((Az-8)[v/y]) = 1 and (Az.s)[u/z][v/y] = (Az.s)[v/y][u[v/y]/7], and for all 1 < j <
n, Suby ,(t;) = Suby u[vy (ti[v/y]) = 1 and t;[u/x][v/y] = t;[v/y][ul[v/y]/z]. Hence,

Suby., (T) = Suby,, (DI Az.5 * (t1,. . ., tn))

= Suby,, (Az.5) A Suby,u (t1) A - ASubyy (tn) =1 A1 A Al=1, (2.2.34)
Suba,ufv/y] (T[V/Y]) = Subg,ufu/y) (D1 Az.s % (1, . .., tn))[v/y])
= Subg ufv/y) (D1 (Az.8)[v/y] * (t1[v/y], .. ., tn[v/y])) (2.2.35)
= Subg u[v/y] (Az.8)[v/y]) A Subg ufvy) Ei[v/y]) A -+ A Subg ufw/y) (Enlv/y]) o
=1AlA---Al=1,
Tlu/z][v/y] = (D Az.5 * (t1,. . ., tn))[u/z][v/y]

= (D1 (Az.s)[u/z][v/y] * (tr[u/z][v/y], .-, tnlu/z][v/y])) (2.2.36)
= (D1 (Az.8)[v/ylulv/y]/=] = (tr[v/y][ulv/y]/z], . .. ta[v/y][ulv/y]/2])) o

1/x]
= (DiAzs % (t1, .o ta)[ulv/yl /2] = 7[v/y][ulv/y]/z].

9. Assume that 7 = sp, where s € Ay is a simple differential pre-term and p € R{Agy) is a
complex differential pre-term. By hypothesis,

1 = Subg,, (7) = Subg,, (sp) = Subg,, (s) A Subg,, (1), (2.2.37)

1 = Sub,,, (v[u/a]) = Sub,,, ((s1)[u/a]) = Suby,, (sfu/a]ulu/s])

= Suby,, (s[u/x]) A Suby,, (ufu/s]), (2.2.38)

N
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10.

11.

12.

s0 Subg,, (s) = Suby , (s[u/x]) = 1 and Subg,, () = Suby, (#[u/s]) = 1, which implies by the
induction hypothesis, Suby , (s) = Subg y[uy) (s[v/y]) = 1, s[u/z][v/y] = s[v/y][ulv/y]/x],
Suby,, (1) = Subg yfusy) (u[v/y]) = 1, and plu/z][v/y] = plv/y][ulv/y]/x]. Hence,

Suby ., (7) = Suby , (sp) = Suby 4 (s) A Suby, () =1 A1 =1, (2.2.39)
Subg vy (T[v/y]) = Subg ywsy) ((sp)[v/y]) = Subg sy (s[v/y])ulv/y])
= Suby ufusy) (s[v/y])) A Suby s (klv/y]) =1 A1 =1,
lu/z][v/y] = (sp)[u/x][v/y] = s[u/z][v/y]plu/z][v/y]
= s[v/yllulv/yl/z]lulv/yllulv/yl/z] = (spw)lv/yllulv/yl/z]  (2.2.41)

(2.2.40)

= 7lv/yllulv/y]/z].
Assume that 7 = 0. Then,
Suby , (7) = Suby, (0) = 1, (2.2.42)
Sme,u[v/y] (t[v/y]) = Sbe,u[v/y] (O[v/y]) = Ssz,u[v/y] (0) =1, (2.2.43)

Tlu/x][v/y] = Ou/z][v/y] = 0 = Olv/yllulv/yl/z] = Tlv/yllulv/y]/z].  (2.2.44)

Assume that 7 = r - u, where r € R is a scalar and p € R{(Aqy) is a complex differential
pre-term. By hypothesis,

1 = Suby, (7) = Subgy, (7 - ) = Subg 4, (1), (2.2.45)
1 = Suby, (T[u/x]) = Suby, ((r - p)[u/x]) = Suby, (7 - plu/s]) = Suby , (u[u/s]), (2.2.46)

which implies that Subg,, (1) = Suby,, (#[u/s]) = 1, so by the induction hypothesis, we have
that Suby, (1) = Subgupyy) (k[v/y]) = 1 and plu/z][v/y] = plv/y][ulv/y]/z]. Hence,

Suby, (7) = Suby, (1 - @) = Suby, (1) =1, (2.2.47)
Suby ufv/y) (T[V/y]) = Stubg /) (7 [ /y]) = Suby ufvyy (7 - plv/y])
= Suby [y (1lv/y]) =
Tlu/z][v/y] = (r- p)[u/z][v/y] =7 H[U/ﬂﬂ][v/y] =1 plv/y]lulv/y]/z]
= (r-wlv/yllulv/yl/z] = rlv/y]lulv/y]/z].

(2.2.48)

(2.2.49)

Assume that 7 = u+ v, where pu, v € R(A4y) are complex differential pre-terms. By hypoth-
esis,

1 = Subg,, (7) = Subg,, (1 + v) = Subg,, (1) A Subg,, (v), (2.2.50)
1 = Subyo (rfu/e]) = Suby., (4 + ¥)[w/e]) = Suby, (ulufa] + vluwfs])  (2:251)
= Suby, (u[u/z]) A Suby, (v[u/s]), (2.2.52)

which implies that Subg, (1) = Suby, (u[u/z]) = 1 and Sub,, () = Suby, (v[u/s]) =
1, so by the induction hypothesis, Suby , (1) = Suby [y (Mmulv/y]) = 1, plu/z][v/y] =
v

[v/y][ [v/y]/x], Suby,, (v) = Subxuv/y (wlv/y]) = 1, and v]u/z][v/y] = v]v/y]lulv/y]/z].

Hence,

Suby ., (1) = Suby , (1t + v) = Suby,, (1) A Suby, (¥) =1A1=1, (2.2.53)
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Suby ufv/y) (T[0/y]) = Suby upu/y] E(u +v)[v/y]) = Subg ufuyy) (ulv/y]) +vlv/y]) (2.2.54)

= SUb:c ulv/y] u[v/y])) A Subx,u[v/y] (Z/[U/y]) =1lnal=1,

Tlu/z][v/y] = (n + v)[u/z][v/y] = plu/z][v/y] + v[u/z][v/y]
= plv/yllulv/yl/z] + v[v/yl[ulv/y]/z] = (n+ v)[v/y][u[v/y]/z]
= 7[v/y][ulv/y]/z].
(2.2.55)
This completes the induction. a

Let 7 € R{Ag4y) be a complex differential pre-term and let x,y € V be variables. If y can be
substituted for z in 7 (i.e., Subg, (7) = 1) and y ¢ FV (1), then x can be substituted for y

in 7[y/x] (i.e., Suby, (7[y/x]) = 1) and 7[y/z]|[z/y] = T.

Proof. We start by proving that Sub, , (7[y/z]) = 1, which we can do via induction on 7.

1. Assume that 7 = Dj, ;. 2z * (t1,...,t,), where n € Ny is a nonnegative integer, z € V is
a variable, i1,...,i, € N are positive integers, and t1,...,%, € Ayy are simple differential
pre-terms. By hypothesis,

1 = Subg,y (1) = Subgy (Dj;.. i, 2% (t1,...,tn)) = Subgy (t1) A -+ A Subgy (tn), (2.2.56)
y¢FEV (1) =FV (D, i,2%(t1,....tn)) ={z} UFV (t1) u--- UFV (), (2.2.57)

which implies that Sub,, (t;) = 1 and y ¢ FV (¢;) for all 1 < j < n, so by the induction
hypothesis, Sub,, . (tj[y/x]) = 1 for all 1 < j <n. Hence,

Suby . (T[y/x]) = Suby e ((Di,...i, 2 * (t1, - .. ,tn))[y/x])

= Suby o (Diy....in 2ly/x] * (taly/z], .. ., tnly/x])) (2.2.58)
= Suby , (t1{y/z]) A -+ A Suby , (¢ [y/x]) 1A nl=1,
where we used the fact that z[y/z] is a variable for the third equality.
2. Assume that 7 = D7Az.s * (t1,...,t,), where n € Ny is a nonnegative integer, z € V is a
variable, and s,t1,...t, € Agy are simple differential pre-terms. Then,
y¢ FV (1) =FV (DI Az.s = (t1,...,tn)) = (FV(s) = {z}) VEV (t1) u--- UFV (t,), (2.2.59)
which implies that y ¢ FV (s) — {2} and y ¢ FV (¢;) for all 1 < j < n. Suppose that z = x.
Then,

1 = Subgy (1) = Sub,, (DY Az.s = (t1,. .. ,tn)) = Subgy (t1) A -+ A Subgy (t,), (2.2.60)

which implies that Sub, , (t;) = 1 for all 1 < j < n. By the induction hypothesis, this implies
that Suby , (t;[y/x]) = 1 for all 1 < j < n. Suppose also, that x # y. Since y ¢ FV (s) — {2}
and y # x =z, y ¢ FV (s), so by Lemma 2.2.9, Sub,, ,, (s) = 1. Hence.

Suby ;. (T[y/x]) = Suby . (DY Az.s * (t1,...,tn))[y/x])
= Suby . (DY (Az.s)[y/x] = (ti[y/z], ..., tuly/x]))
= Suby . (DY Az.s = (t1{y/x], ..., taly/x])) (2.2.61)

= Suby . (s) A Suby, (t1[y/x]) A -+ A Suby s (ta[y/z])
=1AlA---Al=1,

~~ N —~
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where we used the fact that y ¢ FV (s) for the fourth equality. Instead, suppose that z = y.

Then,
Suby,z (7[y/x]) = Subg e (DY Aw.s * (t1,. . ., tn))[y/z])
= Suby e (DY (Az.s)[y/x] = (t1[y/z], . . ., taly/z]))
= Suby , (DY Az.s = (t1{y/z], ..., tnhly/x])) (2:2:62)
= Suby » (t1[y/z]) A -+ A Suby g (tn[y/z]) =1 A -~ A1 =1
Now, suppose that z # x. Then,
1 = Subyy (1) = Subgy (DY Az.5 % (t1,...,tn)) (2.2.63)

= Suby 4 (5) A Subgy (t1) A -+ A Subgy (t,),

which implies that Sub,, (s) = 1 and Sub,, (¢;) = 1 for all 1 < j < n. By the induction
hypothesis, this implies that Sub,, , (s[y/z]) = 1 and Sub, , (¢;[y/z]) =1 forall1 < j < n. If

z = y?
Subyz (7[y/z]) = Sub. o (DY Az.s = (t1, ..., tn))[y/2])
= Sub..o (DY(\2.8)y/2] * (Ey/a). - taly/o])
— Sub., (DPAzsly/a] » (b[y/al, ... taly/a) (2264
= Suby . (t1ly/z]) A -+ A Suby, (taly/z]) =1 A - A1 =1,
and if z # y,
Suby . (T[y/x]) = Suby . (DY Az.5 % (t1,...,tn))[y/z])
= Subyz (DY (Az.8)[y/z] = (taly/z], ..., tuly/x]))
= Suby . (DY Az.s[y/x] * (t1{y/x], ... taly/x])) (2.2.65)
= Suby, , (s[y/z]) A Subyz (t1[y/x]) A -+ A Suby , (tn[y/z])

=1AlAn---Al=1,
where we used the fact that z # x for the fourth equality.

3. Assume that 7 = sp, where s € Ay is a simple differential pre-term and p € R{Agy) is a
complex differential pre-term. By hypothesis,

1 = Sub,,, (1) = Subyy (sp) = Subg 4 (s) A Subg, (1), (2.2.66)
y¢ FV (1) =FV (su) = FV (s) U FV (n), (2.2.67)

which implies that Sub,  (s), y ¢ FV (s), Subs, (1) = 1, and y ¢ FV (p), so by the induction
hypothesis, Suby , (s[y/x]) = 1 and Sub, , (u[y/z]) = 1. Hence,

Sub, . (7[y/x]) = Suby . ((s)[y/a]) = Suby (s[y/xluly/2])
by (sy/a]) A Suby (uly/z]) = 1 A1 =1,

4. Assume that 7 = 0. Then, Sub, , (7[y/z]) = Sub, , (0[y/z]) = Sub, , (0) = 1.

Su
2.2.68
Su ( )

5. Assume that 7 = r - pu, where 7 € R is a scalar and p € R{(Agy) is a complex differential
pre-term. By hypothesis, 1 = Sub,, (1) = Subg, (r-p) = Subg, () and y ¢ FV (1) =
FV (r-pu) = FV (u), so by the induction hypothesis, Suby, , (¢[y/z]) = 1, which implies that

Suby; (7[y/x]) = Suby. ((r- p)[y/z]) = Suby .7 - uly/z]) = Subyz ply/z]) = 1. (2.2.69)
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6. Assume that 7 = p+ v, where p, v € R(Ayy) are complex differential pre-terms. By hypoth-
esis,

1 = Subyy (1) = Subg,y (1 + v) = Subgy (1) A Subgy (v), (2.2.70)
y¢eFV(r)=FV(u+v)=FV(u) UFV (v), (2.2.71)

which implies that Sub, , (1), y ¢ FV (), Sub,,y (v) = 1, and y ¢ FV (v), so by the induction
hypothesis, Suby, , (¢[y/z]) = 1 and Sub, , (v[y/z]) = 1. Hence,

Sty ([y/2]) = Subye (1 + 1)[y/]) = Suby (uly/a] + vly/o]) 2212
= Suby ; (u[y/z]) A Suby » (V[y/z]) =1 A1 =1

This completes the induction. Hence, Sub, , (7[y/x]) = 1. Since Sub,, (1) = Suby . (7[y/z]) =

Suby 2(y) = 1 and y ¢ FV (1), by Lemma 2.2.12, we have that Suby, ;. (1) = Sub, [,/ (T[2/y]) = 1

and 7ly/z|[z/y] = T[z/yllylz/y]/x] = T[z/y][z/x]. By Lemma 2.2.11, 7[z/y][z/x] = 7[x/y], and

since y ¢ FV 7, by Lemma 2.2.9, 7[z/y] = 7. Hence, 7[y/z][z/y] = T. O

We have proven a lot about differential pre-terms, but it is now time that we start laying the
groundwork to define differential terms. Remember the set of differential terms is supposed to be
the set of differential pre-terms quotiented by some relation, which we will call a-equivalence or
a-conversion. But how should we define a-equivalence? To answer this, we need to understand
how differential terms should differ from differential pre-terms. The idea is that a differential term
should capture some expression relating to analytic functions that, unlike differential pre-terms, is
invariant under minor syntactic changes that do not alter the meaning of the analytic functions
the differential term represent. That is, a-equivalence should equate differential pre-terms that
express the same underlying analytic function. For example, Az.x and Ay.y are two differential
pre-terms that represent a function that takes in a number and returns the inputted number. That
is, both differential terms represent the identity function; the fact that the former differential term
has x as a bound variable and the latter has a bound variable has y has a bound variable doesn’t
change that. Hence, Ax.z and \y.y are related by a-conversion. More generally, relabeling any
bound variable in a differential pre-term that does not result in variable capture should result in
an a-equivalent differential pre-term. Also, given a variable f € V and simple differential pre-terms
t1,t2 € Agy representing analytic functions of type R? — R, the differential pre-terms Dy o f (1, to)
and Dy f * (t2,t1) represent the same underlying analytic function (0, 0z, f)(x1,z2) - t1(z1, 22) -
to(z1,22) = (Ony0s, f)(z1,22) - ta(x1,22) - t1(x1,22), where we used the Schwartz Lemma for the
equality. Hence, we should have that Dy of = (¢1,t2) and Da 1 f *(t2,t1) are related by a-conversion.
With this intuition, we now can define a-conversion precisely.

Definition 2.2.14. a-Conversion for Differential Pre-Terms

The relation =4, is the smallest (with respect to inclusion) transitive and reflexive relation
on the set R(Aqy) of complex differential pre-terms satisfying the following properties:

(i) If n € Ny is a nonnegative integer, x,y € V are variables, and s,t1,...,t, € Agy are
simple differential pre-terms such that y ¢ FV (s) and y can be substituted for = in s
(i.e., Subgy (s) = 1), then DY Ax.s * (t1,...,tn) =40 DT Ay.s[y/x] = (t1,...,tn).

(ii) If n € Ny is a nonnegative integer, i1, .. .,4, € N are positive integers, x € V is a variable,
and t1,...,tn, v1,...,0, € Agy are simple differential pre-terms such that t; =4, v; for
all 1 <j<mn,then D;, ;. (ti,...,tn) =da Diy,.in®* (V1,...,0p).
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(iii) If n € Ny is a nonnegative integer, x € V is a variable, and s,t1,...,tn, u,v1,...,0, €
Agy are simple differential pre-terms such that s =4, vand t; =4, v; forall 1 < j < n,
then DYAx.s # (t1,...,tn) =q0 DiAT.w* (v1,...,0p).

(iv) If s,u € Agy are simple differential pre-terms such that s =4, v and 7,0 € R(Ayy)
are complex differential pre-terms such that 7 =4, o, then s7 =4, uo.

(v) If r € R is a scalar and 7,0 € R{Agy) are complex differential pre-terms such that
T =dq 0,thenr-7=g4,7-0.

(vi) If p,v, 0,7 € R(A4y) are complex differential pre-terms such that 7 =4, p and 0 =4
vythen 7+ 0 =4, p+v.

(vii) If n € Ny is a nonnegative integer, i1, ...,7, € N are positive integers, t1,...,t, € Agy
are simple differential pre-terms, x € V is a variable, and f € &,, is some permutation,
then Di17__.7z~nx * (tl, - ,tn) =da Dil,_.,%:c * (tf(1)7 ... 7tf(n))~

(vili) If n € Ny is a nonnegative integer, z € V is a variable, s,t1,...,t, € Agy are simple
differential pre-terms, and f € &, is some permutation, then DY Ax.s * (t1,...,tn) =da
DYAz.s % (tp(1ys -« st p(n))-

(ix) If 0,7 € R(Aq,y) are complex differential pre-terms, then o + 7 =4, 7+ 0.

(x) If p,7,0 € R(Aqy) are complex differential pre-terms, then (p+0)+7 =44 p+ (0 +7)
and p+ (0 +7) =ga (p+0)+ 7.

(xi) If 7 € R(A4y) is a complex differential pre-term, then 7 +0 =4, 7 and 7 =4, 7 + 0.

(xii) If ri,ry € R are scalars and 7 € R(Agy) is a complex differential pre-term, then
T -T+7TyT=qq(r1+re) -Tand (r1 +72) T =gqm1-T+7T2-T.

(xiii) If r € R is a scalar and 7,0 € R(Aq ) are complex differential pre-term, then -7+ -
0=dar-(T+o)andr-(r+0)=gar-7+71-0.

(xiv) If r1,72 € R are scalars and 7 € R{Agy) is a complex differential pre-term, then
r1-(re-7T) =da (r1-72)-7and (r1-re) 7T =qq 11 (r2- 7).

(xv) If 7 € R(Aqy) is a complex differential pre-term, then 1-7 =4, 7 and 7 =4, 1- 7.
(xvi) If re R is a scalar, 7-0 =4, 0 and 0 =4, 7 - 0.

(xvii) If 71,79 € R are scalars and 7 € R(Agy) is a complex differential pre-term, then
(r1-m2) - T =da (r2-7r1) - 7.

L]

In order to quotient differential-pre terms by a-conversion, a-conversion cannot be just any
relation on differential-pre terms; it needs to be an equivalence relation, and showing that a-
conversion is an equivalence relation is exactly what we do in the next lemma.

The relation =4, is an equivalence relation.

Proof. By construction, =4, is transitive and reflexive, so all that remains is to show symmetry.
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That is, 0 =4, 7 given complex differential pre-terms o, 7 € R(A4y) such that 7 =4, . This can
be shown via induction on 7 =4, 0. The only interesting case is when 7 =4, 0 because there exist
a nonnegative integer n € Ny, variables z,y € V, simple differential pre-terms s,t1,...,t, € Agy
such that y ¢ FV (s), Subg, (s) = 1, 7 = DY Az.s* (t1,...,t,) and 0 = DY Ay.s[y/z] = (t1, ..., tn). If
x € FV (y) = {y}, then x = y # FV (s), so by Lemma 2.2.10, z ¢ FV (s[y/z]). Since Subxy (s)

and z ¢ FV (s[y/z]), by Lemma 2.2.13, x can be substituted for y in s[y/x] (i.e., Suby . (s[y/z]) = 1)
and s[y/z][x/y] = s. This implies that o = D} Ay.s[y/x] * (t1,...,tn) =40 DiAx.s[y/z][z/y] *
(L1, o ytn) =0 Az.s = (t1,...,t,) = T. Q

Now, we prove some important properties about a-equivalence.

If 7,0 € R(Aq4,y) are complex differential pre-terms such that 7 =4, o, then FV (1) = FV (o).

Proof. This follows by induction on 7 =4, o

1. Assume that 7 =4, o because of transitivity. That is, there exist p € R{(A4y) such that
T =da p and p =g, 0. Then, by the induction hypothesis, FV (1) = FV (p) and FV (p) =
FV (o), so FV (1) = FV (o).

2. Assume that 7 =4, o because of reflexivity. That is, 7 = . Then, trivially, FV (1) = FV (o).
Assume now that 7 =4, o because of symmetry. Then, 0 =4, 7, so by the induction
hypothesis, FV (o) = FV (7).

3. Assume that 7 =4, 0 because there exist a nonnegative integer n € Ny, positive integers
i1,...,1n € N, simple differential pre-terms t1,...,t,,v1,...,v, € Agy, and a variable z € V,
such that t; =g, v; forall 1 <j<n,7=D; _;.x*(t1,...,tn), 0 = Dj, i, @ (V1,...,Un).
By the induction hypothesis, FV (t;) = FV (v;) for all 1 < j < n. Hence,

FV (1) =FV (Dj,, i@ (t1,...,tn)) ={z} UFV (t1) u--- UFV (t,)

= {2} UFV(v1) U--- UFV (vn) = FV (Diy,..i 2 * (v1,...,vs)) = FV (0). (2.2.73)

-----

4. Assume that 7 = o because there exist a nonnegative integer n € Ny, variables x,y € V,
and simple differential pre-terms s,t1,...,t, € Agy such that y ¢ FV (s), Subg, (s) = 1,
T =DVAz.s#* (t1,...,tn), and 0 = D} Ay.s[y/x] * (t1,...,tn). Then,

FV (1) =FV (D Ax.s = (t1,...,tn)) = (FV(s) = {z}) VFV (t1) u--- UFV (¢,)
= (FV (sly/z]) —{y}) VEV (t1) u--- UFV (t,) (2.2.74)
= FV (D} \y.sly/z] = (t1,...,tn)) = FV (o),

where we used Lemma 2.2.10 for the third equality.

5. Assume that 7 =4, 0 because there exist a nonnegative integer n € Ny, a variable z € V, and
simple differential pre-terms s,t1,...,%,, U, V1,...,V, € Agy such that s =5, u, t; =g v;
forall1 <j<n,7=D}\r.s*(t1,...,tn), and 0 = D Ax.u * (v1,...,v,). By the induction
hypothesis, FV( ) = FV( ) and FV (t;) = FV (v;) for all 1 < j <n, so

FV (1) = FV (D Az.s = (t1,...,tp)) = (FV (s) = {z}) UFV (t1) u--- UFV (t,)
= (FV (u) —{z}) UFV (v1) U--- UFV (vy) (2.2.75)
=FV (D Az = (v1,...,v,)) = FV (0).



2.2. DIFFERENTIAL PRE-TERMS AND TERMS 21

6.

10.

11.

12.

Assume that 7 =4, 0 because there exist simple differential pre-terms s, v € Agy and complex
differential pre-terms p,v € R{Aqy) such that s =4, u, p =44 v, 7 = sp, and 0 = uo. By
the induction hypothesis, FV (s) = FV (u) and FV (u) = FV (v), so

FV (1) =FV (sp) =FV (s) UFV (u) =FV (u) UFV (v) = FV (uv) =FV (o).  (2.2.76)

Assume that 7 =g, 0 because there exist a scalar r € R and complex differential pre-terms
p,v € R{Agy) such that 4 =4, v, 7 = 7 - pu, and ¢ = r - v. By the induction hypothesis,
FV (u) =FV(v), so

FV(r)=FV(r-p) =FV(u) =FV (v) =FV (r-v) =FV (o). (2.2.77)

. Assume that 7 =4, o because there exist complex differential pre-terms p, v, o, 5 € R(Aqy)

such that p =44 v, @ =g 8, 7 = p+ o, and 0 = v + 3. By the induction hypothesis,
FV (u) =FV (v) and FV (a) = FV (), so

FV (1) =FV(u+a) =FV(u) UFV ()

=FV (I/) +FV (ﬁ) =FV (V + 6) =FV (O’) (2278)

. Assume that 7 =4, o because there exist a nonnegative integer n € Ny, positive integers

i1,...,in, € N, simple differential pre-terms t1,...,t, € Agy, a variable z € V, and a per-
mutation f € &, such that 7 = D;, ;@ = (t1,...,t,) and 0 = D;, ;@ * (tf(l)a e >tf(n))'
Then,

FV (1) =FV (Diy,..inx* (t1,...,tn)) ={z} UFV (1) U--- UFV (t,)

= {.CI}} uFV (tf(l)) u---uUFV (tf(n)) (2.2.79)
=FV (Di1,...,inl' * (tf(l)a e ’tf(n)» =FV (O’)

Assume that 7 =4, o because there exist a nonnegative integer n € Ny, a variable z € V,
simple differential pre-terms s,t1,...,t, € Agy, and a permutation f € &, such that 7 =
DiAz.s# (t1,...,tn) and 0 = DYAz.s % (tp(1),-- -, tpm)). Then,

FV (1) =FV (D Az.s = (t1,...,tn)) = (FV (s) = {z}) UFV (t1) u--- UFV (t,)
= (FV (s) —{z}) UFV (tf(l)) vu---uUFV (tf(n)) (2.2.80)
=FV (D{L)\xs * (tf(l)a cee 7tf(n))) =FV (O’)

Assume that 7 =4, 0 because there exist complex differential pre-terms p, v € R{(Ag4y) such
that 7 = u+ v and 0 = v + u. Then,

FV(r)=FV(u+v)=FV(u) uFV (v)

=FV (V) uFV (Iu,) =FV (l/ + ,u) =FV (O’) (2281)

Assume that 7 =4, o because there exist complex differential pre-terms p,v,& € R{(Agy)
such that 7 = (u+v) + € and 0 = p+ (v + §). Then,

FV(r)=FV((u+v)+& =FV(u+v)uFV () =FV (u) UFV (v) UFV (§)

:FV(M)+FV(V+€) :FV(M+(V+§)) ZFV(O') (2282)



22 CHAPTER 2. DIFFERENTIAL \-CALCULUS
13. Assume that 7 =4, o because there exists a complex differential pre-term p € R{A4y) such
that 7 = u+ 0 and o = p. Then,
FV(r)=FV(u+0)=FV(u) +FV(0) =FV (o) + & =FV (o). (2.2.83)
14. Assume that 7 =4, o because there exist scalars 71,72 € R and a complex differential pre-
term p € R{(Aqy) such that 7 =71 - p+ry- pand o = (r1 + r2) - p. Then,
FV(r)=FV(ri-p+re-p)=FV(r-pn) OFV (ry- p) (2.2.84)
=FV (1) UFV () = FV () = FV ((r1 +72) - ) = FV (o). -
15. Assume that 7 =4, 0 because there exist a scalar » € R and complex differential pre-terms
p,v e R(Agy)such that 7 =r-p+r-vand o =7 (u+v). Then,
FV(r)=FV(@r-p+r-v)=FV(r-p) oFEV(r-v)=FV (u) FV (v) (2.2.85)
=FV(u+v)=FV(r-(p+vr)) =FV (o). o
16. Assume that 7 =4, o because there exist scalars ri,72 € R and a complex differential pre-
term p € R(Aqy) such that 7 =71 - (ro- p) and o = (ry - r2) - p. Then,
FV(7) =FV(ri-(r2-p) =FV(re-p) =FV (1) =FV((r1-r2) - p) =FV (o). (2.2.86)
17. Assume that 7 =4, o because there exists a complex differential pre-term p € R(A4y ) such
that 7 =1-p and 0 = u. Then,
FV(r)=FV(1-pu)=FV(u) =FV (o). (2.2.87)
18. Assume that 7 =4, 0 because there exists a scalar » € R such that 7 = -0 and o = 0. Then,
FV(r)=FV(r-0)=FV(0) =FV (o). (2.2.88)
19. Assume that 7 =4, o because there exist scalars ri,72 € R and a complex differential pre-
term p € R(Aqy) such that 7 = (ry - r2) - ppand o = (rg - 71) - p. Then,
BV (r) = FV ((r1 - 12) - 1) = FV () = FV ((r2 - 711) - ) = FV (o). (2.2.89)
This completes the induction. l:l

If 7,7 € R(A4y) are complex differential pre-terms, ¢,t' € Ay are simple differential pre-
terms, and = € V is a variable such that 7 =4, 7', t =g ¢/, and Sub,; (1) = Sub, ¢ (') = 1,
then 7[t/x] = 7'[t /x].

Proof. This follows by induction on 7 =g, 7. There are only two interesting cases. The first
interesting case is when 7 =4, 7" by reflexivity. That is, 7 = 7. We proceed by induction on 7.
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1. Assume that 7 = D;, ;. y * (t1,...,t,), where n € Ny is a nonnegative integer, ii,...,i, €
N are positive integers, t1,...,t, € Agy are simple differential pre-terms, and y € V is a
variable. If y = xz, then y[t/z] = z[t/zx] = t =g t' = z[t'/z] = y[t'/z], and if y # z,
then y[t/z] = y = y[t'/z], which implies by the reflexivity of =4, that y[t/z] =4 y[t'/x].
Also, since 1 = Subg; (7) = Subgt (Di, i,y * (t1,...,ts)) = Subg(t1) U -+ U Subg(t,),
Sub,¢(t;) = 1 for all 1 < j < n. Similarly, since 1 = Sub, » (7') = Sub,y (1), Subg ¢ (t;) = 1
for all 1 < j < n. Hence, by the induction hypothesis, t;[t/z] =44 t;[t'/z]. Since y[t/z] =44
y[t'/z] and t[t/z] =44 t;[t'/z] for all 1 < j < n, 7[t/x] = (Di,,.. i,y * (t1,...,tn))[t/x] =
Diy.anslt/al (lt/a] . talt/2]) =a0 Drvr avslta]s (]Ea]. o taltfa]) = (Dry. i
(t1,....tn)[t /2] = 7[t'/x] = T'[t'/x].

2. Assume that 7 = DY Ax.s*(t1,...,t,), where n € Ny is a nonnegative integer and s, t1,...,t
Agy are simple differential pre-terms. Since 1 = Sub, ¢ (7) = Suby ¢ (DY Ax.s * (t1,...,t,)) =
Subg s (t1) U -+ U Subgy (tn), Subgy (t;) = 1 for all 1 < j < n. Similarly, Sub,y (t;) = 1
for all 1 < j < n. By the induction hypothesis, this implies that ¢;[t/z] =44 t;[t'/z].
Therefore, since s =44 s and t;[t/z] =qq t;j[t'/x] for all 1 < j < n, 7[t/z] = (D}Az.s *
(t1,...,tn))[t/z] = DVAx.s = (ti[t/x],... . ta[t/x]) =aa DPAz.s = (t1[t'/x],... tp[t'/x]) =
(DPAx.s * (t1, ... tp)) [t Jx] = 7[t' /] = T'[t' /x].

3. Assume now that 7 = D} Ay.s = (t1,...,t,), where n € Ny is a nonnegative integer, y € V is
a variable, and s,t1,...,t, € Agy are simple differential pre-terms. Since 1 = Sub,; (7) =
Subg (DY Az.s * (t1,...,t,)) = Subg (s) U Subgy (t1) U - -+ U Subgy (t,), Subg (s) = 1 and
Subg; (t;) = 1 for all 1 < j < n. Similarly, Sub, 4 (s) = 1 and Sub, y (t;) = 1 forall 1 < j <
n. By the induction hypothesis, s[t/z] =g [t'/z] and t;[t/z] =44 t;[t'/z] for all 1 < j < n,
whence 7(t/x] = (DYAy.s[t/x] = (t1,...,tn))[t/x] = DY Ay.s[t/z] = (ti[t/x], ... tu[t/x]) =«
Dy y.s[t'[z] = (t1[t' [x], ... tu[t /z]) = (DY Ny.s * (t1,. .., tn))[t /2] = 7|t /] = 7'[t/x].

4. Assume now that 7 = su, where s € Ay y is a simple differential pre-term and p € R(Aqy)
is a complex differential pre-term. Since Suby ¢ (7) = Subg¢ (spu) = Subg¢ (s) A Subg (1),
Subg (s) = Subg; (1) = 1. Similarly, Sub, y (s) = Sub, ¢ (1) = 1. Therefore, by the induc-
tion hypothesis, s[t/x] = s[t'/x] and p[t/x] = p[t'/z], so T[t/z] = (sp)[t/z] = s[t/z]p[t/x] =
st /xult’/x] = (sp)[t'/z] = 7[t'/z] = 7'[t' /],

5. Assume now that 7 = 0. Then, 7[t/z] = 0[t/x] = 0 = 0[¢'/z] = 7[t'/z] = T'[t' /x].

6. Assume now that 7 = 7 - u, where r € R is a scalar and p € R(A4y) is a complex differential
pre-term. Since 1 = Subg (7) = Subg (r-p) = Subg, (1) and Sub, y (7') = Sub,y (1) =
Subg y (r- ) = Subgy (1), by the induction hypothesis, plt/z] =40 plt'/z], so T[t/z] =
(r-plt/x] =r-plt/z] =agor-plt'/e] = (r-wlt'/z] = 7[t'/x] = 7'[t'/2].

7. Assume now that 7 = p + v, where pu,v € R(Aqy) are complex differential pre-terms. Since
Subg ¢ (1) = Subg (1 + v) = Subg s () A Subg¢ (v), Subgs (1) = Subgy (v) = 1. Similarly,
Suby ¢ (1) = Sub,y (v) = 1. Therefore, by the induction hypothesis, p[t/z] = p[t'/z] and
v[t/z] = v[t'/x], so T[t/x] = (n+v)[t/z] = plt/x]+v[t/z] = plt'/z]+v[t/z] = (p+v)[t/2] =
T[t'/x] = 7'[t'/z].

This completes the induction for the reflexivity case.
The second interesting case is when 7 =4, 7’ because there exist a nonnegative integer n € No,
variables z,y € V, and simple differential pre-terms s,¢1,...,t, € Agy such that y ¢ FV (s),
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Sub,, (s) =1, 7 = D¥Az.s * (t1,...,tn), and 7" = DY Ay.s[y/z] = (t1,...,t,). Since
1 = Subg, (1) = Subg; (DY Az.s % (t1,...,tn))

(2.2.90)
= Suby ¢ (Az.s) A Subgy (t1) A -+ A Subgy (ty),
SO
Subg ; (Az.s) = Subg; (t1) = -+ = Suby (ty) = 1, (2.2.91)
and since Sub, ¢ (7') = 1, by an identical argument,
Subg ¢ (Ay.s[y/z]) = Subgy (t1) = -+ = Suby ¢ (t,) = 1. (2.2.92)

Because t; =44 t; for all 1 < j < n, by the induction hypothesis, this implies that t;[t/x] =44
tj[t'/z] for all 1 < j < n. Suppose that x = z. Since y ¢ FV (s) and Sub,, (s) = 1, Az.s =44
Ay.s[y/z], so by Lemma 2.2.16, FV (Ay.s[y/z]) = FV (Az.s) = FV (s) — {z} = FV (s) — {«}, which
implies that z ¢ FV (Ay.s[y/z]), so by Lemma 2.2.9, this implies that (Ay.s[y/z])[t'/z] = A\y.s[y/z].
Hence,
T[t/z] = (DY Az.s * (t1,...,tn))[t/z] = DY Ax.s = (t1[t/z],. .. ta[t/z])

= D Xz.s = (L1[t/z], ..., ta[t/2]) =g0 DiAz.s* (01t /z], ... o[t /z])

=d4.0 DYNy.s[y/z] = (t1[t'/x], ..., ta[t' /2]) (2.2.93)

= DAy sly D[ 2] (4[], talt f])

= (DY My.s[y/z] = (t1, ..., tn)[t'/x] = [t /2],
where we used the fact that y ¢ FV (s) and Sub, , (s) = 1 for the second a-conversion. A similar
argument can be made when = = y. Now, suppose that z is distinct form both z and y. Since
Subg (Az.s) =1, x ¢ FV (s) or z ¢ FV (t). Let us first assume that ¢ FV (s). Since z # y and
x ¢ FV (s), by Lemma 2.2.10, = ¢ FV (s[y/z]). Since z ¢ FV (s) and = ¢ FV (s[y/z]), by Lemma
2.2.9, s[t/x] = s and s[y/z][t'/x] = s[y/z]. Hence,

T[t/x] = (DY Ax.s = (t1,...,tn))[t/x] = DY Ax.s[t/x] = (t1[t/x], ... tn[t/x])

= DY Aw.s = (t1[t/z], ..., tu[t/x]) =40 DiAz.s* (41t /], ... o[t /x])

=40 DU Ay.s[y/z] * (t1[t' /z], ... t,[t' /x]) (2.2.94)

= Dy Ay.sly/=][t /z] = ([t /2], ... tat'/2])

= (DY Ay.sly/z] = (ty, ... . ta))[t' /2] = 7't /],
where we used the fact that y ¢ FV (s) and Sub,, (s) = 1 for the second a-conversion. In-
stead, assume that € FV (s). Then, z ¢ FV (t). Since t =4, t' and z ¢ FV (¢), by Lemma
2.2.16, z ¢ FV (t'). Also, since Subyt (Az.s) = Sub, ¢ (Ay.s[y/z]) = 1 and = ¢ z,y, Subg,(s) =
Sub, ¢ (s[y/z]) = 1. Because z # x, Sub. 4 (s) = Sub, ¢ (s[y/z]) = Sub,y (y) = 1, and z ¢ FV (t'),

by Lemma 2.2.12, 1 = Sub, /1 (s[t'/2]) = Sub, , (s[t'/z]) and s[y/z][t'/x] = s[t'/x][y[p/x]/2] =
s[t'/x][y/z]. Since Sub, , (s[t'/z]) = 1 and z ¢ FV (s[t'/z][y/z]), by Lemma 2.2.13, Sub, . (s[t'/z][y/z]) =

1 and s[t'/z][y/=][z/y] = s[t'/x].
T'[t'/x] = (DY Ay.sly/z] = (t1,. .., tn))[t'/2]
= DY Ay.sly/z][t' /x] = (L[t /], .. ta[t'/2])
= DY Ay.s[t'/z][y/z] = (L[t /], ta[t'/2])
=d,0 DYAzs[t [2][y/2][z/y] = ([t /2], ... talt/2])
= D Az.s[t /z] = (t1[t /], ..., ta[t' /2])
= (DY Az.s # (t1,...,th)[t'/z] = 7[t' /x] =40 T[t/x].

(2.2.95)
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where we used the fact that z ¢ FV (s[t'/x]|[y/z]) and Sub, . (s[t'/z][y/z]) = 1 for the first a-
conversion, we used the fact that Sub, »(7) (as z ¢ FV ) for the , and the inductive hypothesis for
the second a-conversion. Since =g, is symmetric by Lemma 2.2.15, 7[t/x] =4, 7'[t'/2]. Q

Let V c V be a subset of variables, and define the function By : R{(A4y) — R{(A4y) by:

BV (Diy,.in * (t1, ..., tn)) = Diy,..inx * (By (t1), ..., By (tn)), (2.2.96a)
(D”)\:c S (t1, ... tn)) = )\y By oy (sly/z]) * By (t1),..., By (tn)),  (2.2.96b)

By (sp) = By (s) By (u), (2.2.96¢)

By (0) =0, (2.2.96d)

By (r- 1) = - By (u), (2.2.96¢)

By (/J i V) = By ( ) + By ( ) (2.2.96f)

where x € V is a variable, » € R is a scalar, n € Ny is a nonnegative integer, i1,...,4, € N
are positive integers, s,t1,...,t, € Agy are simple differential pre-terms, u, v € R(Agy) are

complex differential pre-terms, and y € V is a variable such that y ¢ V' U Var (s). Then, given
a complex differential pre-term 7 € R{(Agy), T =4 Bv (1) and V. n BV (By (7)) = .

Proof. This follows by induction on 7.

1. Assume that 7 = D;, ;.2 * (t1,...,t,), where n € Ny is a nonnegative integer, i1,...,i, € N
are positive integers, t1,...,t, € Agy are simple differential pre-terms, and z € V is a
variable. For each 1 < j < n, by the induction hypothesis on t;, t; =4, By (t;) and
V nBV (By (tj)) = &. Hence,

T=Dj  in®* (... tn) =da Diy,..in®* (By (t1),...,By (tn))

2.2.97
ZBV (Di17_._7inx* (tl,...,tn)) = B(T), ( )
VBV By (1)) =V nBV By (D), i,x* (t1,...,tn)))
=V nBV (Dih---,inm * (BV (tl), . ,BV (tn)))
=V (BVBy(t)) v - uBV(By(t,))) (2.2.98)
=(VABVBy(t1)) v - u(VnBV(By(ty)))
=gu---ug=0{.

2. Assume now that 7 = DP'Ax.s  (t1,...,t,), where n € Ny is a nonnegative integer, z € V is a
variable, and s,t1,...,t, € Agy are simple differential pre-terms. Since y ¢ Var (s), it is clear
that y can be substituted for x in s (i.e., Sub,, (s) = 1). Because s ¢ Var (s) © FV (s) and
Subg,y (s) =1,

T =DiAx.sx (t1,....tn) =40 DiAy.s[y/a] = (t1,... . tn). (2.2.99)

By the induction hypothesis on s[y/z], we have that s[y/z] =44 By gy (s[y/z]) and (V U
{y}) "BV (Byuygy (sly/7])) = &, and for each 1 < j < n, by the induction hypothesis on ¢;,
we have that t; =4, By (t;) and V. n BV (By (¢;)) = &. Hence,

T =g.a0 DY Ay.s[y/z] = (t1,...,tn)
=40 DIAY. By gy (sly/z]) * By (t1)...., By (t)) (2.2.100)
= By (DY Az.s * (t1,...,tn)) = B(7),
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V AnBV By (7)) =V n BV (By (DI Ax.s * (t1,...,t,)))
=V nBV (DY A\y. By gy (sly/z]) = (Bv (t1),..., By (ta)))
=V o ({y} v BV (Byogy (sly/z])) v BV (By (t1))
U --- U BV (By (tn)))
= (Vo iy}) v (VnBV By, (sly/z]))) v (V n BV (By (1))
u---u(VnBV (By (tn)))

=Fudugu---ud=.
(2.2.101)

3. Assume now that 7 = sp, where s € Ay y is a simple differential pre-term and p € R(Aqy)
is a complex differential pre-term. By the induction hypothesis on s, s =4, By (s) and
V n BV (By(s)) = &, and by the induction hypothesis on p, p =44 By (1) and V n
BV (By (1)) = &. Hence,

™ = st =40 By () By (1) = By (sn) = B(7), (2.2.102)
V A BV (By () = V A BV (By (su)) = V A BV (By (s) By (1))
=V~ (BV (B (s)) U BV (By ()
— (V A BV (By (s))) u (V n BV (By (1))
=gudd=0.

(2.2.103)

4. Assume now that 7 = 0. Then, 7 = 0 = By (0) = By (7), so by the reflexivity of =4,
T =4 Bv (7). Also, VABV By (1)) =V nBV(By(0)) =VnBV(0)=Vng=.

5. Assume now that 7 = r - u, where r € R is a scalar and p € R(A4y) is a complex differential
pre-term. By the induction hypothesis on p, i =4 By () and VBV (By (1)) = . Hence,
P —rop=71-By () = By (r-p) = By (r) and V.U BV (By (7)) = V U BV (By (r- 1)) —
V UBV (r-By (1) =V uBV By (1) = &.

6. Assume now that 7 = p+ v, where p1, v € R(Aqy) are complex differential pre-terms. By the

induction hypothesis on pu, 1 =4, By (1) and V n BV (By (1)) = &, and by the induction
hypothesis on v, v =44 By (v) and V n BV (By (v)) = . Hence,

T=p+v=4qBy () +By () =By (u+v)=B(r), (2.2.104)
V ABV By (1)) =V A BV (By (4 + 1)) = V A BV By (1) + By (1))
=V n (BV By (1)) v BV (By (v)))
= (V. nBV By (1)) v (V. n BV (By (v)))
=gud=d.

(2.2.105)

This completes the induction. l:I

Let 7 € R{A4y) be a complex differential pre-term.

(i) Given asimple differential pre-term v € Agy and a variable « € V, there exists a complex
differential pre-term 7/ € R(A4y) such that 7 =4, 7’ and u can be substituted for =
into 7’ (i.e., Subg, (') = 1).



2.2. DIFFERENTIAL PRE-TERMS AND TERMS 27

(ii) Given simple differential pre-terms u,v € Agy and variables z,y € V, there exist a
complex differential pre-term 7" € Agy and a simple differential pre-terms u' € Agy
such that 7 =4, 7/, u =44 v/, v/ can be substituted for  in 7’ (i.e., Sub,,/ (7') = 1),
and v can be substituted for y in 7/'[v//x] (i.e., Suby, (7'[v//x]) = 1).

Proof of Part (i). Let 7' = By (,)(7). By Lemma 2.2.18, 7 =4, 7" and FV (u) n BV (1) = &.
Since FV (u) n BV (7') = &, trivially, u can be substituted for z in 7" (i.e., Subz, (7)) =1). U

Proof of Part (ii). Let V = FV (u) u FV (v) be a subset of variables, and let 7/ = By/(7) and
v = By(u). By Lemma 2.2.18, 7 =4, 7 and V n BV (7/) = . Similarly, by Lemma 2.2.18,
u=gqu and VnBV (v) = . Since u =g, v/, by Lemma 2.2.16, FV (u) = FV (¢). Therefore,
FV (/) nBV (') = FV (u) n BV (7') < (FV (u) UFV (v)) n BV (7') = V. n BV (') = &, which
implies that «/ can be substituted for z in 7/ (i.e., Suby,, (7/) = 1). Also, FV (v) n BV (7/[u//z])
(FV (u) UFV (v))n(BV (7")UBV (¢/)) = Vn(BV (7')UBV (¢/)) = (VABV (7)) u(V BV (/)

oo

& u & = &, which implies that v can be substituted for y in 7/[u//z] (i.e., Suby,, (7') = 1).
Let v € Agy be a simple differential pre-term.
(i) If DY Azx.s * (t1,...,tn) =da v, Where n € Ny is a nonnegative integer, x € V are
variables, and s,t1,...,t, € Agy are simple differential pre-terms, then v = D} Ay.u *
(t}(l), . ,t’f(n)), where y € V is a variable, u,t},...,t, € Agy are simple differential
pre-terms, and f € &, such that t; =4, t; for all 1 < j < n and there exists a simple
differential pre-term s’ € Ay such that s =4, ', y can be substituted for z in s’ (i.e.,
Sub,, (s') = 1), and §'[y/x] =4, w.
i) If Dy, 5 x % (t1,...,tn) =4« v, Wwhere n € Ny is a nonnegative integer, i1,...,i, € N
1s:e5in )
are positive integers, t1,...,t, € Agy are simple differential pre-terms, and z € V is a
variable, then v = D;, _; x * (t}(l), . ,t’f(n)), where t1,...,t, € R(A4y) are complex
differential pre-terms and f € &,, is a permutation such that ¢; =4, t; forall1 < j <n.
(ili) If sp =g v, where s € Agy is a simple differential pre-term and g is a complex
differential pre-term, then v = 'y, where s' € Agy is a simple differential pre-term
and p/ € R{Aqy) is a complex differential pre-term such that s =g, s’ and p =4 p'.
Proof. Part (i) follows by induction on D Ax.s * (t1,...,tn) =4 v. The only interesting case is
when this a-equivalence holds because of transitivity. That is, there exists a simple differential w €
Agy such that DY Ax.s#(t1,...,tn) =40 w and w =44 v. By the induction hypothesis on the former
a-equivalence, there exist a variable y € V, simple differential pre-terms u, s',¢},...,t], € Agyp, and a
permutation f € &,, such that w = D} A\y.u = (t’f(l), . ,t’f(n)), tj =dat; foralll <j<n, s=4q5,

Subg, (') =1, s'[y/x] =4, u. Since w =44 v, this implies that D{L)\y.u*(t’f(l), . ,t’f(n)) = v, so by
the induction hypothesis, there exist a variable z € V, simple differential pre-terms ', s”,¢7,...,t" €
. / _ Pn / " " ’ "
Agy, and a permutation f’ € &,, such that v = DY Az.u' # (tf,(f(l)), e ,tf,(f(n))), t; =da tj for all
1 <j<n u=44qs", Suby.(s") =1, "[z/y] =40 v/. Since &,, is closed under composition,
f'of € &, In addition, for each 1 < j < n, t; =40 t; and t; =44 t], so by the transitivity of =g4a,
tj =da t;( . Finally, by Lemma 2.2.19(ii), there exists a simple differential pre-term s” € A;y such
that s =44 ", Subgy (s”) = 1, and Sub, . (s”[y/x]) = 1. Since s =4 " and s =44 5, 8" =44 &,
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so since Sub, , (") = 1 and Sub, , (') = 1, by Lemma 2.2.17, s"[y/z] =40 §'[y/2] =40 ¥ =40 5"
Thus, since s”[y/x] =44 5", Suby. (s”[y/z]) = 1, and Sub, . (s") = 1, by Lemma 2.2.17 again,
s"y/x][z/y] =daa §[2/y] =da @. Now, let us show that Sub,.(s") = 1 and s"[y/z][z/y] =
s"[z/z]. Since DYAx.s * (t1,...,tn) =da v = DPAz.u/ = (t,;’(f(l))’ . ,t’J’p,(f(n))), by the definition
of =44, it must be the case that y ¢ FV (s) or y # x. Also, since s =4, s”, by Lemma 2.2.16,
FV (s) = FV (s"). Hence, y ¢ FV (s”) or = y. Suppose that 2 = y. Then, by Lemma 2.2.11,
s"y/x] = " [x/x] = §”, 501 = Sub, .(s"[y/z]) = Sub, .(s") and s”[y/z][z/y] = " [z/x]. Instead,
suppose that « # y. Then, y ¢ FV (s”). Since Sub, , (s”) = Sub, . (s"[y/z]) = Sub, . (y) = 1, x #
y, y ¢ FV (s”), by Lemma 2.2.12, 1 = Sub, 1.1 (8" [2/y]) = Suby . (s"[2/y]) and s"[y/z][z/y] =
"z yllylz/y]/x] = §"[z/y][z/x]. Since y ¢ FV (s”), by Lemma 2.2.9, s"[z/y] = ", so 1 =
Sub, . (s"[z/y]) = Sub, . (s”) and s”[z/y][z/x] = s”[z/x]. Hence, in either case, Sub, , (s”) =1
and s"[y/z][z/y] = "[z/x]. Since s"[y/x][z/y] =a. ¥, this implies that s”[z/z] =4, /. In
summary, v = DAz = (t/(/f’of)(l))’ . 7t/(/f’of)(n)))’ where f'o f € &y, tj =gq t] forall 1 <j <mn,
Sub, . (s”) =1, and s"[z/x] =4, v'. This completes the proof in the case of transitivity.

The proof of parts (ii)-(iii) is similar. The details are left to the reader. l:l

(i) If 7 € R(Aqy) is a complex differential pre-term, then there exist a nonnegative integer
n € Ny, scalars ai,...,a, € R, and distinct simple differential pre-terms wuy,--- ,u, €
Agqy such that 7 =44 a1 -us + -+ + an - Up.

(ii) If n, m € Ny are nonnegative integers, ai, ..., an, b1,...,by, € R are scalars, uj, - ,u, €
Agy are distinct simple differential pre-terms, and vy, - ,v, € Agy are (possible
different) distinct simple differential pre-terms such that ai - u1 + -+ + ap - Up =40
by vy + -+ + by - Um, then n = m and there exists a permutation f € &, such that
bj =d,a af(j) and v; =g uy@) forall 1 <j<n=m.

Proof of Part (i). This follows by induction on 7.

1. Assume that 7 = s, where s € Ay is a simple differential pre-term. Let n = 1, a; = 1, and
up =s. Then, 7 =s=4,1-5=a1-uy.

2. Assume that 7 = 0. Let n = 0. Then, the result is trivial.

3. Assume now that 7 = r -y, where r € R is a scalar and p € R(A4y) is a complex differential
pre-term. By the induction hypothesis on pu, there exists a nonnegative integer n € N,
scalars b1,...,b, € R, and distinct simple differential pre-terms u1,--- ,u, € Agy such that
p=do bi-ui+-+by-uy. Foreachl < j<n,leta; =r-b;. Then, 7 =r-p=r-(a;-ur+---+
AnUn) =da T (b1 ur)+- 47 (bp-up) =ga (r-b1)-ur+---+(r-by) - up = a1-ur+- - +an - Up.

4. Assume now that 7 = p + v, where p,v € R(A4y) are complex differential pre-terms. By
the induction hypothesis on p, there exists a nonnegative integer ¢ € Ny, scalars by,...,by €
R, and distinct simple differential pre-terms vq,...,v, € Agy such that p =4, b1 - v1 +
-+« + by - vg. By the induction hypothesis on v, there exists a nonnegative integer m € Ny,
scalars c1, ..., ¢, € R, and distinct simple differential pre-terms wy, ..., w;, € Ay such that
V =da Cl W+ 4 Cn- Wy Let J={je{l,....;0}:3ie{l,...,m}st v; =uw} let
f+J — {1,...,m} be the unique injective function such that v; = wy(j for each j € J, and
let g : {1,...,m —|J|} = {1,...,m} — f(J) be the unique order-preserving bijection. Let
n = {+m—|J|. Foreach 1 <j </, let u; = v;, and if j ¢ J, a; = b;, otherwise a; = b; +cy(;).
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For each 1 < j < m — |J], let aryj = cy())
simple differential terms and

VA m
T=M+V=<ij"l}j>+<20j'wj>
j=1 =
Z bj - vj—l—ij v + 2 cj - wj + Z cj - wj

and ugy; = v Then, aq,...a, are distinct

9(4)"

j=1,5¢J jed Jjef(J) J=1j¢f(J)
m—|J|
= Z by - vj + Z bj - vj + Z Cf(j) " Wr(G) 2 C9(5) * Wa(j)
Jj=1j¢J jeJ jeJ j=1
m—|J|
= 2 bj - ”J"‘ij ”J"‘ch(J "t Z
Py ey’ ey (2.2.106)
m—|J|
=d,a Z bj v+ Y (b v+ ey v+ D) () W)
Jj=1,j¢J jeJ Jj=1
‘ m—|J|
=d,a Z bj - vj + Z(bj +epy) v+ Z Wy(5)
j=1j¢J jeJ
m—|J|
Z a; - u; + Z a; - u; + Z Qpyj - Uptj
Jj=1,j¢J JjeJ

=ai-uy+ -+ ap - Un.
This completes the induction. d
Proof of Part (ii). Trivial. The proof is left to the reader. 0

With all these properties of a-conversion for differential pre-terms defined, we can finally define
differential terms, the main element we work with in differential A-calculus. Differential terms,
as we indicated above, are just differential pre-terms where we identify differential pre-terms by
a-equivalence.

Definition 2.2.22. Differential Terms

The set of simple differential terms is the set of simple differential pre-terms Ay quotiented
by a-equivalence =4 .. That is,

Ady = {[S]d,a ICHS Ad,y}, (2.2.107)

where [s]g o = {t € Agy : s =44 t}. Similarly, the set of complez differential terms is the set
of complex differential pre-terms R{A4y) quotiented by a-equivalence =4 ,. That is,

R<Ad’v> = {[T]d@ T E R<Ad7y>}, (22108)

where [s]g,0 = {0 € R{Aqy) : T =40 0}

[ )

We can now lift the notion of free variables and substitution from complex differential pre-terms
to complex differential terms.
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Definition 2.2.23. Free Variables for Differential Terms

Define the function FV: R{Agqy) — V* that takes a complex differential term to a finite
subset of variables by

FV ([7']a,0) = FV (1), (2.2.109)

where 7/ € R{A4y) is a complex differential pre-term. Note that FV is well-defined by
Lemma 2.2.16. The image of a complex differential term 7 € R{Agy) under FV will be
called the free variables of 7, and if FV (1) = ¢, then 7 is said to be closed.

Definition 2.2.24. Substitution for Differential Terms

For a complex differential term 7 € R(A4y) and a simple differential term ¢ € Agy, the
substitution 7[t/x] of t for x in 7 is defined by

7[t/x] = [7'[t'/z]]d,0 (2.2.110)

where 7/ € R{(A4 ) is a complex differential pre-term and ¢’ € Ay is a simple differential pre-
term such that 7 = [7']44, t = [t']4.a, and ¢’ can be substituted for z in 7’ (i.e., Sub, » (7') =
1). The existence of such a 7/ € R{A4y) and t' € Agy is guaranteed by Lemma 2.2.19(i),
and any such choice of 7' € R(Agy) and ¢’ € Ay yields the same result by Lemma 2.2.17.

&
The differential pre-term operations can themselves be lifted to differential terms.
Notation 2.2.25. Operations on Simple Differential Terms
Let n € Ny be a nonnegative integer, i1, ..., 4, € N be positive integers, let s,t1,...,t, € Agy
be simple differential terms, let 7 € R(A4y) be a complex differential term, and let z € V be
a variable. Then, D;, ;. x % (t1,...,ty), DY Az.s = (t1,...,t,), and s7 are the unique simple
differential terms such that

Di17,,,7inx * (tl, . ,tn) = [D,‘Lm,ina: * (t/l, e 7t%)]d,a7 (2.2.111&)
DiAz.s = (t1,...,t,) == [DPAz.s = (t],...,th)]da: (2.2.111b)
st = [8'T"]q.a, (2.2.111c)
where s,t1,...,t, € Agy are simple differential pre-terms and 7 € R{(A4y) is a complex

differential pre-term such that s = [s;]d,a, tj = [t}]a,a for all 1 < j <n, and 7 = [7']4,0. The
uniqueness follows from Definition 2.2.14(ii)-(iv).

Notation 2.2.26. Operations on Complex Differential Terms

Let 7 € R be a scalar and 7,0 € R(Ag4y) be complex differential terms. Then, 0, r - 7, and
T 4 o are the unique complex differential terms such that

0 == [0]g,a; (2.2.112a)
rer=[r m)ia (2.2.112Db)
T+o=[1+04a, (2.2.112¢)

where 7/,0’ € R(Aqy) are complex differential pre-terms such that 7 = [7']q, and o =
[0']d,o- The uniqueness follows from Definition 2.2.14(v)-(vi).

)
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Using this notation, we can show that the equations defining free variables and substitution for
differential pre-terms also hold for differential terms.

Let n € Ny be a nonnegative integer, let i1, ...,%, € N be positive integers, let r1,...,r, € R
be scalars, let s,t1,...,t, € Agy be simple differential terms, let 7 € R(A4) be a complex
differential term, and let x € V be a variable. Then, the following equations regarding free
variables of differential terms are valid:

FV Dy, inx* (t1,...,tn)) ={z} VFV(t1) u--- UFV (tn), (2.2.113a)
FV (D Ax.s # (t1,...,tn)) = (FV (s) — {$}) UFV(t1))u---UFV (t,), (2.2.113b)
V (s1) =FV(s) UFV (1), (2.2.113c¢)
FV(ri-ti14+--+rp-tn) =FV(t1) u--- UFV (t,). (2.2.113d)
Proof. This is an immediate result of Notation 2.2.25-2.2.26 and Definitions 2.2.5, 2.2.23. l:l
Let n € Ny be a nonnegative integer, let i1,...,7, € N be positive integers, let r1,...,7, €

R be scalars, let s,t,t1,...,t, € Agy be simple differential terms, let 7 € R{A4y) be a
complex differential term, and let x,y € V be distinct variables. Then, the following equations
regarding substitution of differential terms are valid:

(Diy iz (1, ooy tn))[t/2] = Dyy i b+ (B1t/x], . . - ta[t/2]), (2.2.114a)
(Diy..iny = (b1, s t))[t/2] = Dyy, iy = (01[t/2], ..., ta[t/x]), (2.2.114b)
(DY Ax.s # (t1,...,tn))[t/x] = DT Az.s = (t1[t/x], ... ta[t/x]), (2.2.114c¢)
(DY Ay.s * (t1,. .., tn))[t/x] = DY Ay.s[t/x] = (t1[t/x], ..., ta[t/x]) if y ¢ FV(¢), (2.2.114d)
(sp)[t/x] = s[t/z]p[t/x], (2.2.114e)
(r1-ty + -+ to)[t/x] = r1 -t [t/x] + - -7 -t [t/ ] (2.2.114f)
Proof. This is an immediate result of Notation 2.2.25-2.2.26 and Definitions 2.2.8, 2.2.24. l:l

The next lemma lifts a few properties of differential pre-terms to the level of differential terms.

Let n € Ny be a nonnegative integer, i1,...,%, € N be positive integers, x,y € V be vari-
ables, u,v,s,s',t1,...,tn,t},...,t;, € Agy be simple differential terms, and 7,7 € R{(Agy)
be complex differential terms. Then, the following statements are true:

(i) If z ¢ FV (1), then [u/z] = 7.
(ii) y € FV (r[u/z]) if and only if cither y € FV () and # # y or y € FV (u) and = € FV (7).
(iii) 7[z/z] = 7.
(iv) If y # x ¢ FV (v), then 7u/z][v/y] = T[v/y][u[v/y]/z].

(v) Ify ¢ FV (7), then 7[y/z][u/y] = 7[u/z].
(vi) If y ¢ BV (s), then DfAz.s # (L, ..., tn) = DPAy.s[y/z] * (t1,. .., tn).
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(vii) DPAx.s * (t1,...,tn) = DPAy.s" = (t},...,t)) if and only if there exists a permutation
f € Sp such that ¢ = f(t;) for all 1 < j <n, s[y/z] = &', and s'[z/y] = s.

(vill) Dy, in@* (t1,. .. tn) = Dy s x* (8], ..., t,) if and only if there exists a permutation
f € Sp such that ¢ = f(t;) for all 1 < j <n.

(ix) s7=s'7"if and only if s = ¢’ and 7 = 7.

(x) Summation makes the set of complex differential terms R{Aqy) into a commutative
monoid with 0 as the unit.

(xi) R{Aqy) is a left-R-module on the commutative monoid (R{Agy), +,0).

(xii) There exists a unique nonnegative integer n € Ny, unique scalars ri,...,r, € R, and
unique distinct simple differential terms sq,--- ,s, € Agy such that 7 =r; - s1 + -+ +
Tn * Sn.

Note that we define the support supp (7) of 7 to be this unique set of distinct simple
differential terms. That is, supp (7) = {s1,..., Sn}.

Proof. Parts (i)-(v) follow from Lemmas 2.2.9-2.2.12 and Lemma 2.2.19. Part (vi) follows from
Definition 2.2.14(i) and Lemma 2.2.19(i). The “if” part of Parts (vii)-(ix) follows from Definition
2.2.14(ii)-(iv). The “only if” part of Parts (vii)-(ix) follows from Lemma 2.2.20. Part (x) follows
from Definition 2.2.14(ix)-(xi). Part (xi) follows from Definition 2.2.14(xii)-(xv). Part (xi) follows
from Lemma 2.2.21. 0

From now on, expressions involving abstractions, applications, differentiation, scaling, sums,
and variables are always understood as differential terms, as defined in Notation 2.2.25-2.2.26. In
particular, with the present machinery at hand, we can formulate definitions and write proofs by
induction on the structure of differential terms, rather than first introducing the relevant notions
for differential pre-terms and then lifting.

2.3 Defining the Partial Derivative

In this section, we are going to define two closely related concepts: linearization and partial differ-
entiation. The reason we need both of these notions when they appear so similar is hard to see at
first, so for now we will just focus on talking about linearization. Given differential terms f and
g representing analytic functions of type R™ — R, intuitively, the linearization D;f * g of f with
respect to the ith argument times g is a function whose type is the same as f and is given by

Tl ooy @y = (O, (@1, 2m) - g(X1, o T (2.3.1)

Using this informal definition of linearization and the correspondence between differential terms and
analytic function as laid out in section 2.1, one arrives to the following definition of linearization.

Definition 2.3.1. Linearization for Differential Terms

Let 0,7 € R{(Agy) be complex differential terms and i € N be a positive integer. The
linearization D;T * o of T with respect to the ith argument times o is defined by:

Di(Diy,.in@ s (b1, ytn)) 2t =Dygy i xs (E b1, ... 1) (2.3.2a)
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D g ifi=1
DD Aws # (tr, . o tn)) 5t = { DL A8 * (Bt tn) =1 (2.3.2b)
DAz (Di_ys#t) x (t1,...,tn) ifi>1Ax¢FV (o),
Di(sp) xt = (Diy18 = t)p, (2.3.2¢)
D; (Z a; - sk> * Z b -t = Z Z (aj . bk) - D;sj * ty,. (2.3.2(1)
j=1 k=1 j=1k=1
where m,n € Ny are nonnegative integers, ay,...,an,b1,...,b, € R are scalars, 41,...,1, € N
are positive integers, s,t,51,...,58p,t1,...,t, € Agy are simple differential terms, and = € V
is a variable. &

Since differential A-calculus is a calculus representing analytic functions and partial derivatives
commute when applied to analytic functions, the order in which we perform linearization should
not matter, and that is exactly what we prove in the next lemma.

Given positive integers 4, j € N and simple differential terms s,u,v € Agy,

D;i(Djs * u) * v = Dj(D;s * v) * u. (2.3.3)
Proof. This follows by induction on s.
1. We prove this via induction on s. Let us assume that s = D;, ;. @ * (t1,...,t,), where

i1,...,4, € N are nonnegative integers, x € V is a variable, and ¢y, ..
differential terms. Then,

., tn € Agy are simple

Di(Djs * u) * v = Di(Dj(Diy,...inx * (t1,...,tn)) *u) xv
=Di(Djiy,..inT * (U t1,. .., 1n)) % v
= Djjir,in®* (VU t1, ... ty)
=Djiir,..in®* (u,v,t1,...,t,) (2.3.4)
=D;j(Dijy,..inx* (v, t1,... 1)) *u
= Dj(Di(Ds,,...inx* (t1,...,tn)) *v) % u

= D;(Dis * v) * u.

2. Assume that s = DAzt * (t1,.
variable, and ¢, tq, . .
Then,

.., tn), where n € Ny is a nonnegative integer, © € V is a
., tn € Agy are simple differential terms. Further, suppose that i = j = 1.

Di(Djs  u) v = Di(D1 (DY Azt % (t1,...,t,)) % u) *v
= Dy(DP M \wt = (u,ty, ... 1)) # v
= D’f+2)\x.t # (U, Uy b1, .y ty)
= D?+2)\x.t # (U, v,t1,. .., tn)
= DU(DP Nt * (v, ty, ...
= D1(D1(D} Azt * (t1,...,ty)) *v) *u
= D;(Djs * v) * u.

(2.3.5)
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Instead, suppose that i, j > 1. By the induction hypothesis, D;_1(D;j_itsu)*v = Dj_q(D;—1t=*
v) * u. Hence,

Di(Djs * u) * v = Di(D;(DY Azt * (t1,...,tn)) *u) xv
= Di(DYAx.(Dj_1t = u) * (t1,...,t,)) *v
= D Az.(D;i—1(Dj_1t = u) % v) * (t1,...,tp)
= D Az.(Dj—1(Dij_1t = v) = u) * (t1,...,tp) (2.3.6)
= D;(DTAx.(Di—1t % b) * (t1,...,tn)) *u
= D;(Di(DYAx.t = (t1,...,t,)) *v) *u
= D;(Djs % v) * u.

Now, suppose that ¢ = 1 < j. Then,

Di(Djs  u) * v = D1(D;(DT Azt (t1,...,tn)) % u) xv
= Dl(D'f)\x.(Dj_lt * u) * (tl, ce ,tn)) * U
= D;H_l)\x.('Dj,lt * u) * (U, tl, ceey tn)

2.3.7
= DDV Azt (v, 1, ... 1)) % u ( )
=D;(Di(DY Azt (t1,...,t,)) % v) *u
= D;(Djs = v) * u.
Finally, suppose j = 1 < i. Then,

Di(Djs u) * v = Diy(D1 (DY Azt * (t1,...,t,)) *u) xv
= Di(DILH)\x.t # (Uyty, ... ty)) ®* 0
= D?H)\w.(Di_lt*v) * (u,tl,...,tn) (2.3.8)

= Dl(D?)\x.(Di_lt * 'U) * (tl, ce ,tn)) * U
= Dl(’Dz(D?)\[Bt * (tl, ce ,tn)) * ’U) * U
= D;(Djs * v) * u.

3. Assume that s = tu, where t € Ay is a simple differential term and € R(A4y) is a complex
differential term. By the induction hypothesis, D;1(Dji1a * u) * v = Djy1(Diy1a * v) * u.
Hence,

Di(Djs * u) * v = Di(Djtp* u) v
=Di(Djpat xu)p*v
= (Div1(Djsat = u) #v)p
= (Djr1(Dit1t = v) = u)p (2.3.9)
=Dj(Dijit=v)p*u
= D;(Ditp +v) *u
= D;(D;s *v) * u.

This completes the induction. l:l
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Given nonnegative integers i, j € N and complex differential terms 7,0, p € R(Aqy),

Di(DjT * 0) * p = Dj(D;T * p) * 0. (2.3.10)
Proof. By Lemma 2.2.29(xii), there exist unique nonnegative integers ¢, m, n € Ny, scalars aq, . .., ag,
bi...,bm,c1,...,cn € R, and simple differential terms 31, Ce S0 ULy e Uy, VT, .., Un € Agy such

that 7 = ch:l Ty Sg, O = Zy LGy Uy, and p =371 b, - v,. Then

J4 m n
Di(DjT+0) * p = D; (Dj (2 Tx'8x> * (Z ay~uy>> * (Z bz-vz>
r=1 y=1 z=1

(rg - ay - b;) - Di(Djsg * uy) * v,

Il
M~
NgE
M=

8
Il
—
<
Il
—
I
Il
—

Il
M~
NgE
=

(Tz CQy bz) . DJ(Dzsa: * UZ) * Uy (2311)

s
Il
i
<
Il
_
I
Il
fu

I
DM~
M=
NgE

(rz - az - by) - Dj(Disy * v;) * uy

= D;(D;T * p) * 0,
where we used Lemma 2.3.2 for the third equality and (2.3.2d) for the second and fifth equality. O

8
Il
—
w
Il
—
<
Il
—

I
S

At this point, a differentiated variable is built exclusively from a variable and simple differential
terms, a differentiated abstraction is built built exclusively from simple differential terms, and an
application is built from a simple differential term and a complex differential term. However, we
will find it essential, especially in the context of defining S-reduction for differential A-calculus, to
consider generalized versions of these two notions built completely from complex differential terms,
using the linearity suggested by (2.1.1) and (2.1.2).

Notation 2.3.4

Let n € Ny be a nonnegative integer, 41,...,%, € N be positive integers, let o,7,...,7, €
R{Aqy) be complex differential terms, and let z € V be a variable. Then, the complex
differentiated variable Dy, . ;,0%(T1,...,Ty), the complex differentiated abstraction D} Ax.o *
(T1,...,tn), and the complex differentiated application or are the complex differential terms
given by

Di,..ino*(T1,...,7) =D, (- (Dj,o%11)--) %11, (2.3.12a)

D x.o # (1, .. (D1 Ax.sj*T1) ) * 1, (2.3.12b)

)= 2P
i Tj - 85T, (2.3.12¢)

where m € Ny is the nonnegative integer, r1,--- ,7, € R are the scalars, and s1,--- , s, € Agyp
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are the simple differential terms such that ¢ = r1-s;+ -+ ry - s, which we know exist and
are unique by Lemma 2.2.29(xii). .

The fact that notion of a complex differentiated variable, complex differentiated abstraction,
and complex application, as defined in Notation 2.3.4, reduce to the origin definition of a differen-
tiated variable, differentiated abstraction, and complex application, as defined in Notation 2.2.25,
is immediate. With this generalization of differentiated variable, differentiated abstraction, and
abstraction, we can generalize out usual notion of substitution of a simple differential term for a
variable in a complex differential term to a complex differential term for a variable in a complex
differential term.

Definition 2.3.5. Complex Substitution for Differential Terms

Given a variable z € V and complex differential terms 7, p € R(Aqy), the substitution 7(p/x]
of p for x in 7 is defined by:

(Diy..osin (11, o)) p/7] = Diy i p * (Talp/2], . ol p/]), (2.3.13a)

(Dsy,..oyiny * (115, Ta))[p/2] = Diy...iny * (11lp/2], - . ., Talp/2]), (2.3.13b)

(DFAx.s # (T1,...,70))[p/x] = DY \x.s = (11[p/x], - .., Ta[p/x]), (2.3.13¢)

(DY Ay.s * (71,...,7a))[p/x] = DY Ny.o[p/a] * (n1[p/z], ..., Tulp/z]) Hy¢FV(p), (2.3.13d)

(op)[t/z] = olp/z]n [p/fL‘] (2.3.13¢)

(ri 14 rn - ta)[p/x] =11 - 1ap/x] + - TRlp/]. (2.3.13f)

where y € V is a variable distinct from x, r1,...,7, € R are scalars, n € Ny is a nonneg-

ative integer, i1,...,i, € N are positive integers, and p,71,...,7, € R{Aq4y) are complex
differential terms. &

Again, the fact that the substitution of a complex differential term for a variable in a complex
differential term reduces, as defined in Definition 2.3.5, the substation of a simple differential term
for a variable in a complex differential term, as defined in 2.2.24, is immediate. Now, we show that
linearization (i.e., D) commutes with substitution.

If i € N is a positive integer and 7,0, p € R{(Aqy) are complex differential terms, we have
that

(D7 = 0)[p/x] = Dit[p/x] * o[p/x]. (2.3.14)

Proof. This follows by induction on 7.

1. Assume that 7 = D;,, .,z (t1,...,t,), where n € Ny is a nonnegative integer, i1,...,i, € N
are positive integers, and 1, ...,t, € Agy are simple differential terms. Then,

Dyt # 0)[p/x] = (Di(Dsy,...in * (t1, ..., tn)) * 0)[p/x]
= (Dijiy,...in * (ust1, ..., tn))[p/x]
= Diiy,..inv = (ulp/z], tr[p/x], . .., tn[p/2])
= D;i(Di,,...i,v * (ti[p/x], ..., ta[p/x])) * o[p/]
= Di(Di,...i,% * (t1,. .-, tn))[p/x] * o[p/z]
— Dir[p/a] * olp/a].

(2.3.15)
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2. Assume that 7 = D;, .y * (t1,...,t,), where i1,...,4, € N are positive integers, y € V is a
variable such that y # x, and t1,...,t, € Ay are simple differential terms. Then,
(Dit % 0)[p/x] = (Di(Diy....iy * (t1, - - - tn)) % 0)[p/7]
= (Diiin® * (s b1 -5 tn)) [/ ]

= D,y * (ulp/x], ta[p/x], ..., tulp/7])

(2.3.16)
= Di(Diy,...iny * (trlp/x], ... tulp/])) * olp/x]
= Di(Diy,.iiny * (t1, -, tn)) [p/2] = 0[p/2]
= Dit|p/x] * olp/x].
3. Assume that 7 = D} Ay.s = (t1,...,t,), where n € Ny is a nonnegative integer, y € V is a
variable such that y is a fresh variable, and s,%1,...,t, € Agy are simple differential terms.

Further, suppose that ¢ = 1. Then,

(Dit = 0)[p/x] = (Dr(DYAy.s # (t1, - .. tn)) * 0)[p/7]
= (D \y.s = (u,ty, ..., tn))[p/7]
= Dy ng.slpfa] « (ulp/al. tulp/al. ... talp/a) 011
= Dy(DAslp/a] 5 (talp/al, - talp/2])) = o[p/a]
= Di((DYAy-s # (t1, - - - tn))[p/7]) * ol p/x]
= D;T[p/x] * o[p/x].

Instead, suppose that i > 1. By the induction hypothesis, (D;_1s * o)[p/x] = D;_18[p/x] *
o[p/x]. Hence,

(DT« 0)[p/x] = (Di(DYAy.s * (t1,...,t,)) * 0)[p/z]
= (DP'\y.(Dj—18 % 0) * (t1,...,tn))[p/x]
= DI (Dirs x 0)pfa] * (a[p/al, - talp/2])
= DI (Dixslp/a] 5 olp/a)) = (alp/al, . tulpfa]) (2.3.18)
= DD Ayslp/a) * (Llpfal. - . talp/a]) = olp/a]
= D(DPAges # (b, ta)) [p/]) % o))
= D;T[p/x] * o[p/x].

4. Assume that 7 = sy, where s € Ay is a simple differential term and p € R{A4y) is a complex
differential terms. By the induction hypothesis, (D;11s%0)[p/x] = Dit15[p/x]*c[p/xz]. Hence,

(DiT # 0)[p/z] = (Disp = o)[p/x]

= ((Dit18 * o)p)[p/]

= (Dit15 = a)[p/z]b[p/x]

= (Div1s[p/x] = o[p/z])ulp/x] (2.3.19)
= D;slp/x]ulp/x] = o[p/z]

= Di(sp)[p/x] * o[p/x]

= Dit[p/x] * o[p/x].

5. Assume that 7 = 2}1:1 rj - sj, where n € Ny is a nonnegative integer, 7,...,7, € R are
scalars, and s1,...,s, € Agy are simple differential terms. By the induction hypothesis,
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(Djs; = 0)[p/z] = Disjlp/x] = o[p/z] for each 1 < j < n. Hence,

(2.3.20)

=D; <Z Ty Sj[p/x]> *olp/z]

Ty 8;’) [p/x] = o[p/x]

Dit[p/x] * o[p/x]
This completes the induction. l:l

With this lemma, we can lift many of the properties of substitution of a simple differential term
for a variable in a complex differential term to substitution of a complex differential term for a
variable in a complex differential term.

Let z,y € V be variables and 7,0,p € R{Aqy) be complex differential terms. Then, the
following statements are true:

(i) If ¢ FV (1), then 7[o/z] = 7.

)
(ii) y € FV (7[o/z]) if and only if either y € FV (1) and z # y or y € FV (u) and x € FV (7).
(ili) If y # x ¢ FV (p), then 7[o/z][p/y] = 7[p/y]lo[p/y]/z].
(iv) If y ¢ FV (1), then 7[y/z][0/y] = T[o/x].

Proof. This follows from Lemma 2.2.29(i), (ii), (iv), and (v), Notation 2.3.4, Definition 2.3.5, and
Lemma 2.3.6. a

We are ready to define partial differentiation for differential terms. Given differential terms f
and g representing analytic functions of type R™ — R, intuitively, the partial derivative 0, f * g of
f with respect to the x times g is a function whose type is the same as f and is equivalent to the
function given by

Tlyeeos@n = (Ouf)(@1, . oyxm) - g(x1, ..o Tm) (2.3.21)

after evaluation. This makes sense. But there is something strange about this definition. It seems
as though the informal definition for partial differentiation is almost word for word the informal
definition of linearization. That is correct. In fact, the only difference in the two informal definitions
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is the appearance of the phrase “equivalent to [...] after evaluation” in the informal definition for
partial differentiation, a phrase that does not appear in the informal definition for linearization.
This phrase is key. The difference between linearization and partial differentiation that lineation
of a differential term represents preforming partial differentiation on that differential term purely
syntactically by taking on or modifying a symbol, while partial differentiation of a differential term
returns a differential term whose underlying analytic function is the underlying analytic function
of the linearization after we apply simple differentiation rules like Leibnitz rule and the chain rule.
In this way, linearization is syntactic and partial differentiation is computational. We see a similar
dynamic between two notions in ordinary A-calculus: the notions of application and substitution.
Given a variable x and two ordinary A-terms M and N, the application (Ax.M)N represents the
term where we input N into the function Az.M, but we do not actually replace every instance of
x in M with the term N, as opposed to the substitution M [N /x] where we are actually modifying
M by replacing every instance of x in M with N. In this way, application and substation, just like
linearization and partial differentiation, represent the same concept from a birds eye view, but the
former is symbolic and the latter is computational. Without further ado, we now define partial
differentiation.

Definition 2.3.8. Partial Derivative of Differential Pre-Terms

Given a variable z € V and complex differential term 0,7 € R{(Aq ), the partial derivative
0,7 * o of T with respect to x times o is defined by:
ax(Di17.._7in$ * (tl, 000 ,tn)) * 0 = Dh,...,ina * (tl, 000 ,tn)
n
2.3.22a
+ZD%_,_,iny*(tl,...,ﬁxtj*a,...,tn), ( )
j=1
n
Ou(Diy iy % (1, tn)) 50 = > Dy iy (f1,. ., 0aty % 0, tn), (2.3.22b)
j=1
n
On(DPAT.s % (t1, ... tn)) % 0 = Y DPAz.s* (t1,...,00t; % 0,. .. 1y), (2.3.22¢)
j=1
Ox(DTAY.s * (t1,...,tn)) x0 = DY AY.(0zs * 0) * (t1,...,t,) ify¢FV (o)
n
2.3.22d
—|—ZD?)\y.s*(tl,...,ﬁxtj*a,...,tn), ( )
j=1
Oz(Sp) % 0 = (Ogs x o) + (D15 * (Ogp % o)), (2.3.22¢)
m m
Oz (Z aj - sk) * 0 = Z aj - 038 * 0. (2.3.22f)
j=1 j=1
where n € Ny are nonnegative integers, ay,...,a, € R are scalars, i1, ...,4, € N are positive
integers, s,s1,...,8n,t1,...,tn € Agy are simple differential terms, and y € V is a variable
distinct from z. &

To simplify notation, we are going to introduce a symbol that behaves a lot like the very familiar
Kronecker Delta symbol.
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Notation 2.3.9. Kronecker Delta

Given variables x,y € V and a complex differential term 7 € R(A4), we define the complex

differential term 6, ,7 by
i
SuyT = {T’ n y} . (2.3.23)

0, ifx#y
[

Now, we prove some important properties of the partial derivative.

If i € N is a positive integer and 7,0, p € R{(Aqy) are complex differential terms, we have

that

0x(DiT % 0) % p =D;(0;7 % p) * 0 + DT * (030 * p). (2.3.24) O
Proof. We prove this via induction on 7.

1. Assume that 7 = D;, .,y * (t1,...,tn), where n € Ny is a nonnegative integer, i1,...,7, € N
are positive integers, y € V is a variable, and t1,...,%, € Ay are simple differential terms.
Then,

O (Di % 0) % p = 03 (Di(Diy,....i, y * (1, tn)) % 0) % p
= aaf)( i,il,...,iny * (u7 tla o 7tn)) * P
=02,y Dy, inp * (Uyt1, ... 1)
+ Diiy,iny * (00 % pyt1, ... 1)
n
+ Z Di,il,...,iny * (U, tl; teey 5$’UJ * 0,0 ’tn)
j=1
=D;i(6x,yDiy,.. inp* (t1,...,tn)) * 0
+ Di(Diy.iin¥ * (B, -y tn)) * (000 * p)
n
+ 2 Di(Di,,..iny * (t1,...,0uj *p,... . ty)) x 0 (2.3.25)

=D; (5:{}, yDi, inp* (t1, ..., tn)

n
Z D1y ’Lny* tl; 75xuj*p77tn)>*0

=1
( i1,eein * (tla ceey n)) * (ﬁxa * p)
= Dl(éx(Du,,Zny * (t17 . 7tn)) * p)
+ Di(Diy,.iny * (t1, - -5 tn)) * (On U*P)

—D(éT*p)*o—i-DT*(& a*p)

2. Assume that 7 = DV Ay.s * (t1,...,t,), where n € N is a nonnegative integer, y € V is a
variable such that y # x and y ¢ F'V(u), and t,t1,...,t, € Agy are simple differential terms.
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Further, suppose that ¢ = 1. Then,

Oz (DT % 0) % p = 0p(D1(DVAY.s % (t1,...,tn)) *x0) % p
= 0, (DY \y.s # (uyty, ... tn)) % p
= DNy (0ps # p) * (u,t1, ..., 1)
+ D?H)\y.s # (0po % pyt1, ... ty)
+ Z D?H)\y.s # (Uyty, ..., Opul % p,ty)
i=1
= Di1(DYAy.(0gs  p) * (t1,...,tn)) x 0
+ D1 (DY Ay.s * (t1,...,tn)) * (00 * p)
+ Z Di(DVAy.s = (t1,...,0zui = p,ty)) * 0
i=1
= Di(D{Ay.(0zs #p) * (t1,...,tn)) %0 (2.3.26)
+ Z Di(DYAy.s # (t1,...,0zui* p,ty)) * o

i=1
+ D1(DYAy.s * (t1,...,ty)) * (00 * p)

=D <D?)\y.(8xs #p) % (t1,...,tn)

n
+ Z DY Ay.s = (t1,...,0pui * p, tn)> %0
=1

+ D1(DTAy.s # (L1, ..., ty)) * (0g0 * p)
= D1(0x(DTAY.s # (t1,...,tn)) *p) * O

+ D1 (DY Ay.s * (t1,...,ty)) * (00 * p)
= D;(0xT * p) * 0 + D;T * (0z0 * p).

Instead, let us assume that ¢ > 1. By the induction hypothesis, 0,(D;—15%0) % p = D;_1 (055 *
p)#* o+ D;_18 % (0y0 * p). Hence,

Ox(DiT % 0) % p = 0x(Di( DI Ay.s * (t1,...,tp)) x0) % p

= 0x(DYAY.(Di—1s *0) # (L1, ..., tn)) % p
= DI AY.(0x(Di—1s % 0) % p) * (t1,...,tn)

n
+ Z DiAy.(Di—18 % 0) * (t1,...,0zui * p, ..., tp)
i=1
= DU A\y.(Di—1(0zs * p) * 0 + Di_15 * (0z0 * p)) = (t1,...,tp) (2.3.27)
n
+ Z DNy (Di—1s#0) # (t1,...,0pui % p, ..., 1ty)
i=1

= DP\y.(Di—1(0ps % p) % 0) # (t1,...,tpn)
+ DI (Dirs # (20 % ) * (b1, - 1)

n
+ 2 DiNy.(Di—1s%0) # (t1,...,0zui % p,... tp)
i=1
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= DAY (005 5 ) # (B, ) 0
+ D;i(DYAy.s * (t1,...,tn)) * (0z0 * p)
+ Z Di(DiAy.s # (t1,...,0zui * p,... t,)) *x 0

i=1
= Di(DYM\y.(0ps * p) * (t1,...,tp)) x O
n
+ Z Di(DiAy.s # (t1,...,0zui * p,... ty)) *x 0
i=1

+ Di(DTAy.s # (t1,...,tn)) * (0po * p)

=D, (D’f)\y.(&rs #p) % (t1,. .., tn)

n
+ZD?)\y.s*(tl,...,ﬁzui*p,...,tn)) *0

i=1

+ D; (DT Ay.s # (t1,...,tn)) * (0z0 % p)
= D;i(0x (DY A\y.s % (t1,...,ty)) % p) x o

+ Di(DTNy.s # (t1,...,tn)) * (0po * p)
= D;i(0xT * p) * 0 + D;T * (00 * p).

3. Assume that 7 = su, where s € Ay is a simple differential term and p € R{A4y) are complex
differential terms. By the induction hypothesis, 0, (D;y15%0) % p = D;41(0gs*p) 0 +D;y15*
(0zo * p). Hence,

02(DiT % 0) # p = 0z(Di(sp) = o) % p
= 02((Dis18 = o)) *
) )M + (D1(Dis1s * 0) * (o p) )1
= (Di+1(0us * p) # 0 + Diy15 * (020 * p) )
+ (D1(Dis18 # 0) * (Oapt * p))
= (Di+1(0zs * p) * o) pu + (Dis18 * (020 * p) ) p
+ (D1(Diy15 # 0) * (Oups * p) )1

= (Di+1(0zs # p) * o) pu + (Dis18 * (020 % p) ) p

= (0z(Diy18 %0

4 (Dia(Dys» (2o s p) » o) (23.28)
— (Di1(us * p)  0)p + (Diga(Dys + (gt p) + o)
+ (Diy15 * (020 * p))p
= (Di41(0ps* p+ D15 (Oppr % p)) * o)t + (Diy15 * (0po * p))
=D;i(0z5 * p+ D15 (Ogpu* p))pt) * 0 + Dj(a)p * (Ozo * p)
=D;i((0gs * p)u + (D15 * (Ogp * p))p1) % 0 + Di(a)p * (Oyo * p)
= Di(0x(a)p * p) » 0 + Di(a)p * (0x0 * p)
= D;(0x7 % p) % 0 + D;T * (0yo * p)
4. Assume that 7 = 2}1:1 rj - sj, where n € Ny is a nonnegative integer, 7,...,7, € R are

scalars, and s1,...,s, € Agy are simple differential terms. By the induction hypothesis,
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0z(Disj x o) * p = D;(0ysj * p) * 0 + D;sj * (0y0 * p) for each 1 < j < n. Hence,

0x(DiT % 0) % p =0y (Di (er-sj) *a) %P
j=1
T (Z T‘j-(DZ’S]’*O')) * P

ZTJ 2(Disj * o) * p)

<.
—_

(2.3.29)
:27"] (0285 % p) x 0 + Djs; * (030 % p))
7=1
n n
=Zr] i(0psj % p) x0) + Z - (Djsj * (0y0 * p))
J=1 J=1
=D, ( ( rj-sj> *p> x0) 4+ D; <er-sj> # (030 * p)
j=1
Di(0y7 # p) % 0 + DT * (0y0 * p)
This completes the induction. EI
Let 7,0 € R{Aq,y) be complex differential terms. If = ¢ FV (1), then 0,7 % o = 0.
Proof. We prove this via induction on 7.

1. Assume that 7 = D;, ;. y* (t1,...,t,), where n € Ny is a nonnegative integer, i1,...,i, € N
are positive integers, y € V is a variable such that x # y, and ¢y, ...,t, are simple differential
terms. By the induction hypothesis, d,t; * 0 = 0 for all 1 < j < n. Hence,

Opt %0 = 0z(Djy. vy * (t1,...,tn)) x0
n
= 02y Diy,..in0 x (B, n) + ;Dil,.-.,iny #(t1,. ., Oatj %0y tp) (2.3.30)
n n
=0+ > Diyigty# (t1,. 50, ty) =04+ > 0 =0.
i=1 =1
2. Assume that 7 = D} (Ay.s) # (t1,...,t,), where n € N, y is a variable, and s,t1,...,t, are

simple differential terms. By the induction hypothesis, 0,5 * 0 = 0 and 0,t; * 0 = 0 for all
1 < 7 <n. Hence

Opt % 0 = 0 (DY (Ay.s) * (t1,...,tn)) %0

= DY (A\y.(Ogs x0)) * (t1,...,tn) + Z DT (Ay.s) = (t1,...,0:t; % 0,...,t,) (2.3.31)

= DP(Ay.0) * (t1,. . tn) + > DY (Ay.s) * (t1,-..,0,...,t,) =0+ Y 0 =0.
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3. Assume that 7 = sy, where s € Ay is a simple differential term and p € R{A4 ) is a complex
differential term. By the induction hypothesis, 0,s % 0 = 0 and J,uu * 0 = 0. Hence,

Opt % 0 = Ogsp* 0 = (Ogs o)+ (D5 * (Ogp * o))

(2.3.32)
=0+ (D1s*=0)p=0+0=0.

4. Assume that 7 = 2?21 rj-s;, where n € Ng is a nonnegative integer, r1,...,r, € R are scalars,
and sq, .. sn € Agy are simple differential terms. By the induction hypothesis, d,s; = 0 for
each 1 < 5 < n. Hence,

n n n
O (er'sj) *J:er-(&xsj*a)zer-OzO. (2.3.33)
j=1 j=1 j=1
This completes the induction. l:l

Let 7 € R{Aqy) be a complex differential term, let x € V be a variable, let m € Ny be
a nonnegative integer, let ri,...,7, € R be scalars, and let s1,...,s,, € Agy be simple
differential terms. Then,

OpT * (Z ) - sk> = Z Tk (OnT * Sk). (2.3.34)
k=1 k=1

Proof. We prove this by induction on 7.

1. Assume that 7 = Dy, ; y*(t1,...,t,), where n € Ny is a nonnegative integer, i1, ...,i, € N,
y € V is a variable, and t1,...,t, € Agy are simple differential terms. By the induction
hypothesis, dzt; # (D50 Tk - sk) Dy Tk - Ogtj % s for all 1 < j < n. Hence,

m m
OpT (257%‘5k> = 02(Diy,iny * (L1, - tn)) * <257%'5k>
k=1 k=1
m
= 5x,yDi1,,..,in <Z Tk - 3k> * (tla SRR tn)
k=1
n m
+ Z D, . i,y * (tl, oo, Ogty % (Z T - sk> . ..,tn)
j=1 k=1

= (S;p yDzl, in (Z T - Sk> tl, . ,t ) (2335)

m
Z Tk * <5x,yDi1,...,in5k * (tl, e ,tn)
D

Z1,...,iny * (t17 ey a$t] * Sky .o 7tn))
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I
NgE

Tk * 5£(Di17m7iny * (tl, Ce ,tn)) * Sk

ey
I
—

Tk OpT * Sk.

I
NgE

ey
I
—

2. Assume that 7 = D} Ay.s*(t1,...,t,), where n € Ny, y € Vis a variable, and s,t1,...,t, € Agy
are simple differential terms. By the induction hypothesis, J,s * (Z?:l Tk * Sk) = Z?:l Tk -
Ops # s and Oty * (X0 Tk - Sk) = Dopeyq Tk - Oty * s for all 1 < j < n. Hence,

Op T * (Z TE sk> = 0 (DY Ay.s = (t1,...,t,)) * <Z L - Sk)
k=1

k=1
= D'\y. (6;,;3 * (Z T - sk>> % (t1, ..., tn)
k=1
—I—ZD?)\y.s* (tl,...,amtj* (Z rk-sk> ,...,tn>
k=1

=1
= D{L)\y (Z Tk - (93;5*8k> * (t17__‘7tn)
k=1
+ > DPAy.s = (tl, cey Z Tk - Oglj * Sk, . . . 7tn> (2.3.36)
Jj=1 k=1
= Z Tk - (DYAY.(Ops * s) * (t1, ..., tn)
k=1

n
+ Z DV Ay.s = (t1,...,05t; % Sk, ..., tn))
j=1

I
NgE

Tk - Op (DY AY.s % (t1, ..., tn)) * Sk

ol
Il
_

rg - OpT * Sk.

I
NgE

X
Il
—

3. Assume that 7 = sy, where s € Ay is a simple differential term and p € R{A4y) is a complex
differential term. By the induction hypothesis, dzs % (3, Tk - Sk) = 2pey Tk - 08 * S and
Oapr (X4  Th - Sk) = 2opeyq Tk - Oxpt * sg. Hence,

Oz (sp) * (i T - sk> = <3x8 s (i T - sk>> 1
k=1 k=1
+ <Dls ¢ <6x,u ¢ (Z T - sk> >> p (2.3.37)
k=1

= (irk'ax5*5k>:u

k=1

+ (Dls* (Z rk-ﬁzp*sk>> L
k=1
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I
NgE

% - (028 * sp)p + (D15 * (Oppt * 51)) 1)

b
Il
—

Tk - Oz (Sp) * sp,

[
NgE

El
Il
-

I
NgE

rE - OpT * Sk

x>
Il
-

4. Assume that 7 = Z;LZI a; - t;, where n € Ny is a nonnegative integer, ai,...,a, € R are
scalars, and ty,...,t, € Agy are simple differential terms. By the induction hypothesis,
Oxtie * (X ey Tk - Sk) = Dopeq Tk - Ozt * S, for each 1 < j < n. Hence,

&J*(Zrk-sk)=6z<2aj-tj>*< rk-sk>
k=1 j=1 k=1

= ia]"amt]‘* <i’rk-8k)
k=1

NgE

j=1
n m
= Z aj - T - 6xtj * Sk (2338)
j=1 k=1
m n
ZZT’C a:c(EGj't])*Sk
k=1 j=1
m
= Z Tk - OgT * Sp,
k=1
This completes the induction. d

Let x,y € V be variables and 7,0,p € R{A4y) be complex differential terms such that
y ¢ FV (o). Then,

0z (OyT % p) % 0 = Oy(OpT % 0) % p+ OyT * (Ogp * 0). (2.3.39) v
Proof. This is Lemma 4 in [8]. 0
Corollary 2.3.14. Synthetic Schwarz lemma
Let x,y € V be variables and 7,0,p € R{Agy) be complex differential terms such that
y¢ FV (o) and x ¢ FV (p). Then,
0z (OyT * p) % 0 = Oy(0pT * 7) % p. (2.3.40) o

Proof. Since x ¢ FV (p), by Lemma 2.3.11, 0,p * 0 = 0. By Lemma 2.3.13, 0,(0y7 * p) x 0 =
Oy(0xT %)% p+ OyT % (Ogpx0) = Oy(OgT % 0) % p+ OyT %0 = 0y(0pT % 0) x p+0 = 0y(0pT*0)%p. 1
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Let n € Ny be a nonnegative number, let ¢1,...,%, € N be positive integers, and let
T1,01,--+,0n € R{(Agy). Then,

Oz(Diy.inT* (01, ...,00)) x0 =Dy, 3 (0xT*0) % (01,...,00)

2.3.41
+ZD“ WT# (01, ... ,0,05 %0,...,0p). ( )

Proof. This follows immediately by induction on n using Notation 2.3.4 and Lemma 2.3.10. Q1

Let z,y € V be variables, 7,0,p € R(Aqy) are complex differential terms such that x # y
and y is not free in ¢ and p. Then,

027[p/y] * o = (0T % 0)[p/y] + (OyT * (xp * 7)) [p/y]. (2.3.42)

Proof. We prove this via induction on 7.

1. Assume that 7 = Dy, ; z*(t1,...,t,), where n € Ny is a nonnegative integer, i1,...,i, € N,
z €V is a variable, and 1,...,t, € Ay are simple differential terms. As we can see,

(021 % 0)[p/y] = (02(Diy,....in 2 * (t1,- .. tn)) * 0)[p/y]

= (5:U,ZD11 ..... in0 * (tly--~7tn)
+ 3 Diy, iz # (1,0, Oty % 0, 10) [0/Y]
=] (2.3.43)

=5xzDz-1, Lo lp/yl = (tilp/yl, - talp/yl)

+ZD21, Lin2lp/yl = (tilp/yl, - (Outy % o) [p/yl, - - tulp/y])

and

(OyT % (0zp * 0))[p/y]l = (Oy(Diy,....in% * (t1, - -, t0)) * (Oxp = 0))[p/Y]
= (5y7zDi1,,_.7in(8$p * 0’) * (tl, . ,tn)
+ 2 Dilyl_,,inz * (tl, ey 6xt]~ * (&Cp * 0), . ,tn)[p/y]
= (2.3.44)
= 0y,sDiy,...in, (Ozp = o) [p/y] = (t1lp/yl, - - -, tulp/y])

+ZDH, Linzlp/y] * (tp/y),

- (Oxtj # (Oup * 0)[p/yl, - s talp/y])-

By the induction hypothesis, 0.t;[p/y] * 0 = (0ztj * 0)[p/y] + (Oyt; * (0zp * 0))[p/y] for all
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1 < j < n. Hence,

(OaT % 0)[p/y]
+(0yT # (0p * 0))[p/y] = 02,2Diy,...ino[p/y] * (tr[p/y], - - - s talp/y])
+ Z Diy..in2lp/y] = (ti[p/y],

o (Oaty % ) /Y], - - - talp/y])
+0y,2Diyoccsin (0up  0)[p/y] * (t1[p/y], - - s talp/y])

+ZD i 2lp/yl = (tp/y),

5 (Ot x (Oup = 0))p/yl, - - - tulp/y])
= 02,2Diy,...iolp/yl * (ti[p/y], - - -, tnlp/y])
+8y,2Diy . in (Oup * 0)[p/y] * (t1[p/y]; - - -, tnlp/y])

+ Z Diy.in2[p/y] # (t1[0/y],

covy (Oatj % 0)[p/y] + (0xts % (0xp % 0))[p/Y]; - - -, tnlp/yl)
= 0z,2Diy,.in0lp/yl * (talp/yl, - - - tnlp/yl)
+ 6y,2Dis,...in (Oup % 0)[p/y] * (t1[p/Y]; - - - tnlp/yl)

+ZD in2lp/y) = (talp/yl, - dats[p/yl o, tnlp/y])

(2.3.45)

= 5z,zD ir,enin@ ¥ (L1[p/Y], - - -, tnlp/y])
+0y,2Diy ... in (Ozp % 0) % (t1[p/y]; - - -, tulp/y])

+2D win2lp/yl = (tilp/yl, - Outilp/yl % 0, talp/y]),

where we used the fact that y is not free in ¢ or p for the last equality. If z # y, then

OuT[p/yl ¥ 0 = 0u(Diy,...in 2 * (t1, .- tn))[p/y] * o

= 0x(Diy,..in2lp/y] = (talp/yl, - .. talp/y])) x 0
Ox(Diy iz * (1lp/yl, - - talp/y])) x 0
62,2 Diy...ino * (t1[p/yl, - s tulp/y])

+ Z Diy,..inzlp/yl = (tilp/yl. - Oatslo/yl = o, ... talp/y])

= 5ac,zD11 ----- in0 * (t1[p/yl, .. tulp/y])
1 ein (Ozp  0) % (t1]p/y], - s talp/y]) (2.3.46)

+ 3 Diyanzlp/yl = (tlp/y), - - 0atilp/yl + o, talp/y])

= 02Dy .ino * (t1[p/y], - tulp/y])
+ 0y, Diy,.i, (Ozp = 0) = (t1[p/y], - - s talp/y])

+ 3 Diyinzlp/yl = (tlp/y), - - Oatilp/yl # o, talp/y])

= (0uT * 0)[p/y] + (OyT * (0xp + 7)) [p/y];
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and if z = y, then

OxTp/yl # 0 = 0u(Diy,....i 2 * (t1, ..., 1)) [p/y] * 0
Ox(Diy,..in2[0/y) = (t1lp/y], - - s talp/y])) + o
Oz (Diy,.inylp/yl = (tilp/yl, - - talp/y])) + 0
Ox(Diyinp * (t1[p/y]; - - -, tulp/yl)) x o
Diy,...in (0zp % o) % (t1[p/yl - - -, tulp/y])

+2Di1 ..... P (Lo, -, Outilp/yl # o, tulp/y])

/y
/y

j=1
:5sz11 ..... in 0 * (tl[p/y]v'--atn[p/y]) 9.3.4
#8eDigiy(Cap =) (o) 11/ (2:3.47)
+ Z Diy....inylo/yl = (tilp/yl, - .. datilp/y] o, tulp/y])
j=1

= 0z,2Diy,..ip 0 * (t1lp/yl, - - -, tnlp/yl)
+ 5y 2Diy, i (Op x 0) = (tip/yls - - talp/y])

+ Z Diy,in2lp/y) = (tilp/y)s - 0atilp/y] o, tulp/y])

j=1
= (027 % 0)[p/y] + (Oy7 % (up  ))[p/y];
where we used Lemma 2.3.15 for the fifth equality.

2. Assume that 7 = D'Az.s % (t1,...,t,), where n € Ny, z is a fresh variable, and s,¢1,...,t, €
Ag4y are simple differential terms. By the induction hypothesis, 0,s[p/y]|xo = (Ozs*0)[p/y] +

(Oys#(0zpx0))[p/y] and Out;[p/ylxo = (Out;jx0)[p/y]+ (Oytj* (Oxpx0))[p/y] forall 1 < j < n.
Hence,
0x7[p/y] * 0 = Oz (DT Az.s % (t1,...,tn))[p/y] x o
= 0o(DYAz.s[p/y] = (tilp/y], - -, tulp/y])) * 0
= Dy Az.(us|p/yl o) = (t1lp/yl, - - talp/y])

+ > DPAzslp/yl = (tlp/yl, - . dutilp/y] % 0, . tulp/y])

j=1
= DY \z.((0z5 * 0)[p/y] + (Oys * (Oup + 0))[p/y]) * (tr1lp/y]; - - -, tulp/y])

+ Y DPAzslp/y] = (talp/yl, - . (Gaty = o) [p/y]

j=1

+ (Oyt; * (Oap = 0))[p/yl, - - - talp/y]) (2.3.48)
= D A2.(0z5 % 0)[p/y] * (tr[p/y], - - - tulp/v])

+ DY Nz.(0ys = (Ozp x 0))[p/y] * (t1lp/y], - - s talp/y])

+ > DPAzslp/y] = (talp/yl, - (@ats = 0)[p/yl, - . talp/y])

7j=1

Z DiXz.s[p/y] = (tilp/yl. .., (Oyt; * (Gopx 0)p/yl, -, tulp/y])
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= D A2.(0z5 x 0)[p/y] = (t1[p/y], - - - talp/y])

+ 2, DiAzslp/yl + (tilp/y), - (2uty = 0)[p/yl, - tulp/y])

j=1

+ DY Az.(0ys * (Oup = 0))[p/y] = (t1lp/yl, - - - s talp/y])

+ Y DiAzslp/yl + (talp/y), -, (Oyts  (2up  0))[p/y], - s tulp/y])
j=1

= (DYXz.(0zs % 0) % (t1,...,tn))[p/y]

+ Y (DPAzs # (1, .., 0aty 5 0, 1)) [p/Y]

j=1

+ (DY Az.(0ys # (Ozp # 0)) * (1, tn)) [p/y]
Z DiAz.s* (t1,..., (Oytj  (Ozp0)),..., ta)p/y]
=1

Z DiXz.s* (t1,..., Ogtj*0,..., tn))p/y]
j=1
+ (DYAz.(0ys * (Ozp*0)) * (t1,...,tn)

+ Y DiAzs x (t, .., (Ot * (Oap* 0)), .. 1)) [p/Y]
j=1

= (0z(DYAz.s # (t1,.. ., tn)) *0)[p/y]
+ (0y(DTAz.s * (L1, .. ., tn)) * (Ozp = 0))[p/y]
= (0o * 0)[p/y] + (OyT * (0zp * 7)) [p/y].

3. Assume that 7 = sy, where s € Ay is a simple differential term and p € R{A4y) is a complex
differential term. By the induction hypothesis, 0;5[p/y]| * 0 = (0zs * 0)[p/y] + (Oys * (Ozp *

o))lp/y] and dxplp/y] * o = (Ozp * 0)[p/y] + (Oyp * (Ozp * 7))[p/y]. Hence,

Ox7[p/yl * 0 = 0u(sp)[p/y] * &

= du(s[p/yulp/y] = o
= (0uslp/y] = o)plp/y] + (D1s[p/y] * (Oxplp/y] * o)) uulp/y]
= ((0zs * 0)[p/y] + (Oys = (wp * 0))[p/y]) lp/V]

+ (Daslp/y] = ((Gwpe = o) [p/y] + (Oyp = (0xp = o)) [p/y])) 1elp/ Y]
= ((0zs * o) [p/yDulp/y] + ((Oys = (0zp = o)) [p/y) 1ulp/y]

+ (D1s[p/y] * ((0up = o)[p/y]))1lp/y]

+ (D1s[p/y] = ((Oyp * (0up = 7)) [p/y])) lp/Y] (2.3.49)
= ((0zs = o)) [p/y] + ((Oys = (Owp * o)) 1) [ /Y]

+ ((Dys = (Oop = o)) [p/y] + ((D1s # (Oype * (Oup 7)) 1) [p/Y]
= ((0zs = o) p)[p/y] + (D18 * (Oupt * o)) 1) [p/y]

+ ((Oys = (0zp = 0)))[p/y] + (D18 * (Oyp * (0up * 0)))11)[p/Y]
= ((0zs * o)+ (Drs * (Oppe % o)) 1) [p/y]
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+ ((Oys * (Ozp * o)) + (D15 * (Oyp * (Oup x 7)) ) [p/y]
= (Ou(sp) = o)[p/y] + (Oy(sp) * (Oup = 7)) [p/y]
= (07 = 0)[p/y] + (OyT * (Oup 7)) [p/y].

4. Assume that 7 = 2721 rj - 85, where n € Ny is a nonnegative integer, r1,...,r, € R are
scalars, and s1,...,s, € Agy are simple differential terms. By the induction hypothesis,
0x8jlp/y] * 0 = (Ousj = o)[p/y] + (Oys; * (0xp * 0))[p/y] for each 1 < j < n. Hence,

»T[p/yl o =0 (i Ty S;) [p/y] *

= Oz (Z Ty Sj[ﬂ/y]> *0

;- Oz8ip/y] ¥ o

Il
M=

<.
Il
Jut

[l
NgE

rj - ((Owsj * 0)p/y] + (Oys;j * (0p * 7)) [p/y])

=1 (2.3.50)
= Y 7 (0usj % 0)[p/yl + Z + (Bys; * (Qup  0))[p/y]

j=1 =1

(aaf (2 Ty 3J> * ) [p/y]

+ <5y (Z Ty 8j) * (Opp * 0)) [p/y]
j=1
= (Gu7 % 0)[p/y] + (OyT * (Oup = 0))[p/y].
This completes the induction. l:l

Let 7,0, p € R{A4,y) are complex differential terms and z,y € V are variables such that = # y,
y is not free in the terms o and p, and z is not free in p. Then,

0x7[p/y] * 0 = (07 % 0)[p/y]. (2.3.51)

Proof. As we can see, 0,7[p/y]x0 = (0,7 %0)[p/y] + (OyT * (wp*0))[p/y] = (027 x0)[p/y] + (OyT *
0)[p/y] = (07 = 0)[p/y] + 0 = (0,7 = 0)[p/y], where we used Lemma 2.3.16 for the first equality
and Lemma 2.3.11 for the second equality. a

Let 7,0, p € R{A4y) be complex differential terms and x,y € V be variables such that x # y,
x ¢ FV (p), and y ¢ FV (7). Then,

(0= % 0)[p/y] = Ou7 = (o[p/y])- (2.3.52)

Proof. We prove this by induction on 7.
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1. Assume that 7 = Dy, ;. 2z * (t1,...,t,), where i1,...,i, € N, z € V is a variable, and
t1,...,tn € Agy are simple differential terms. Sincey ¢ fv(r) = FV (Dy,, i, 2% (t1,...,tn)) =
FV (2)+FV (t1)+...4FV (t,), for all 1 < j < n, we have that y ¢ FV (t]) so by the induction
hypothesis, (0.t * 0)[p/y] = Out; * o[p/y]. Hence

(O % 0)[p/y] = (0x(Diy,...inz % (t1,...,tn)) *0)[p/y]

—(51,2131.1 ,,,,, in0 % (b1, tn) + > Diy inz*(th...,amtj*a,.,.,tn)> [p/v]

Jj=1

,,,,, inap/yl * (tlp/yls - - talp/y])

+ 3 Dy 2lp/y] * (tlp/yl, -, (2uty % 0)[p/yl, - tulp/y])

Jj=1

:51,2Di1 ,,,,, ina[p/y]*(th.--,tn)

n

+ D’il »»»»» ’an*(th7(azt]*a)[p/y]77tn)

j=1

= 02,2Diy i, 0[p/y] * (t1, ... t0)

i1 in2 % (t1,...,0zt; ®o[p/y],..., tn)

= 5z,zD7l1

(2.3.53)

= 02(Diy,....inz % (t1,...,tn)) * o[p/y]
= 027 % 0[p/yl,

where we used the fact that y ¢ FV (2) and y ¢ FV (¢;) for all 1 < j < n in the fourth equality.

2. Assume that 7 = D" Az.s*(t1,...,t,) such that n € Ny, z is a fresh Variable, and s,t1,...,t, €
Agy are simple differential terms. Since y ¢ fv(7) = FV (D} Az.s * (t1,...,t,)) = FV (As.2) +
FV (1) + ...+ FV(ty) = FV(s) — {2} + FV(t1) +... + FV (¢,), we have that y ¢ FV (s)
and y ¢ FV( ;) for all 1 < j < n, so by the induction hypothesis, (0.s * o)[p/y] = Ops *

olp/yland(0st; = o)[p/y] = Ost; * J[p/y] for all 1 < j < n. Hence,
Qo7 % 0)[p/y] = (0u(DT Az.s % (tr, .. ., 1)) * 7)[p/y]
= <D?)\z.(6zs x0) % (t1,...,tn) + Z DiXz.s % (t1,...,04tj %0, ... ,tn)> [o/y]
j=1
= DY Az.(0xs = 0)[p/y] * (tr[p/y], - - - tnlp/y])
+ 3, Dizslp/yl # (talp/yls -, (2uts # 0)[p/y], - talo/y])
j=1
= DI Az.(0zs % 0)[p/y] * (t1,. .., tn) (2.3.54)

+ Y DiAz.s# (t1, ..., (Guty % 0)[p/yl, - . tn)

j=1

= D' Az.(0zs x a[p/y]) * (t1,. .., tn)

+ Y D Az.s# (1, ..., duty % 0lp/yl, .. tn)

= 0(DYAz.5 % (t1,...,tn)) * o[p/y]
= a7 0[p/y].

3. Assume that 7 = sy, where s € Agy is a simple differential term and p € R(Agy) is a
complex differential term. Since y ¢ FV (su) = FV (s) +FV (u), we know that y ¢ FV (s) and
y ¢ FV (1), so by the induction hypothesis, (0,s%0)[p/y] = 0rxs=(o[p/y]) and (Oppu*0)|[p/y] =
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Ozt * (0p/y]). Hence,

(Ozsp* 0)[p/y] = ((Ozs * o)p + (D15 * (Oop o)) 1) [p/y]
= ((0ws = o)[p/ylulp/y] + (Dislp/y] = (Cxp * o)[p/y])ulp/y]
= ((0zs # 0)[p/y])p + (D15 = (Oupe = o) [p/y]) 1

= (Ows = o[p/y))u + (D1s = (dup = o[p/y])) 1

= Ozsp* o[p/y]

= 0.7 xalp/y].

(2.3.55)

4. Assume that 7 = 2?21 rj-s;, where n € Ny is a nonnegative integer, 71, ...,7, € R are scalars,
and s1,...,s, € Agy are simple differential terms. Since y ¢ fv(r) = FV (i 8j) =
U1 FV (s5), by the induction hypothesis, (0zs;x0)[p/y] = 0zs;*(o[p/y]) for each 1 <j<n.

Hence,
R (Z T Sj) * 0> [o/y]
j=1

= znl 7y OxSj * U) [o/y]

o (2.3.56)
n
= Y 7y 0usjx0[p/y]
j=1
n
=0, <Z T s;-) +ap/y]
j=1
= 0,7 * o[p/y]
This completes the induction. l:l

Let 7,0, p € R(A4y) be complex differential terms and z,y € V be variables such that z # y
and = ¢ FV (p). Then,

(0e7 % 0)[p/y] = 0u7[p/y] * (c]p/y])- (2.3.57)

Proof. Take any variable z € V such that z is distinct from x and y and is not free in ¢ and p. Let
7' == 1[2/y]. Since z ¢ FV (1), by Lemma 2.3.7(iv), 7'[y/z] = 7[2/y]|y/z] = T[y/y], and by Lemma
2.2.29(iii), 7[y/y] = 7. That is, 7 = 7'[y/z]. Hence,

OpT %0 = 0,7 [y/2] % 0

0,7 %0 = (0,7 % 0)[y/z]
(07 % 0)[p/y] = (07" + 0)[y/=][p/y]
= (07" = o) [p/yllylr/y]/?] (2.3.58)
= (07" * 0)[p/yllp/z]
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= (07" * alp/y])[p/z]
= 0.7'[p/z] * a[p/y]
= 0u7[2/yllp/2] * olp/y]
= 0u7[p/y] = olp/yl,

where the second equality follows from the fact that z,y, z are distinct variables, z ¢ FV (o), and
Corollary 2.3.17; the fourth equality follows from the fact that y # z ¢ FV (p) and Lemma 2.3.7(iv);
the sixth equality follows from the fact that y ¢ FV (') = FV 7r[z/y] < (FV (1) — {y}) u {z} and
Lemma 2.3.18; the seventh equality follows from the fact that z and z are distinct and not free in
p, z¢ FV (o[p/y]) = (FV (0) — {y}) U FV (p), and Corollary 2.3.17 again; and the ninth equality
follows from the fact that z ¢ FV (7) and Lemma 2.3.7(iv). a

Let k € Ny be a nonnegative integer, 7 € N be a positive integer, x1, ...,z € V be variables,
and 7,0, p1, ..., pr € R(Aqy) be complex differential terms. Then,

O (DyT + o) i k
m * (p]_, e ,pk) = Z Z DiTk,jh...,jr * O-k7j7‘+17~“ajk’ (2359)
Lo Ok r=0 ji,gk=1
Nn<..<jr

Jre1<...<Jk

where
orr
aCle coo a’)?jr
oo

Oa:jrﬂ 000 axjk

Tk,jlmu,jr = 3 (pj17 ... 7Pjr)7 (2360&)

o # (Prrrr s Pjr)- (2.3.60D)

7jT+17"'7jk =

Proof. We prove this via induction on k. When k = 0, this is trivial. Assume that & = n + 1,
where n € N is a nonnegative integer. Then,

F (DT + o)
oxy ...0xy

y ) = "Dyt % o)
Plo--s Ph) = 0T ...0Tp0Tp 11

_ 5 0" (D;T * 0)
I Oxy ... Oy,

* (p17 ey Pnapn+1)

* (p17"'7p7l)> * Pn+1

n n

= Ozpir Z Z DiTnji,ir * Onjrst,in | * Pr+l (2.3.61)
r=0 ]17’jn:1
"]1<..‘<‘77\'
Ir+1<...<Jn
n n

= Z Z Ozns1 (DiTnji,eojr * Onjpst i) * Pl

r=0 j'l,...,jn:}
4]1<~~~<]7"
Ir+1<...<Jn

n n
D SR (VA PO

r=0 jyn=1
1< <Jr
Ir+1<...<Jn
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+ DiTn’jlz“'7jT * (a‘rn+10—n’j7‘+l7“"jn * p?’L-‘rl))

n n
= 2 Z (DiTn+17j17"'7jT7n+1 * O-n+17.jT+17"~7jn

=0 ji,....jn=1
I <...<]r'
Ir+1<...<Jn

+ DiTn+11j17'-'7jT * o-n+17j7‘+17'-'7j711n+1)

n+1 n+1
> > DiTnt1,j1,dr * Ont1jrstseesfins

=0 j1,esjn dn+1=1
) ]1<...<j.7~
Ir+1<...<JIn+1

k k
= > DiThgiie * Okt

=0 j1,....jp=1
<-.<Jr
Ir+1<---<Jk

where we used the induction hypothesis on n for the third equality and Lemma 2.3.10 for the fifth

equality. l:l
Let k € Ng be a nonnegative integer, let x1,...,z, € V be variables, let s € Agy be a simple
differential term, and let 7,01,...,0, € R{A4y) be complex differential terms. Then,

o (sT) Z
m*(al,...,ak)z Z . > . | Z_ (DS (11,...,m))7, (2.3.62)
g=10=rp<...<rg41=n J1seeesJn=1

V1<i<q(fr;_q+1<---<7j;)

where
omT
¥ = Fayy Oy, " OB %) (2.3.63a)
anurl—ria. '
" a$jri+1 - aijiJrl " (O-j”_H’ o O-jrprl) vl IS¢ (2363b)
Proof. By induction on k. The detailes are left to the reader. 0

2.4 Defining Differential Reduction

In this section, we are doing to talk about a relation on differential terms called S-reduction, which
we represent some notion of evaluating a differential term. The idea is that a differential term should
be related via S-reduction to a differential term that is the result of performing a “single step” of
evaluation on the original differential term. But before we can define S-reduction for differential
terms, we need to define two types of relations that behave nicely with the structure of differential
A-calculus: linear relations, which behave nicely with linear combinations, and contexrtual relations,
which behave nicely with linear combinations, abstraction, application, and linearization.
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Definition 2.4.1. Linear Relations

Let — g be a relation from complex differential terms to complex differential terms such that

the following two properties hold:
(i) 0—>r0

(i) Given scalars r1,72 € R and 0,0”,7,7" € R{Aq,y) complex differential terms such that
o —ro and T - 7, rio + roT —>p rio’ + o7’

Then, — g is a linear relation. &

Definition 2.4.2. Contextual Relations

Let — g be a reflexive, linear relation from complex differential terms to complex differential
terms such that

A\x.0 =R Av.0’ (2.4.1a)
or —>r o't (2.4.1b)
Dio + T —g Dio’ 7' (2.4.1¢)

when z € V is a variable, i € N is a positive integer, and o,0’, 7,7 € R{A4) are complex
differential terms such that ¢ —pr ¢’ and 7 —g 7/. Then, — g is a contextual relation. &

Since contextual relations behave nicely with linear combinations, abstraction, application, and
linearization, it is not too hard to see that contextual relations also behave nicely with partial
differentiation and substitution.

Let — be a contextual relation from complex differential terms to complex differential terms,
0,7, 7" € R{Aqy) are complex differential terms such that 7 —p 7. Then, d,0%T - Jzo*7'.

@
Proof. We prove this by induction on o.

1. Assume that ¢ = D;, i,y (t1,...,t,), where n € Ny is a nonnegative integer, i1,...,i, € N
are positive integers, y € V is a variable, and ¢1,...,t, € Agy are terms. By the induction
hypothesis, d,t; % T —pg d,t; * 7’ for all 1 < j < n. Hence,

020 % T = 0z(Diy iy * (t1,...,tn)) * T
n
= 5377 yDil,...,inT * (tla s 7tn) + Z Dil,...,iny * (th L) awtj * T, tn)
i=1
=D (... (DipT xty)...)xt;
n
+ 3 Dy (oo (o (Digy ). ) % (Oaty 5 7)) 1 (2.4.2)
i=1
—R Dil(- .. (D’inT, *tn) .. ) * 11
n
+ 3 Dy (o (o (Digy #tn) ) # (Ot = 7)) #
i=1
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2. Assume that ¢ = D} Az.s * (t1,...,t,), where n € Ny is a nonnegative integer, z € V is a
fresh variable and s,tq,...,t, are simple differential terms. By the induction hypothesis,
028 % T —pg 05 * 7' and Oytj * T —pg Oxt; + 7' for all 1 < j < n. Hence,

0p0 # T = Op (DY Az % (t1,...,tp)) * T
= DV Az.(0ps * T) * (t1,...,tn) + i DiXz.s# (t1,..., 00t % 7,... 1)
=1
=D1(...(D1Az.(Ogs = T) % t1) .. .)Z* tn
+ i Di(...(Di(...(DiAzswty)...) = (Ot xT))...) %ty (2.4.3)
i=1
SR D1(.. (D1 A2.(Ops = T') 5 t1)...) * Ly,
+ Zn: Di(...(Di(... (Didzes#ty)...) = (Optj + 7)) ...) = by
i=1

:...:awg*rl.

3. Assume that 0 = sy, where s € Agy is a simple differential terms and p € R{A4 ) is a complex
differential terms. By the induction hypothesis, 0ps * T —pg 0z5* 7" and Oy * T —pg Oppt * 7.

Hence,
030 % T = OgSpu* T = (08 * T)pu + (D15 % (Ogpu * 7)) 10 (2.4.4)
—p (Ozs* T+ (Dys* (Oppu 7)== dpo*7'. o
4. Assume that 7 = Z?zl rj - sj, where n € Ny is a nonnegative integer, 7,...,7, € R are
scalars, and sq,...,s, € Agy are simple differential terms. By the induction hypothesis,

0z8j % T —pg Opsj * 7' for each 1 < j < n. Hence,

n n n
020 = Oy (er-sj) *7'=er'aij*T—qgZT‘j-aij*TIZ'--ZaxO'*T/. (2.4.5)

Jj=1 J=1 Jj=1

This completes the induction. l:l

Let — g be a contextual relation from complex differential terms to complex differential terms,
o, 7,7 € R(Aqy) be complex differential termssuch that 7 —g 7’. Then, o[r/z] - o[’ /x].

Proof. We prove this via induction on o.

1. Assume that o = D;, ;. x*(t1,...,t,), where n € Ny is a nonnegative integer, i1,...,7, € N
are positive integers and t1,...,%, € Ay are simple differential terms. By the induction
hypothesis, t;[7/x] = t;[7'/z] for all 1 < j < n. Hence,

o[r/x] = (Di,..inx* (t1,...,tn))[7/x] = D4y, inT* (t1[7/2], ... tal7/2])
=Di(...(DrT = t17/x])...) * ty[7/7] (2.4.6)
—gr Di(... (D17 s ty[7/x])...) s tp|[7 Jx] = - - - = o7 /2]).
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2. Assume that 0 = Dy, 5,y * (t1,...,t,), where n € Ny is a nonnegative integer, i1,...,%, € N
are positive integers, y € V is a variable such that y # x, and t1,...,t, € Ay are simple
differential terms. By the induction hypothesis, t;[7/x] = t;[7’/z] for all 1 < j < n. Hence,

o|r/x] = (Diy,..i,y * (t1, ..., tn)[7/x] = Diy iy = (1[7/2], ... ta[T/2])
=Di(...(Dry =ti[1/x])...) = tp[T/x] (2.4.7)
—rDi(...(Dry=ti[r/z])...) * tu[7' /2] = - - - = o[7'/2].

3. Assume that o = D'Az.s * (t1,...,t,), where n € Ny is a nonnegative integer, z € V is a
fresh variable and s,tq,...,t, are simple differential terms By the induction hypothesis,
s[t/x] —»g s[7'/x] and t; [7'/:1:] —pg tj[7'/z] for all 1 < j < n. Hence,

o[r/x] = (DY Az.s % (t1,...,tn))[7/x] = DY Az.s[T/x] * (t1[7/z], ... tn]T/2])
=Di(...(DiAz.s[T/x] = t1[1/x]) . ..) = tp[T/2] (2.4.8)
—r Di(...(Diz.s[T'/z] =« 1|7/ [x])...) x tp [T /2] = - - - = o7 [2].

4. Assume that 0 = sy, where s € Agy is a simple differential terms and p € R{A4 ) is a complex
differential terms. By the induction hypothesis, s[7/z] —g s[7//z] and p[7'/z] > g pul7'/z].
Hence,

olr/z] = (sp)lr/x] = slr/x]ulr/a] —r s[r'/xlplr’ /2] = (sp)l7'/a] = o[7'/z].  (24.9)

5. Assume that 7 = Z?Zl rj - 85, where n € Ny is a nonnegative integer, r1,...,7r, € R are
scalars, and s1,...,s, € Agy are simple differential terms. By the induction hypothesis,
sj[T/x] =g sj[7'/x] for each 1 < j < n. Hence,

olr/z] = (2 - s]> [T/z] = Zr] sj[7/x]

—p Z ri-silt’/x] = (Z > 7 /x] = o[ /x].

(2.4.10)

This completes the induction. l:I

We are interested in extending a relation —p from simple to complex differential terms to a
relation —g from complex to complex differential terms. The first and obvious way to do this is
by linearity. That is, given complex differential terms 7,0 € R(A4y), if 7 is a linear combination
of simple differential terms si,...,s, € Agy, 7 —g o when there exists oy,...,0, such that
o is obtained by replacing s; in 7 with o; and s; —gr o0; for each 1 < ¢ < n. This gives us
the linear extension as laid out in Definition 2.4.5. However, let us say that —pg represents a
single computational step, and we want —g to also represent a single computation. Then, given
complex differential terms 7,0 € R(Aq4y), if 7 is a linear combination of simple differential terms
51,...,5n € Agy, we want 7 —g o if there exists a single iy such that there exists o;, such that o
is obtained by replacing s;, in 7 with o;, and s;, =g 0;,, This gives us the pseudo-linear extension
as laid out in Definition 2.4.6.
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Definition 2.4.5. The Linear Extension of a Differential Relation
Given a relation —p from simple differential terms to complex differential terms, the linear
extension —p of —p is the smallest relation from complex differential terms to complex
differential terms containing — g such that

n
ZT]‘~S]' HRZTj-(Tj (2'4'11)

J=1 J=t
whenever n € Ny is a nonnegative integer, r1,...,r, € R are scalars, s1,...,s, € Agy are
simple differential terms, and 71,...,7, € R(A4y) are complex differential terms such that
sj —gojforeach 1 <j<n.
Note: —j is the smallest linear relation containing — g. &

Definition 2.4.6. The Pseudo-Linear Extension of a Differential Relation

Given a relation — g from simple differential terms to complex differential terms, the pseudo-
linear extension — p of — g is the smallest relation from complex differential terms to complex
differential terms containing — r such that

reS+TSpT-0O+T (2.4.12)

whenever 7 € R is a scalar, s € Agy is a simple differential term, and o,7 € R{(Aq ) are
complex differential terms such that s - o.
Note: — is not a linear relation as 0 5 0. Iy

We, now, define differential pre-S8-reduction which relates simple differential terms to a complex
differential terms that results by performing “a single step” of computation on the simple differential
term.

Definition 2.4.7. Differential Pre-$-Reduction

Define differential pre-g-reduction — g1 to be the smallest (with respect to inclusion) relation
from simple differential terms to complex differential terms satisfying the following properties:

(i) Given a simple differential term s € Agy and complex differential terms o, 7 € R{Ag4y)

such that s —4 o,
ST —pg1 OT. (2.4.13)

(ii) Given a simple differential term s € A4y and complex differential terms 7, 7" € R(Agy)
such that 7 — 51 T,

ST — g1 ST (2.4.14)

(ili) Given a variable z € V, a simple differential term s € Agy, and a complex differential
term 7 € R{Aqy),

(A\z.8)T —p s[T/x]. (2.4.15)
(iv) Given a positive integer n € N, a variable x € V, positive integers i1, ...,i, € N, simple
differential terms t1,...,%, € Agy, an integer 1 < j < n, and a complex differential

term 7; € R{Aq,y) such that t; —z 7,

Dil,_._,inx * (tl, 000 ,tj, 500 ,tn) —>51 Dil,__,ina: * (tl, 000 ,Tj, 000 ,tn). (2.4.16)
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(v) Given a nonnegative integer n € Ny, a variable z € V, simple differential terms
s,t1,...,tn € Agy, and a complex differential term o € R(A4,y) such that s —z o,

DYAx.s % (t1,...,tn) —p1 DY Az.0* (t1,...,tn). (2.4.17)

(vi) Given a positive integer n € N, a variable z € V, simple differential terms s,¢;,...,t, €
Agy, an integer 1 < j < n, and a complex differential term 7; € R{Aqy) such that
tj —pa1 Tj,

DYAz.s* (t1,...,t5, ..., tn) =g DiAz.s* (t1,...,Tj, ... tp). (2.4.18)

(vii) Given a positive integer n € N, a variable z € V, simple differential terms s,t1,...,t, €
Agy,and 1 < j <n,

D?)\.IS * (tl, e ,tn) —>51 D{Lil)\l'.(axs * t]') * (tl, e ,tjfl, t]’+1, ey tn). (2419) *

While differential pre-g-reduction cannot be contextual (as it is not a relation from complex
differential terms to complex differential terms), differential pre--reduction does, in fact, respect
application, application, and linearization just like a contextual relation would.

Let € V be a variable, i € N be a positive integer, s,t € Agy be simple differential terms,
and o, 7,7’ € Agy be complex differential terms. Then, the following statements are true:

(i) If s »p1 0, T —p 0T,
(ii) If 7 —5 7/, 57 —>p sT'.
(iii) If s =1 0, Ax.5 =g Az.0.
(iv) If s =41 0, Dis #t —p5 Do .
(v) Ift =51 7, Dis %t —p Dys * 7.

We say that any relation —p from simple differential terms to complex differential terms
that satisfy these five properties is weakly contertual. Hence, — g1 is weakly contextual.

Proof of Part (i). This just follows from Definition 2.4.7(3i). Q
Proof of Part (ii). This just follows from Definition 2.4.7(ii). Q
Proof of Part (iii). This just follows from Definition 2.4.7(v). o

Proof of Part (iv). This follows by induction on s —z o.

1. Assume that s —g o because there exist a simple differential term u € Ay and complex
differential terms y,v € R{Aq,y) such that s = uv, 0 = pv, and v —pg p. Since u —g u, by
the induction hypothesis, D; ust — g1 Di1puxt. Hence, Dysst = Di(uv)st = (Digpruxt)v — g
(DiJrLUJ * t)l/ = DZ(,LLV) xt = Do «t.
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2. Assume that s —g1 o because there exist a simple differential term u € Ay and complex
differential terms v, " € R(Ag4y) such that s = uv, 0 = w/, and v =z V. Then, Djs +t =
Di(uv) #t = (Dip1u * t)v —p1 (Diyru* t)v' = Di(ur') xt = Dio +t.

3. Assume that s —31 o because there exist a variable x € V, which we can choose to not be
free in ¢ via a-conversion, a simple differential terms u € Agy, and a complex differential
terms v € R{Aq4y) such that s = (Az.u)v and o = u[v/z]. Then, D;s xt = D;((Az.u)v) «t =
(Diy1(Az.u) * )y = (Ax.Dijp11u * )y = (Ao Dyu + t)v —gz= (Dju * t)[v/z] = Djulv/z] *
t[v/x] = Djo *t, where we used Lemma 2.3.6 for the second to last equality and the fact that
x ¢ FV (t) and Lemma 2.3.7(i) for the last equality.

4. Assume that s —g1 o because there exist a positive integers n € N, a variable x € V, positive
integers i1,...,%, € N, simple differential terms t1,...,%, € Agy, and complex differential
terms 71 € R{(Aqy) such that s = D;, ;. x*(t1,t2,...,tn), 0 = Dy, *(71,t2,...,ty), and
t1 —pg1 T1. Then, D;s*t = /Di(Dil,A..,infE * (tl, to,... ,tn) *1 = Di,il,...,inx * (t, t1,ta,... ,tn) — g1
Dm‘l’mﬂ'naﬁ * (t, 71, tQ, e ,tn) = ,Di(Dil,...,inx * (7’1, tQ, e ,tn) * 1 = 'DiO' * 1.

5. Assume that s —g1 o because there exist a nonnegative integer n € Ng, a variable x € V,
simple differential terms w, t1,...,t, € Agy, and a complex differential term p € R{A4y) such
that s = DY Az.u * (t1,...,t), 0 = D{Az.pu* (t1,...,t,)., and u —z p. Further, suppose
that i = 1. Then, D;s * t = Dy(DfAzu * (ty,...,t,)) #t = DM \zw = (41, ) —p1
D?Hx\x.u # (t,t1,...,tn) = Di(DYAz.pu* (t1,...,ty)) *t = D;o = t. Instead, suppose that
i > 1. Since u —g p, by the induction hypothesis, D; ju *t —g D;_1u = t. Hence,
Dis#t = Dy(DTAv.u * (t1,...,t,)) #t = DPAx.(Di_qu *t) * (t1,...,tn) =g DAz (Di—1p *
t)# (t1,...,tn) = Di(DP Az (t1,...,tn)) xt = Do *t.

6. Assume that s —z o because there exist a positive integer n € N, a variable x € V, simple
differential terms u,t1,...,t, € Agy, and a complex differential term 7 € R(A4y) such that
s = DY Az (t1,t,...,t,), 0 = DY Ax.u * (11,t2,...,t,)., and t; —g 71. Further, suppose
that i = 1. Then, D;s#t = Dy(DfAw.ux (t1, ta, ..., tn)) #t = DY Azux(t, t1,t2,. .., ;) —p
D?-H)\ZL‘.U* (t,71,t2, ... ty) = D1(DiA\r.ws (71, te,. .., t,))*t = Do *t. Instead, suppose that
i > 1. Then, Djs#t = Dy(DfAv.ux* (t1,ta,...,tn)) ¥t = DY Ax.(Di—qu*t) * (t1,te, ..., tn) —p
DXz (Di_jut) * (11,t2,...,tn) = Di(DA\v.w = (T1,t2, ..., ty)) *t = Do * t.

7. Assume that s —g o because there exist a positive integer n € N, a variable » ¢ FV (¢),
and simple differential terms wu,t1,...,t, € Agy such that s = DY Az.u * (t1,t2,...,t,) and
D’f_lx\a:.((%;u #11) * (t2,...,t,). Further, suppose that ¢ = 1. Then, D;s «t = D (D' \v.u *
(ti,to, .. oty)) 5t = DY Az = (¢, b0, ... ty) —g1 DPAx.(Opu # t1) * (tta,....t,) =
Dy (D "N\ (Opu 1) * (ta, ..., t,)) # t = D;o * t. Instead, suppose that i > 1. Then,

Dist =Di(DiAz.ux* (t1,t2,...,ty)) *t
= DY'\z.(Dju * t) * (tl,tg, ceayty)
—p1 D{‘_l/\x.(&‘x(Di_lu * t) * tl) * (tg, ce ,tn)
= D]‘_l/\m.([ﬁm(Di_lu * t) * tl) * (tQ, e ,tn)
= D{‘_l/\x.(Di_l(ﬁmu * tl) #t+ Dj_qu* (axt * tl)) * (tQ, ce. ,tn)
= D?‘l)\x.(Di,l(azu * tl) *t+ Dj_qu* 0) * (tg, S ,tn)
= DD} Aa.(0pu x ty) * (L, ... ty)) %t
= Djo = t,

(2.4.20)
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where we used Lemma 2.3.10 for the fourth from last equality and the fact that = ¢ FV ()
and Lemma 2.3.11 for the third form last equality.

This completes the induction. a

Proof of Part (v). This follows by induction on s.

1. Assume that s = D;, ;. @ * (t1,...,t,), where n € Ny is a nonnegative integer, i,...,7, € N
are positive integers, x € V is a variable, and t1,...,t, € Agy are simple differential terms.
Then, D;sxt = Di(Dh,...,infE * (tl, - ,tn)) *1 = Di,il,...,inx * (t, t1,... ,tn) — 41 Di i1, ..., ipx*
(Tyt1, . stn) = Di(Dyy,. inx* (L1, ..., tn)) * T = Dis*T.

2. Assume that s = D A\x.u* (t1,...,t,), where n € Ny is a nonnegative integer, x € V is a fresh
variable and w,t1,...,t, € Agy are simple differential terms. Further, suppose that i = 1.
Then, D;s + t = Dy(DPAzw * (t1, ... tn)) *t = DI Az = (41, 1) — 31 DV g %
(T,t1,...,tn) = D1i(DPAzw* (t1,...,t,)) *t = D;s = 7. Instead, suppose that i > 1. By the
induction hypothesis, D; 1s%t —g D; 1s%7. Hence, Dis+t = Dy(DfAv.ux* (t1,...,t,)) %t =
DY Ax.(Di—1s#t)#(t1, ... t,) =g DPAx.(Di_15%7) % (t1, ... t,) = Di(DP Az (t1, ..., t,))*
7 = D;s* 7. In either case, D;s *t —pg1 Djs = 7.

3. Assume that s = uv, where u € Agy is a simple differential term and v € R{(Agy) is a
complex differential term. By the induction hypothesis, D;iju * ¢ —g D;pju * 7. Hence,

Dis+t =Dj(uwv) xt = (Diyru*t)v —g (Dig1u*7)v = Dij(uv) * 7 = Dys * 7.

This completes the induction. a

Notation 2.4.9. The Reflexive and Transitive Closure of a Relation on R{Agy)

Let — g be a relation on complex differential terms. Then,
1. —»p is the reflexive and transitive closure of —p, and

2. we say that 0 —p+ 7 when o reduces to 7 in at least one step (i.e., there exists a
complex differential term p € R(A4) such that 0 —r p - 7).

)

We can now finally define differential S-reduction, which captures a “a single step” of evaluation.
Differential S-reduction is just the pseudo-linear extension of differential pre-S-reduction.

Definition 2.4.10. Differential S-Reduction

Let differential S-Reduction —g be the relation on complex differential terms — R

[ )

Since differential pre-S-reduction is weekly contextual, we would expect that differential -
reduction is a contextual relation, and it is! The next few lemmas prove this.

Let 0,0',7,7" € R{Aqy) are complex differential terms and r1,72 € R be scalars such that
o—»go and T —»g 7, thenri-oc+ry-7>»gri-o +ry- 7.

Q

Proof. This follows by induction.
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1. Assume that o0 -3 ¢’ and 7 —3 7’ because 0 —3 ¢’ and 7 —3 7. That is, o =5 o’ and
T =4 7/. Then, there exist simple differential terms u,v € Ag4y, complex differential terms
p, v, &, p € R{Aqy), and scalars 13,74 € R such that 0 = r3-u+§, 0’ =r3-p+&, 17 =rs-v+p,
T =ry-v+p,u—p p,and v —g v. Hence, ri-o+ry-7 =11 (r3-u+&)+12- (r4-v+p) =
(7’1-7’3)'U+(T’Q'T4)-U+7’1‘§+7’2-p—>6~1 (7“1-T3)‘M+(7’2-7’4)'U+T1'§+T2‘p—>ﬁ~1
(ri-rg) -p+(ro-ra) v4ri-E+re-p=ri-(rg-pu+& +ro-(ra-v+p) =ri-o +re-7.

2. Assume that o -3 ¢’ and 7 —3 7’ because 0 —g ¢’ and 7 = 7’. Since 0 —g o’, o =5 o,
which means that there exist simple differential term u € Agy, complex differential terms
1€ € R{Aqy), and scalars r3 € R such that 0 = r3-u+§&, 0’ =r3-p+ & and u —g p.
Hence, r1-0+7r9-7 = r1-(r3-u+§)+re-m = (ri-r3)-utre-m+r1-§ 5 (ri-rs)-p+re-m+r-€ —4
(ri-m3) - p+ry-7+ri-E=ri-(rg-p+8&) +ry-7=r1-0" +ry- 7.

3. Assume that 0 —g ¢’ and 7 —3 7’/ because 0 = ¢’ and 7 = 7/. Thenri-0+7ry-7 = r1-0'+7r2-7/,
so by the reflexivity of —g, we know that ri -0 +ry-7 —=gri -0’ +ry-7'.

4. Assume that o -3 ¢’ and 7 —g 7’ because there exists term p such that o -3 p -3 o’
Since 0 —g p and 7 —g 7', by the induction hypothesis, 71 -0 +ry- T =g ri-p+re- 7/, and
since p - o’ and 7" - 7’ (as —g is reflexive), by the induction hypothesis, 71 -p+ra-7" =3
r1 -0’ +ry - 7. By the transitivity of — g, this implies that 71 -0 + 727 —gri -0’ +ro- 7',

The remaining cases are similar. This completes the induction. l:l

Let 7,7" € R{(Aqy) be complex differential term such that 7 —g 7/. Then, there exists a
nonnegative integer n € Ny, scalars 71, ...,7r, € R, simple differential terms s1,...,s, € Agy,
and complex differential terms 1,..., 0, such that 7= 37 r;-s;, 7' = X7, 7 - 05, and
sj —pg oj for each 1 < j <n.

Proof. This follows by a simple induction on 7 —4 7" and Lemma 2.2.29. l:l

the relation — g on complex differential terms is contextual.

Proof. Since the relation —g on complex differential terms is reflexive, 0 —3 0. Because of this
fact and Lemma 2.4.11, —p is linear. By Lemma 2.4.12, the fact that — g1 is weakly contextual
(which was shown in Lemma 2.4.8), and the linearity of —g, it follows that — g3 satisfies (2.4.1).
Hence, — g3 is contextual. l:l

Differential S-reduction also satisfies the Church-Rosser property, but to show this is unfortu-
nately not very straightforward. To show that S-reduction satisfies the Church-Rosser property,
we first need to define a relation —, from simple to complex differential terms called parallel dif-
ferential pre-3 reduction. Then, we extend this relation by linearity given us the relation —; on
complex differential terms called parallel differential S-reduction. Next, we show that the reflex-
ive and transitive closure of parallel differential S-reduction is the same as that for differential
B-reduction. Finally, we show that parallel differential pre-8 reduction is confluent, which implies
that differential S-reduction also satisfies the Church-Rosser property.
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Definition 2.4.14. Parallel Differential 5-Reduction

Define parallel differential pre-g-reduction —, to be the smallest (with respect to inclusion)
reflexive relation from simple differential terms to complex differential terms satisfying the
following properties:

(i) Given a simple differential term s € Agy and complex differential terms o, 7,7’ €
R{Aq4,y) such that s —, o and 7 —; 7/,

sT >, 07, (2.4.21)

(ii) Given a nonnegative integer n € Ny, a variable x € V, simple differential terms
$,t1,. .. ,tn,t; € Aqy, and complex differential terms o, 7,7, 71,...,7, € R(Agyp) such
that s », 0, 7 -5 7/, and t; —, 7 forall 1 < j <mn,

(DYAz.s = (t1,...,ta))T —p (2o = (T1,..., ™)) [T /x]. (2.4.22)
(iii) Given a nonnegative integer n € Ny, a variable x € V, positive integers i1,...,i, € N,
simple differential terms ¢1,...,t, € Agy, and a complex differential term 7,...,7, €

R{Aq,y) such that t; —, 7; for all 1 < j <n,

Di1,...,inx * (tl, coo ,tn) —>p Dil,...,inx * (7'1, coo ,Tn). (2423)

(iv) Given a nonnegative integer n € Ny, a nonnegative integer m < n, a variable x € V,

simple differential terms s,t1,...,%,,€ Agy, complex differential terms o, 7,...,7, €
R{Aqyy) such that s —, 0 and t; —, 7; for all 1 < j < n, and distinct positive integers
Jis---sdn €{1,...,n} such that j1 < ... < jp and Jir1 < -+ < jn,

DPAz.s (t1,...,tn) = D" " Ax. (0 0 * (Tjis o s Tjn)) * (Tjomgrs - -+ > Tjn)- (2.4.24) s

The relation —; on complex differential terms is contextual.

Proof. Replacing —41 in the proof of Lemma 2.4.8 with —, and making the appropriate cor-
responding modifications, we can conclude that —, is weakly contextual. Since —, is weakly
contextual and — is the linear closure of —,, it follows that — is contextual. |

Let u € Agy is a simple differential term and p € R(A4y) is a complex differential term. If
u —g1 i, then u —, p.

Proof. We prove this by induction on k.

1. Assume that u — g1 p because there exist a simple differential term s and complex differential
terms 7,0 € R{Aq,y) such that v = s7, u = o7, and s —z o. By the induction hypothesis,
s —, 0. Since s —, o and T —, T (as —, is reflexive), by Definition 2.4.14(i), u = (s)7 —, oT.

2. Assume that u —g p because there exist a simple differential term s € Agy and complex
differential terms 7,7’ € R{Aq4y) such that u = s7, p = s7/, and 7 — it 7/. Then, there
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exist a simple differential term v, complex differential terms v, p, and scalars r1,73 € R such
that 7 =7 -v+p, ¥ =10 v+ p, and v —pg1 v. By the induction hypothesis, v —, v.
Since s —, s (as —, is reflexive) and 7 = 11 - v + p —5 ‘v + p = 7/, by Definition 2.4.14(i),
u = ST —,sT = L.

3. Assume that u — g1 1 because there exist a variable z € V, a simple differential term s € Agy,
and a complex differential term 7 € R(A4y) such that v = (Az.s)7 and p = s[7/x]. Since
s =, s and 7 —, 7, by Definition 2.4.14(ii), u = (A\z.s)T —, s[7/x] = p.

4. Assume that u — g1 p because there exist a positive integer n € N, a variable x € V, positive
integers i1, ...,i, € N, simple differential terms t1,...,t,, and a complex differential term
71 € R{Agy) such that w = D;, _; x* (t1,t2,...,ty) and p = Dy, @ * (T1,t2,...,t,) such
that t; —g 7. By the induction hypothesis, t; —, 7. Since t; —, 71 and t; —, t; for all 2 <
J < mn, by Definition 2.4.14(iii), w = Dj, i, x*(t1,t2,...,tn) —p Diy i xx(T1,t2, ..., ty) = L.

5. Assume that u —g p because there exist a nonnegative integer n € No, a variable x € V,
a simple differential terms s,t1,...,t, € Agy, and a complex differential term o € R{Agy)
such that u = DY Ax.s* (t1,...,tn), u = D Az.0*(t1,...,t,), and s —g o. By the induction
hypothesis, s —, 0. Since s —, o and t; —, t; for all 1 < i < n, by Definition 2.4.14(iv),
u=DPAx.sx*(t1,...,ty) =p DI Az.0 * (t1,...,tn) = p.

6. Assume that u — g1 p because there exist a positive integer n € N, a variable z € V simple
differential terms s,t1,...,t, € Agy, and complex differential term 7 € R{A4y) such that
u = D{Ax.s * (t1,t2,...,ty), p = DY Ax.5 % (T1,t2,...,t,), and t; —p 71. By the induction
hypothesis, t1 —, 71. Since s —, s, t1 —, 71, and t; —, t; for all 2 < j < n, by Definition
2.4.14(iv), u = DY Az.s * (t1,t2, ..., tn) =, DiAx.s = (T1,t2,...,ty) = .

7. Assume that u —p u because there exist a positive integer n € N, a variable x € V, and
simple differential terms ¢1,...,¢,, and n > N such that v = DPAx.s * (t1,...,t,) and
p=DiAx.(Ops #tj) * (t1,...,tj—1,tj41,...,tn). Since s -, s and t; —, t; for all 1 < i < n,
we have that u = DY Az.s * (t1,...,tn) = DYAT.(Ops #t;) * (t1,.. ., tj—1,tj41, ..., tn) = po

This completes the induction. l:l

Let p,v € R{(Agy) is a complex differential term. If ;1 =51V, then p —p v.

Proof. Since u — A v there exist scalar r € R, simple differential term s € Agy, and complex
differential terms 0,7 € R(Aqy) such that p =r-s+7, v =7r-0+7,and s —z 0. By Lemma
2.4.16, s —, 0. Since —; contains —,, this implies that s —; 0. Since — is reflexive, 7 —; 7.
Since — is linear, this implies that y =r-s+7=r-s+1-7 —»sr-0c+1-7=r-c+7=v. Q

Let u € Agy is a simple differential term and p € R(A4y) is a complex differential term. If
u —, i, then u —g pu.

Proof. We prove this by induction on v —, p.

1. Assume that u —, p because u = p. Since —» g is reflexive, this implies that v —4 1
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2. Assume that u —, p because there exist a simple differential term s € Agy, and complex
differential terms o, 7, 7" € R{Aqy) such that v = s7, p = (o)1, s -, 0, and 7 —, 7/. By
the induction hypothesis, s -3 o and 7 —3 7’. Since —4 is contextual,

U= ST —»p 0T —»pg 0T = L. (2.4.25)

3. Assume that u —, pu because there exist a nonnegative integer n € Ny, a variable x € V,
simple differential terms s, ¢1,...,t, € Agy, and complex differential terms 7,7/, 0, 71,...,7, €
R{Agy) such that u = (DPAx.s * (t1,...,tn))7, = ((0z)"0 * (T1,...,7))[T ’/a:] T —5 T,
S —>p o, and t; —, 7; for all 1 < j < n. By the induction hypothesis, 7 —g 7/, s =3 0, and

j —p T7j for all 1 < j < n. Since —g is contextual,

u=(DiAx.s* (t1,...,tn))T = (D1(-- (D1 xS % ty) -+ ) % tpy)T
=5 (D1(-+- (D1iAz.sxt1) -+ ) )T =5 (D1(- -+ (D1Aw.o b)) # tyn)7’
=5 (D1(-+- (D1iAz.o s 71) -+ ) # b)) T
=5 ... >3 (Di(-+ (Di\z.o 1)) % Tp)T
—p1 ..o AL (Op (- (Opo % m1) ) # )T = (Aw(02)" 0 * (T1, ..., Tn))T
gt (@0 % (71, )] = 1

(2.4.26)

/

4. Assume that u —, p because there exist a nonnegative integer n € Ny, a variable x € V,

positive integers i1,...,i, € N, and simple differential terms t1,...,%, € Agy, and complex
differential terms 71,...,7, € R(Aqy) such that w = D;, ;. x* (t1,...,tn), o = Dj, . 5, *
(T1,...,7n), and t; —, 7; for all 1 < j < n. By the induction hypothesis, t; =—4 7; for all

1 < j < m. Since —»g is contextual,

u = Di17_”7in1} * (tl, e ,tn) = Dzn( . (an * tl) e ) * tn

(2.4.27)
g ... >3 D (- (Dyws1) )Ty =Dy i@ % (T1,...,Tn) =

5. Assume that u —, p because there exist a nonnegative integer n € Ny, a nonnegative in-

teger m < n, a variable x € V, simple differential terms s,?1,...,t,,€ Agy, complex dif-
ferential terms o, 71,...,7, € R(Agy), and distinct positive integers ji,...,j, € {1,...,n},

= DPAx.s * (t1,...,tn), p = D"*mxx.((a;”a * (le,...,ij)) * (ij+1,...,Tjn), s —, 0,
t —, 1jforalll < j<mn and j1 < ... < jp and jpy1 < -+ < Jp. By the induction

hypothe51s s —»g o, and t; »g 7/ for all 1 <i < m. Since —,, is contextual

u=DiAx.s* (t1,...,tn) =D1(--- (D1 \x.sxty) ) *ty,
=g Di(--- (DiAz.osty) ) sty »g... »g Di(--- (Didz.o*T) ) * Ty

2.4.28
= DVA\v.0 % (T1,...,Tn) ( )
—g1 ... a1 D" ((0'0 % (Tjyy - oo s Tjm ) * (Tiias o+ 5 Tjin) = Mo
This completes the induction. l:l

Let pu,v € R(Agy) is a complex differential term. If y — v, then y —g v.
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Proof. Since u —; v, there exists a nonnegative integer n € Ny, scalars rq,...,r, € R, simple
differential terms s1,...,s, € Agy, and complex differential terms o1,...,0, € R(Aqy) such that
= 2}1:1 T8, V= Z;‘:l rj-0j, and s; —, 0j for all 1 < j < n. Then, by Lemma 2.4.18, 5; —3 0
for all 1 < j < n, so since —g is linear (by Lemma 2.4.13), this implies that p = Z?:l Tj - 8j —g
Z?lej‘UjHV. |:|

The reflexive and transitive closure of —5 (i.e., —=,) is —3.

Proof. Take any complex differential term o, 7 € R{Aqy) such that o —g 7. Then, there exists
complex differential terms pug,...,u, such that ¢ = pg =g T M = T By Corollary
2.4.17, this implies that 0 = pg —5 -+ —; pp = 7. That is, 0 —; 7. Conversely, take any
complex differential term o, 7 € R(A4y) such that o —5 7. Then, there exists complex differential
terms po, ..., pn such that o = pg —5 -+ =5 pp = 7. By Corollary 2.4.19, this implies that
o=y —g- - —gpn=7. That is, 0 =g 7. a

Let z € V be a variable and let 7,7/, 0,0’ € R(Aqy) are complex differential terms such that
T —p5 7 and 7 —; 7. Then,

(i) Op7 %0 —p 07" * 0’ and

(i) 7[o/z] =5 7'[0"/x].

Proof of Part (i). This is Lemma 15 in [8]. Q

Proof of Part (ii). This is Lemma 14 in [8]. Q

Let 2 € V be a variable and let 7,7/, 0,0’ € R(A4y) are complex differential terms such that
T —g 7 and 7 —g 7. Then,

(i) Op7 * 0 —g 0p7' * o’ and

(i) 7[o/z] —p 7'[0"/2].

Proof of Part (i). The first step is to show that this is true when 7 = 7/, which follows by
induction on ¢ —3 ¢’. Note that The reflexive and transitive closure of —; is —3 by Lemma
2.4.20.

1. Assume that o —g ¢’ because of reflexivity. Then, o = ¢’, which implies that 0,70 = d,7*0’,
so by the reflexivity of —g, 0,7 % 0 —3 0,7 % 0’.

2. Assume that o —3 ¢’ because of transitivity. Then, there exists a complex differential term
0" € R{Aq,v) such that ¢ —3 ¢” —3 ¢’. By the induction hypothesis, 0,7%0 —g 0,7*0” and
027 % 0" —3 0,7 % 0'. Hence, by the transitivity of —g, this implies that 0,7 x 0 —3 0,7 % 0.

3. Assume that 0 —g ¢’ because 0 —; o’. Since — is reflexive, 7 —; 7’ also. Hence, by Lemma
2.4.21(i), OyT*0 —p OpT*0’. Since —; is contained in — g, this implies that 0,7%0 —g dy7*0’.
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This completes the induction. Now, we can prove the full statement of Lemma 2.4.22(i) via induc-
tion on 7 —g 7'

1. Assume that 7 —g 7’ because of reflexivity. Then, 7 = 7/, which implies that d,7 * 0 —3
0T % 0" = 0p7' % 0.

2. Assume that 7 —3 7’ because of transitivity. Then, there exists a complex differential term
7" € R(Aq4y) such that 7 —3 7" —3 7. By the induction hypothesis, 0,7*0 —3 0,7"* 0’ and
0,7" %0’ —p5 0,7+ 0’. Hence, by the transitivity of —g, this implies that ;7% 0 —g 0,7 %0,

3. Assume that 7 —g 7 because 7 —; 7. Since —; is reflexive, ¢ —; 0. Hence, by Lemma
B p p ’ p )

2.4.21(i), 0p7*0 —p 0p7'%0. Since — is contained in — g, this implies that 0,7%0 —g 0,7"*0.
Also, since 0 —g o', 0,7 % 0’ —pg 0,7 % 0/. By the transitivity of —g, this implies that
OxT %0 —p 07 % 0.

This completes the induction.

Proof of Part (ii). The proof is very similar to the proof of Lemma 2.4.22(i).

Definition 2.4.23

Let —pg be a relation from simple (resp. complex) differential terms to complex differential
terms and —g be a relation from complex differential terms to complex differential terms.
Given any simple (resp. complex) differential term s € Agy (resp. € R{Agy)), positive
integer n € N, and complex differential terms 71, ..., 7, € R(A4y) such that s —p 7; for all
1 < j < n, suppose that there exists a corresponding complex differential term 7 € R{(Aqy)
such that 7; —g 7 for all 1 < j < n. Then, the pair (—g, —g) is called multi-confluent.

&

Let —pg be a relation from simple differential terms to complex differential terms and —g
be a linear relation from complex differential terms to complex differential terms such that
(—Rr, —g) is multi-confluent. Then, (— 7, —g) is also multi-confluent.

Proof. Take any positive integer n € N and complex differential terms o, 71, ..., 7, € R{Aq ) such
that o —p 7; for all 1 < j < n. By Lemma 2.2.29(xii), there exists a unique nonnegative integer
n € Np, unique scalars 71,...,7, € R, and unique simple differential terms s1,...,s, € Agy such
that o = > 7 - s;. Since 0 —p 75 for all 1 < j < n, this implies that for each 1 < i < m
and 1 < j < n, there exist a nonnegative integer ¢; ; € No, scalars r;1,...,7;j¢, ; € R such that

= Zkzl ik and complex differential terms o;j1,...,0%,75,n € R{Aqy) such that s; —g 0;

and 7; = Z;nlz%’jl Tijk - Oijk- Take any 1 < i < m. Since (—pg,—g) is multi-confluent and

i =R 0 k forall 1 <j<nandl <k </, there exists a complex differential term o; € R{(Agy)
such that 0 j, =g o;forall1 <j<mnand1l<k</; Let7=>", r; 0, Because —g is linear,
this implies that

l; 5

4,7 m m
Z Tigk 0i) = Z Z Tigk | = 0i = Z ri-op =1  (2.4.29)
k=1 i=1 i=1

J
TZJ k- 0ij, k
1k=1

Ms
||M3

%

for each 1 < j < n. Hence, (— g, —g) is multi-confluent. a
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(—p,—p) is multi-confluent. That is, given a simple differential term s € A4y, a positive
integer n € N, and complex differential terms g1, ..., u, € R{Aqy) such that u —, 7; for
all 1 < j < n, there exists a corresponding complex differential term p € R{A4y) such that
Tj —pTforalll<j<n.

Proof. This follows by induction on the height of complex differential term u € Ag y.

1. Assume that v = Dy, ;@ * (t1,...,ty), where m € Ny is a nonnegative integer, z € V is
a variable, and t1,...,t,;, € Agy are simple differential terms. Then, for each 1 < j < m,
since v —, ;, by the definition of —,, there exists complex differential terms 7;1,...,7j, €
R{Aqy) such that p1; = D;, 4. x%(Tj1,...,Tjm) and t; —, 7;; for all 1 <i < m. Now, take
any 1 <¢ < m. Then, t; —, 7;; for all 1 < j <n, so by the induction hypothesis, there exists
a complex differential term 7; € R(A4y) such that 7;; —5 7;. Define the complex differential
term p = Dy, % (T1,...,Tm) € R(Agy). Then, for each 1 < j < n, this implies that

tj = Diy i@ (Ti1s -5 Tim) =5 Diy i % (T1 - Tn) = e

2. Assume that v = D*Ax.s # (t1,...,tn), where m € Ny is a nonnegative integer, z € V is
a variable, and s,t1,...,%, € Agy are simple differential terms. Then, for each 1 < j < n,
since u —, p;, there exist complex differential terms o;,7;1,...,7jm € R{Aqy) such that
s —, oj and t; —, 7j; for all 1 < i < m, a nonnegative integer 0 < ¢; < m, and distinct
positive integers kj1,...,kjo, € 1,...,m such that kj1 < ... < kju, kje+1 < ... < kjm,

—0; l;

u=DVAz.s%(t1,...,tm), and pj = D" x.((0 0 * (T, 15 - - - Thy,e; ) * (Tkj,gjﬂ, s Thjm )

Since s —, o; for all 1 < j < n, by the induction hypothesis, there exists a complex
differential term o € R{Aqy) such that 0; —5 o for all 1 < j < n. For each 1 < i < m,
since t; —, 7j; for all 1 < j < n, by the induction hypothesis, there exists a complex
differential term 7; € R{Aqy) such that 7;; —; 7; for all 1 < j < n. Define the complex
differential term p = Ax.0J'c * (71,...,7,). Then, for each 1 < j < n, this implies that

iy ¢
pj =Dm ZJ/\:c.((ﬁxjaj # (Thyqs e ,Tkj,ej)) * (Tkﬂjﬂ, s Thym) = ATOR 0 % (T1, ., o) = L.

3. Assume that u = s7, where s € Ay is a simple differential term and 7 € R{Aq ) is a complex
differential term.

(a) Suppose that for each 1 < j < n, there exist complex differential terms o;,7; € R(Aqp)
such that y; = o;7/. Then, for each 1 < j < n, since s7 = u —, u, = 0;7;, it must be
the case that s —, 0; and 7 —; TJ/-. Since s —, o; for all 1 < j < n, by the induction
hypothesis, there exists a complex differential term o € R{Ag4y) such that o; —5 o.
Since 7 —; 7 for all 1 < j < n, by the induction hypothesis and by Lemma 2.4.24, there
exists a complex differential term 7' € R{Aq,) such that 7; —; 7'. Define the complex

differential term p = o7 € R(Agy). Then, for each 1 < j <n, pj = 07 =5 07" = p.

(b) Suppose otherwise. Then, there exists a nonnegative integer m € Ny, a variable = €
/

V, complex differential terms vi,...,Un, Wi 1, Wnlye s Wims---rWnm, Tly---sTh €
R{Aqy), simple differential terms v,wi,...,w, € Agy, positive integer 2 < ¢ < n,
integers 0 < 4y, ..., 0n < m,

i s = D" z.w s (wi,...,wy),

" p .

i py = (v * (Wi, ... win))[rj/z] for 1 < j <gq,

y» 2 .
iil. p; = (D™ 42 ((07 v * (Whj s - - - ’wkj,lj)) ¢ (ij,zj+1v Wiy )T for g < <,
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iv. v =, vjfor 1 <
V. w; —, wj; for 1
vi. 7> 7 for 1 <
where for each ¢ < j < n, kj1,...,k; are distinct integers ranging from 1 to m such
that kj1 < ... < kje and kjo 41 < ... < kjm. Since v —, v; for 1 < j < n, by the
induction hypothesis, there exists a complex differential term v € R{Aqy) such that
vj —, V. Since w; —, wj; for all 1 < j < n and 1 <4 < n, by the induction hypothesis,
there exists a complex differential term w; € R{Aq4y) such that w;; —, w; for each
1 <i<mn. Since 7 —, 7']’- for 1 < j < n, by the induction hypothesis and Lemma
2.4.24, there exists a complex differential term 7 € R(Aqy) such that 7; —, 7. Let

= (0v*(wy,...,wy))|[7"/z]. Then, using Lemma 2.4.21, we can see that for each 1 <
J<q py = 07vix (Wi, .., win))[1j/x] =5 (G * (wi,...,wn))[7'/2] = p, and for each
. /. 4
each ¢ < j <n, p;j = (D™ gi)@.((ﬁxjyj * (wkﬂ, e ,wkﬂj)) * (wk.j,éﬁl, e ,wkﬁm))T],‘ —5
(a;ny * (wb s 7wn))[7-,/x] = Q.
This completes the induction. a

Lemma 2.4.26
The relation —; on complex differential terms is confluent.

Q

Proof. By Lemma 2.4.25, (—,,—p) is multi-confluent, so by Lemma 2.4.24, (—p, —), which
means that — is confluent. a

Let — g be a confluent relation on a set S, then —p satisfies the Church-Rosser property.
That is, given A, B,C € S such that C' - A and C' —»g B, there exists D € S such that

A—»RDandB—»RD. V)

P’I"OOf. Since C' —p Aand C —»pr B, there exists m,n e Ny and EO,Oa El’o, B ,Em’(), Eo’l, ce. ,Eom €
S such that C = FEpg —gr -+ =g Epo = Aand C = Eyg —g -+ —»r Eyn = B. For each
I1<i<mandl<j<n, wewant to define inductively an element E;; in S such that E;_1; —pr
E;; and FE; ;1 —g E;j, so without further ado, take any 1 < ¢ < m and 1 < j < n. Since
Ei 1j-1 —r Eij-1, Fic1j-1 —r Fj_14, and —pg, we know that there exists ' € S such that
E; 1; — F and Ej;_1 — F, so naturally, we choose to set E;; = F. Let D = E,,,. Then,
A= Em,O —R " TR Em,n—l —R Em,n =D and B = EO,n —R " TR Em—l,n —R Em,n =D. QO

Theorem 2.4.28. The Church-Rosser Property of Differential S-Reduction

The relation — g satisfies the Church-Rosser property.

Proof. By Lemma 2.4.26, —; is confluent, so by Lemma 2.4.27, —; satisfies the Church-Rosser
property. By Lemma 2.4.20, the relation —»; is equivalent to — 3. Hence, — 4 also satisfies the
Church-Rosser property. a



Chapter 3

Taylor A-Calculus

In the prior chapter, we carefully constructed differential A-calculus, motivated its syntax as a syn-
thetic framework to represent the differentiation of analytic function, proved a number of lemmas,
and showed that computations in differential A-calculus is well-behaved by showing that differential
B-reduction satisfies the Church-Rosser property. In this chapter, we are going to define another
formulation of a purely syntactic framework to treat differentiation of analytic functions. This for-
mulation is called Taylor A-calculus, and just like its cousin differential A-calculus, it was proposed
by Thomas Ehrhard and Laurent Regnier’s (see [9]). The first section will motivate the syntax of
Taylor A-calculus and relate it to differential A-calculus. The second section will introduce multisets
and operations on multisets and prove some elementary properties of these operations. The third
section will rigorously define simple and complex Taylor terms and poly-terms. Then, in the third
section we will define partial differentiation of Taylor terms and show that partial differentiation
behaves like a nondeterministic substitution. Finally, in the fourth section, we will show that Taylor
A-calculus is a subset of differential A-calculus.

3.1 Motivating the Syntax of Taylor A-Calculus

Before we give a general description of the syntax of Taylor A-calculus, we need to ask a key question:
why do we need a new variant of A-calculus, and more specifically, why do need a second variant of
a A-calculus for expressing analytic functions, the first being differential A-calculus. Differential -
calculus, which was discussed at length in chapter 2, is already a decent framework for dealing with
the differentiation of analytic functions syntactically. However, there are two incredibly important
properties that are missing from differential A-calculus: first, the ability to directly express and
work with polynomials, and second, linearity of every structure in the calculus. Taylor A-calculus
aims to be fix this, and this is the reason we are interested in investigating it.

So, to get our discussion on the syntax of Taylor A-calculus started, we note that, just as with
ordinary differential A-calculus, a term in Taylor A-term represents an analytic function and we
have two obvious types of Taylor terms:

(i) a variable and
(ii) an abstraction Az.s, where x is a variable and s is a Taylor term.

We address, now, the first property we want to see in Taylor A-calculus: the ability to express
polynomials. To do this we really should be able to express finite products of analytic functions.
Given a nonnegative integer n € Ny and Taylor terms fi,..., f,, representing analytic functions of

71
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type R™ — R, we introduce the Taylor term fi ... f,, which is the multiset whose elements are
fi,---, fn- The Taylor term f ... f, represents a function of type R™ — R and is given by:

n

xl,...,a;nani(xl,...,xn). (3.1.1)

i=1

With the ability to write polynomials in Taylor A-calculus, we now turn to the second property
we want to see in Taylor A-calculus: the linearity of every structure in the calculus. Recall that in
differential A-calculus, we have that

mi Mn
Di,,...inw * Z T1gr tlgis s Z Tngn " tngjn

J1=1 jn=1
" (3.1.2a)
miy My
= D D i) Diin® o (P,
j1=1 jnzl
mo mi Mn
n
Dy Az. Z T0,j0 * Sjo | * Z T1gy Uiy Z Tnjn * tnjn
jo=1 1=1 in=1
! ! I (3.1.2b)
mo mi mn
o 2 2 o Z (r0.goT 11~ Tngn) - DV AT.8j, * (tl,le e 7t7wn)>
Jjo=1j1=1 Jn=1
where n,mg,...,m, € Ny are nonnegative integers, ro1,...,70mgs--->"n1,--->Tnm, € R are
scalars, 801,...,80mg>t0,15---t0,mgs+-->tn1s---stnm, € Mgy are simple differential terms, and

x €V is a variable. Hence, a complex differentiated variable and a complex differentiated abstrac-
tion is linear in all their arguments. However, notice that

fle+y) # fe+ fy (3.1.3)

in differential A-calculus, where x,y, f € V are variables. Hence, application in differential A-calculus
is not linear in all its arguments. The underlying reason for this is clear: analytic functions are
not necessarily linear. Consequently, if we want every structure in Taylor A-calculus to be linear in
all its arguments, we cannot have application. Instead, given a nonnegative number Ny and Taylor

term f,t1,...,t,, representing analytic functions of type R”™ — R, we introduce the Taylor term
{f)t1...tn, which is a constant function of with the same type as f and is given by:

L1,y T > oo (O (O (O, f) 1) ~t2) ) - 0)(0, ..., 0), (3.1.4)
where 41,19, ...,i, € {1,...,m} are some not necessarily distinct integers. Intuitively, (f)t1...t, is

linear in its n + 1 arguments. This is our notion of application in Taylor A-calculus.
Also, just like differential A-calculus, Taylor A-calculus should have simpler Taylor terms that
are linear combinations of Taylor terms. In summary, a Taylor term is one of the following:

(i) a variable;
(ii) an abstraction Az.s, where z is a variable and s is a Taylor term;

(iii) a product (or poly-term) ti...t,, where n € Ny is a nonnegative integer and t1,...,t, are
Taylor terms.

(iv) a differentiated application {s)T, where s is a Taylor Term and T is a poly-term.
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(v) a scalar multiplication r - s, where r is a scalar and s is a Taylor term;
(vi) a sum s+ t, where s,t are Taylor terms; or
(vii) 0, which represent the zero functions.

These seven different kinds of differential terms will make up our calculus, which will be called
Taylor A-calculus. With this intuition at hand, let us make this notion of a differential term much
more precise.

3.2 Working with Multisets

One of the key difference between Taylor A-calculus and differential A-calculus, is the presence of
poly-terms in Taylor A-calculus, which are just mutlisets of Taylor terms, so to treat prcicely Taylor
A-calculus, we need to work a bit on multisets.

Definition 3.2.1. Multiset
Given a set I, the set Mgy, (I) of multisets over I is the free commutative monoid over I.

&

There are a handful of important operators on multisets.

Notation 3.2.2. Operations on Multisets

Let I be some set, iy be a distinguished element in I, S,T € Mg, (I) be multisets over I, R
is a commutative monoid, and = € R! be an I-indexed family of elements in R.

1. The ezponential of x be S is 5 = Hiel[ac(i)]s(i) € R.
2. The cardinality of S is |S| = >,.; S(i) € No.

3. The factorial of S is S!:=]]..; S(i) € Ny

i€l
4. The multinational coefficient of S is [S] = ‘g—!' € Np.

5. The product of S and T is the multiset ST € Mg, (I) such that (ST)(i) = S(i) + T(7)
also.

6. T is less than (or equal to) S if and only if T'(4) is less than (or equal to) S(i) for all
1€ 1.

7. If T < S, the binomial coefficient of S and T is (5?) = E(T!(S—T)!)‘

8. If S(ip) = 1, then S —ip € Mgy (I) is the multiset such that (S —ig)(ig) = S(ig) — 1
and (S —ip)(i) = S(i) for all i € I — {3}

)

With a notion of the cardinality of a multiset, we can and should talk about the set of multisets
with a specific cardinality.

Definition 3.2.3. The Set of Multiset of Specific Height

Given a set I and a nonnegative integer n € Ny,

My, (I) = {S € Mgn (I) : |S] = n} (3.2.1a)
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Mcn (I) = {SE Min (I) |S
Mon I = {5€ Mg, (I):|S

(3.2.1b)

|
| (3.2.1¢)

A\VAR/AN

&

In the next few lemmas, we will see that the operators on multisets lift many of the properties
of natural numbers, including the Binomial Theorem and Pascal’s Theorem.

Let I be some set and let S, T € Mg, (I) be multisets over I. Then,

(:D =11 (:_/918) (3.2.2)

el V)
Proof. As we can see,
(S) _ S| _ [ Lics S(u)!
T) TS =T) Tl T TLie (SG) = T(0))!
) (3.2.3)
_ S(@)! _ 1—[ (S(z))

s [T@ONSE) =T6E) g \T()

This completes the proof. |

Let I be some set and let S, T € Mgy, (I) be multisets over I. Suppose that T'< S Then,

6)-(:2)

Proof. Take any i € I. Since T' < S, T'(i) < S(i), so

() o

Since our choice of i € I was arbitrary, this implies that

(§> B E (;’S:EZD - g (S(i)SEZ‘)T(z‘)) - g ((5 f(?)(i)) = (S f T)’ (3.2.6)

where we used Lemma 3.2.4 for the first and last equalities. a

Lemma 3.2.6. Binomial Theorem for Multisets

Let I be some set, R be a commutative semiring, =,y € R! be I-indexed families of elements
in R, and S € Mg, (I) be a multiset over I. Then,

@+y)°= > (i)wTyS T (3.2.7)

T<S
Q@
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Proof. As we can see,

(@ + )% =] [l@+9)@1°6) = ] [[=(0) +y(HI* ()

uel el

- SN f ()T () T2 — @ rs(i) (VL3150
R (kk>[ (] o] Hk( IEOT

s (3.2.8)

el el T<

where we used Lemma 3.2.4 for the last equality. l:l

Let I be some set, ig be a distinguished element in I, and S € Mg, (I) be a multiset over I.
Suppose that S(ig) > 1. Then,

<S fio) = S(ip). (3.2.9)
Proof. Since S(ig) > 1, we know that
SCo) 1\ _ g
<S(i0) ) 1) = S(io). (3.2.10)

Hence,

(S fio) -1 <<S i?)(z‘)) - <<S f(z'if))(z'o)) | iﬂm <(S fg‘?)“))

. . (3.2.11)
S5(i) > I (S (2)> . : .
= o : ) =8Go)- [] 1=S(0)-1=Si).
S@) -1 iel—{i} 5@) iel—{io}
where we used Lemma 3.2.4 for the first equality. l:l

Let I be some set, ig be a distinguished element in I, and S, T € Mg, (I) be multisets over
I. Suppose that 7' < S and S(ig) > T'(i9) = 1. Then,

S S — i S —ip
= 212
<T> ( T ) i (T - io) )
Proof. Since S(ip) > T'(ip) = 1, by the ordinary Pascal’s formula,

(&igﬂ;) _ (S(io% 1) . (igzi - 1) (3.2.13)
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Hence,
() -1G0) - (o) 11 ()
- [(S(;)()io_ 1> ’ (TS<(Z§>)—_ M P @ED
() ()] 60
() 1,69 -5 1, 6
("2t ") I (28)+ (@) JL (@)
iel—{io} iel—{io}
(%7 ) T (G i) = C )+ (022)
where we used Lemma 3.2.4 for the first and last equalities. |

Let I be some set, ig be a distinguished element in I, and T, U,V € Mg, be multisets over
1. Suppose that UV =T, ig e U, and ig ¢ V. Then,

@:2‘;) = <5> (3.2.15)

Proof. Since iy ¢ V, V(ip) = 0, and since UV =T, T'(ig) = Ulio) + V (i0) = Ul(ip) + 0 = Ul(ip),

which implies that (T — io)(’io) = T(io) —1= U(Zo) —1=(U - ZQ)(Z()) Since T(’io) U 0) nd
(T - ’io)(io) = (U - io)(io), we know that
T(io)\ _ ((T —io)(io) _
(01m) = (& i) = (3210
T—ip\ (T'—10)(@)\ _ ((T"—io)(io) (T —io)(4)
(U - 0) -1 <(U—i0)(i)> ((U—io)(i0)> EZ.O} ((U— ) >) 5o
3.2.17
_ (T(io) TG\ _ 1 (T0Y _ (T
(o) 1 6) =0 i) - (o)
where we used Lemma 3.2.4 for the first and last equalities. l:l

Let I be some set, i be a distinguished element in I, and T,U,V € Mg, be multisets over
I. Suppose that UV =T and ig ¢ U. Then,

(T;i‘)> = (5) (3.2.18)
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<(T _é‘))(i‘])) — (T(()i“)> ~ 1 (3.2.19)
Since ig ¢ U, Ulig) = 0, s0

(o) =T o™ - (o) I (o)

el

_ ((T—éo)(i0)> E} (5 ', ) _ (T(Oio)> [1__{[} (5 8) 5290)

~(vto) I (o) (o) = (o)

iEI*{’L'O

Proof. Note that

~
~— ~—

where we used Lemma 3.2.4 for the first and last equalities. l:l

Of all the lemmas about multisets presented in this section, the last three are important to keep
in mind, as we will see that they are essential to the proof of the Generalized Synthetic Leibnitz
Rule for Taylor A-calculus (i.e., Corollary 3.3.34) presented at the end of the next section.

3.3 Defining Taylor A-Calculus and the Partial Derivative

It is finally time to define Taylor A-terms. Following the structure of section 2.2, we define Taylor
pre-terms, a-equivalence for Taylor pre-terms that equates Taylor pre-terms that represent the
same underlying analytic function, and Taylor terms, which is the quotient of Taylor pre-terms by
a-equivalence. It should be noted that there are three kinds of Taylor pre-terms: simple Taylor
pre-terms, which represent basic analytic functions; simple Taylor pre-poly-terms, which represents
finite products of analytic functions; and complex Taylor pre-poy-terms, which represent linear
combinations of products of analytic functions.

Definition 3.3.1. Taylor Pre-Terms

Given a denumerable set V of variables, a positive semiring of scalars R, and a distinguished
symbol 0, a simple Taylor pre-term, a simple Taylor pre-poly-term, and a complex Taylor
pre-poly-term are defined via mutual induction as follows:

(i) Given a variable z € V, x is a simple Taylor pre-term.

(ii) Given a simple Taylor pre-term s and simple Taylor pre-poly-term 7', ({s)T') is a simple
Taylor pre-term.

(iii) Given a variable x € V and a simple Taylor pre-term s, (Az.s) is a simple Taylor
pre-poly-term

(iv) The empty multiset of simple Taylor pre-term 1 is a simple Taylor pre-poly-term.

(v) Given a simple Taylor pre-poly-term 7" and a simple Taylor pre-term s, the concatena-
tion T's is a simple Taylor pre-poly-term.

(vi) 01is a complex Taylor pre-poly-term.

(vii) Given a simple Taylor pre-poly-term S, S is a complex Taylor pre-poly-term.
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(viii) Given a scalar r € R and a complex Taylor pre-poly-term o, (- o) is a complex Taylor
pre-poly-term.

(ix) Given complex Taylor pre-poly-terms o and 7, (6+7) is a complex Taylor pre-poly-term.
Note that + here is syntactic and does not refer to concatenation of multisets.

Let Ay denote the set of simple Taylor pre-terms, let A!t,v denote the set of simple Taylor
pre-poly-terms, and let R<Ai‘,,v> denote the set of complex Taylor pre-poly-terms. Note that
ALV = Mﬁn(At,V)'

L]

It should be noted that we identify the set of simple Taylor terms Ay with the subset M (Ayy)
of simple Taylor poly-terms ALV = M (Aty), and we identity the set of simple Taylor poly-terms

Ai,v with the obvious subset of complex Taylor poly-terms R<Alv>

Definition 3.3.2. a-Conversion for Taylor Pre-Terms

The relation =;, is the smallest (with respect to inclusion) transitive, reflexive, and sym-
metric relation on the set R<A;:,v> of complex Taylor pre-poly-terms satisfying the following
properties:

(i) If z,y € V are variables and s € Ay is a simple Taylor pre-terms such that y ¢ FV (s)
and y can be substituted for x in s, then Az.s = o Ay.s[y/z].

(ii) If s,t € Ay are simple Taylor pre-terms such that s =, t and S,T € AE:,V are simple
pre-poly-terms such that S =; o T, then {(s)S = o (t)T.

(iii) If z € V is a variable and s,t € Ay are simple Taylor pre-terms such that s =; , ¢, then
AL.8 =¢ o M.t

(iv) If s,t € Ay y are simple Taylor pre-terms such that s =, t and S,T € Aé y are simple
pre-poly-terms such that S =; , T, then Ss =; , T'.

(v) If r € R is a scalar and 7,0 € 7€<A;f v, are complex Taylor pre-poly-terms such that
T =ta0,thenr-7=,7-0.

(vi) If p,v,0,7 € R<A't v, are complex Taylor pre-poly-terms such that 7 =; , ¢ and o =¢ o
v,then 74+ 0 =4 o p+v.

Ifo, 7€ R<AL y, are complex Taylor pre-poly-terms, then o + 7 = 7 + 0.

)

(viii) If p, 7,0 € R(ALW are complex Taylor pre-poly-terms, then (p+0)+7 =t p+ (0 +7).
) If 7 e R<A!t,v> is a complex Taylor pre-poly-term, then 7+ 0 =4, 7 and 7 =4, 7 + 0.
)

If ri,ro € R are scalars and 7T € R(A; v, is a complex Taylor pre-poly-term, then
TLT+T2 T =ta (7‘1—1-7"2)'7'.

(xi) If r € R is a scalar and 7,0 € R<AL v, are complex Taylor pre-poly-term, then r - 7 +
r-0=tar-(T+0).

(xii) If r1,79 € R are scalars and 7 € R(AL v, is a complex Taylor pre-poly-term, then
7“1-(7‘2~7‘) =t (7“1-7“2)~7'.
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(xiii) If 7 € ’R<Ai’v> is a complex Taylor pre-poly-term, then 1 -7 =;, 7
(xiv) If r € R is a scalar, r- 0 =, 0.

(xv) If ri,79 € R are scalars and 7 € R<Aig,v> is a complex Taylor pre-poly-term, then
(ri-7e) T =tq (r2-71) - 7. Iy

With the definition of Taylor pre-terms and a-equivalence laid out, we can finally define Taylor
terms, the main element we work with in Taylor A-calculus. Taylor terms, as we stated at the beg-
ging of the section, are just Taylor pre-terms where we identify Taylor pre-terms by a-equivalence.

Definition 3.3.3. Taylor Terms

Given o € R{(A},,), let [0]; o be the collection of complex pre-poly-terms that are a-equivalent
to o. That is, given o € R(Aiw}, let

[0)ta = {T € RCALY) 1 0 =¢a T} (3.3.1)

The sets of simple Taylor terms Ay, simple Taylor poly-terms Aiyv, and complex Taylor
poly-terms R<ALV> are the sets of simple Taylor pre-terms A;y, simple Taylor pre-poly-
terms Ai‘,,w and complex Taylor pre-poly-terms R<Ai’v> quotiented by a-equivalence =; .,
respectively. That is,

Ay = {[slt,a : s € Ay}, (3.3.2a)
Ay ={[T)a T e Ay}, (3.3.2b)
R Y = {[0]1,a 1 0 € R(ALL. (3.3.2¢) .

The basic operations on Taylor pre-terms can be lifted to Taylor terms in the canonical way.

Notation 3.3.4. Operations on Taylor Terms

Let s € Aty be a simple Taylor term, T' € ALV be a simple Taylor poly-term, r € R be a
scalar, and let 0,7 € R<Ai€,v> be complex Taylor poly-terms. Then, A\z.s and (s)T" are the
unique simple Taylor terms, 1 and s7" are the unique simple Taylor poly-terms, and 0, r - o,
and o + 7 are the unique complex Taylor poly-terms such that

Az.s = [Ax.s'|10 € Aty, (3.3.3a)
(T = [(NT')ta € Ary, (3.3.3b)
1=[1]0 € Ay, (3.3.3¢)
ST = [s'T"|t.0 € At Vs (3.3.3d)

= [0]ta € R(ALY, (3.3.3¢)
roo=[r ot. € R{A; V) (3.3.3f)
o+7=[0"+7]a, (3.3.3g)

where s’ € Ay is a simple Taylor pre-term , 7" € Ai,v is a simple Taylor pre-poly-term, and
o, 1€ R(AL]) are complex Taylor pre-terms such that s = [']sa, T = [T']t.a, 0 = [0']t,0,
and 7 = 7t . The uniqueness follows from Definition 3.3.2(ii)-(vi). .
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At this point, there is an odd asymmetry in Taylor A-calculus. In Taylor A-calculus, there
are simple and complex Taylor poly-terms, where a complex Taylor poly-terms is just a linear
combination of simple Taylor poly-terms, but in Taylor A-calculus, at this point, there is only
simple Taylor terms. There isn’t, at this point complex Taylor terms. Let’s fix this. Remember
a simple Taylor term is just a complex Taylor term of cardinality 1 and a complex Taylor term
should be a linear combination of simple Taylor terms. Hence, a complex Taylor term can viewed
as a complex Taylor poly-term whose support has cardinality 1.

Definition 3.3.5. Complex Taylor terms

The set of complex Taylor terms R({A; ) are the linear combinations of simple Taylor terms.
That is,

R{Ay) = {7 € R(Aj ) 1 |S| = 1 VS e supp (1)} (3.3.4) "

Recall that every structure in Taylor A-calculus is multi-linear, so we extend the operations
of abstraction, differentiated application, and concatenation from simple Taylor terms to complex
Taylor terms by linearity.

Notation 3.3.6

Let z € V be a variable, s € R{(A¢y) be a complex Taylor term, and T € R<Ai&,v> be a
complex Taylor poly-term. Then, the complex abstraction Ax.s and the complex differentiated
application {(s)r are the complex Taylor terms and the complex concatenation Ts is the
complex Taylor poly-term such that

m
Az.s = Z aj - A\x.s;, (3.3.5a)
i=1
m n
(&yr =, D (@i -by) - <(s)T, (3.3.5b)
i=1j=1
n
TS = Z Si - TSiy (3.3.5¢)
i=1
where m,n € Ny are nonnegative integers, a1, ..., am,b1,...,b, € R are scalars, s1,...,5n €
Ay are simple Taylor terms, and T1,...,T;, € Ai}v are simple Taylor poly-terms such that

s=y" a;-s; and 7 = Y, | b;-T;, which we know exist and are unique by Lemma 3.3.10(xii).

)

With these operations on Taylor terms, we will no longer need to make explicit reference to
Taylor pre-terms, and from now on we will only work with Taylor terms directly. We now define the
size, the set of free variables, and the substitution of. simple Taylor term for a variable for Taylor
terms. The proofs that the latter two operations on Taylor terms are well-defined are virtually
identical to the proofs that those operation are well-defined in differential A-calculus, and are left
to the reader.

Definition 3.3.7. Size of Simple Taylor poly-Terms

Define the function size: A;S,V — Ny that takes a simple Taylor poly-term to a nonnegative
number by:

size (z) = 1, (3.3.6a)



3.3. DEFINING TAYLOR A-CALCULUS AND THE PARTIAL DERIVATIVE 81
size (Az.s) = 1 + size (s), (3.3.6b)
size ((s)T) = 1 + size (s) + size (T), (3.3.6¢)

size (t1 . =n-+ Z size ( (3.3.6d)

where x € V is a variable, s,t1,...,t, € Ay are simple Taylor terms, and T" € ALV is a simple

Taylor poly-terms. The image of a simple Taylor poly-term S € AE&,V under size is called the
size of S. &

Definition 3.3.8. Free Variables of Taylor Terms
Define the function size: R(Aiﬂ) — V* that takes a complex Taylor poly-term to a finite
subset of variables by:

FV (z) =1, (3.3.7a)

FV (A\z.s) = FV (s) — {«}, (3.3.7b)

FV ((s)T) =FV (s) uFV (T), (3.3.7¢)

FV U FV (t (3.3.7d)

FV <Z ri - ) U (3.3.7¢)

where x € V is a variable, n € Ny is a nonnegative integer, s,t1,...,t, € Ay are simple Taylor

terms, T' € ALV is a simple Taylor poly-terms, r1,...,r, € R are scalars, and S1,...,5, € A;V

are simple Taylor poly-terms. The image of a complex Taylor poly-term 7 € Ai’v under FV
is called the free variables of . &

Definition 3.3.9. Substitution for Taylor Terms

Given a variable x € V, a complex Taylor poly-term o € R<A5§,v>v and a complex Taylor term
t € R{A¢y), the substitution o[t/z] of t for x in o is defined by:

z[t/z] = t, (3.3.8a)

ylt/x] = y (3.3.8b)
(Ax.s)[t/z] = (3.3.8¢)
(A\y.s)[t/x] = [t/az] if y¢ FV (t), (3.3.8d)
((s)T)[t/x] =< [t/$]>T[t/$] (3.3.8¢)
(t1...to)[t/z] = t1[t/x] ... tu[t/x], (3.3.8f)

(Zn:n Z) [t/z] = Zn: Si[t/x], (3.3.8g)

i=1
where y € V is a variable distinct from x, n € Ny is a nonnegative integer, s,%1,...,t, € Ay
are simple Taylor terms, T € A]!W is a simple Taylor poly-terms, rq,...,r, € R are scalars,
and Sq,...,5, € A!t,v are simple Taylor poly-terms.
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There are a number of elementary properties of free variables, substitution, and uniqueness of
Taylor terms that we will use throughout the remainder of this chapter.

Let m,n € Ny be nonnegative integers, x,y € V be variables, s,s',t1,...,tm, t), ..., 1, € Ay y
be simple Taylor terms, u,v € R(A,) be complex Taylor terms, T,T" € ALV be simple poly-
terms, and 7 € R(ALV} be a complex Taylor poly-terms. Then, the following statements are

true:
(i) If 2 ¢ FV (1), then [u/z] = 7.
(ii) y € FV (r[u/z]) if and only if either y € FV (1) and @ # y or y € FV (u) and x € FV (7).
i) 7[z/z] = .
(iv) Iy # ¢ FV (v), then r[u/z][v/y] = 7[v/y][ulv/y]/z]-
(v) If y ¢ FV (7), then 7[y/z][u/y] = T[u/a].
(vi) If y ¢ FV (s), then DPAz.s # (t1, ..., t,) = DiXy.s[y/a] = (tr,.. ., tn).
)
)
)
)

(iii

(vil) Az.s = Ay.s’ if and only if §'[z/y] = s.

(viil) ()T = {(s)T" if and only if s = ' and T = T".
(ix) t1...tm =1t} ...t ifand only if n = m and t; = ¢} for all 1 <i < m = n.

(x

Summation makes the set of complex Taylor poly-terms R<AE§,V> into a commutative
monoid with 0 as the unit.

(xi) R(A%) is a left-R-module on the commutative monoid (R(ALV% +,0).

(xii) There exists a unique nonnegative integer ¢ € Ny, unique scalars r1,...,7, € R, and
unique distinct simple Taylor terms s1,--- , s, € Agy such that 7 =71 -s1 +---+17¢- 0.

Note that we define the support supp (7) of 7 to be this unique set of distinct simple
differential terms. That is, supp (7) = {s1,..., s¢}.

Proof. The proof for this is analogous to the proof of Lemma 2.2.29. a

Now, we define the partial derivative on Taylor terms. Again, the fact that this operation is
well-defined is obvious and is left to the reader.

Definition 3.3.11. Partial Derivative for Taylor Terms

Given a variable x € V, a complex Taylor poly-term o € R<Ai,v>v and a complex Taylor term
t € R{A+,v), the partial derivative 0,0 =t of o with respect to x times ¢ is defined by:

Ox(x) %t =1t, (3.3.9a)
0z(y) xt =0, (3.3.9b)
0x(Ay.8) #t = A\y.0y(s) = ¢ if y¢ FV (t), (3.3.9¢)
0:((s)T) # t = (0y(8) * )T + (s)(0,(T) # t), (3.3.9d)
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n
Oty tn)xt = > 1. . ti1(3u(ti) * )it .. . tn, (3.3.9¢)
i=1
n n
Oz (Z g < Sz) *f = Z g < 636(5‘1) * 1, (3.3.9f)
i=1 i=1
where y € V is a variable distinct from x, n € Ny is a nonnegative integer, s,1,...,t, € Ay p
are simple Taylor terms, T € AI!W is a simple Taylor poly-terms, r,...,7r, € R are scalars,
and S1,...,5, € A}: y are simple Taylor poly-terms. s

With the definition of the partial derivative of Taylor terms at hand, we define a number of
properties of the partial derivative, including the Synthetic Schwartz Lemma for Taylor A-calculus
(i.e., Corollary 3.3.16).

Let S € AE&V be a simple Taylor poly-term, z € V be a variable, and t € A,y be a simple
Taylor term. Then, for U € supp (0, * t), one has size (U) = size (S) + size (t) — 1.

Proof. We prove this via induction on S.

1. Assume that S = x. Then, 0,S#t = d,x*t = t. Take any U € supp (0,5 # t) = supp (t) = {t},
which implies that U = ¢. Hence,

size (S) + size (t) — 1 = size (z) +size (t) — 1 =1 +size (t) — 1
= size (t) = size (U). (3.3.10)

2. Assume that S = y, where y € V is a variable such that y # x. Then, supp (0,5 *t) =
supp (0,y * t) = supp (0) = ¢, so our result holds trivially.

3. Assume that S = Ay.s, where y € V is a fresh variable and s € A,y is a simple Taylor term.
Then, 0,S*t = 0, \y.sxt = \y.0ys*t. Take any U € supp (0,5 = t) = supp (A\y.0s # t). Then,
there exists a simple Taylor term v € supp (0, * t) such that U = Ay.v. By the induction
hypothesis, size (v) = size (s) + size (t) — 1. Hence,

size (S) + size (t) — 1 = size (\y.s) + size (t) — 1 = 1 + size (s) + size (t) — 1

1 + size (v) = size (\y.v) = size (U). (3.3.11)

4. Assume that S = (s)T’, where s € Ay is a simple Taylor term and T € A;W is a simple
Taylor poly-term. Then, 0,5 *t = 0,{(s)T *t = {(0ys * )T + {(s)(0;T = t). Take any U €
supp (0z5 # t) = supp ((0zs * )T + (s)(0:T * 1)) = supp ((0zs * t)T) U supp ((s)(0aT * t)).
Suppose that there exists a simple Taylor term v € supp (0, * t) such that U = (v)T. By the
induction hypothesis, size (v) = size (s) + size (t) — 1, which implies that

size (S) + size (t) — 1 = size ((s)T") + size (t) — 1
=1+ size (s) + size (T') + size (t) — 1 (3.3.12)
=1 + size (v) + size (T") = size ((v)T') = size (U).
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Instead, suppose that there exists a simple Taylor poly-term V' € supp (0,7 *t) such that
U = {s)V. By the induction hypothesis, size (v) = size (s) + size (t) — 1, which implies that

size (S) + size (t) — 1 = size ((s)T') + size (t) — 1
=1+ size (s) + size (T") + size () — 1 (3.3.13)
=1+ size (s) + size (V') = size ((s)V') = size (U).

5. Assume that S = s1...s,, where n € Ny is a nonnegative integer and si,...,s, € Ay are
simple Taylor terms. Then, 0,5 *t = 0351 ..., xt = 2" s1...(0yS; *t)...s,. Take any

U € supp (0,5 # t) = supp <Z S1...(0z8i *t)...sn>

i=1

—Usupp S1...(Onsi®t)...8p).

el

(3.3.14)

Then, there exists 1 < ip < n and simple Taylor term v € 0,8; *t such that U = s1...v...s,.
By the induction hypothesis, size (v) = size (s;) + size (t) — 1, which implies that

size (S) + size (t) — 1 = size (s1...5sy) + size (t) — 1

n
=n+ Z size (s;) + size (t) — 1
i=0

n
=n4+ Z size (s;) + size (s;,) + size (t) — 1 (3.3.15)
1=0,1#1%0

n
=n+ Z size (s;) + size (v)
1=0,1%10

ze(sy...n...sy) = size (U).

This completes the induction. l:I

Let o € T\’,<Aé7v> be a complex Taylor poly-term, x € V be a variable, n € Ny be a nonnegative
integer, r1,...,7, € R be scalars, and t1,...,t, € A;y be simple Taylor terms. Then,

Oz % (D01 Ti - ti) = 2y 75 - (050 % 85).

Proof. We prove this via induction on o.

1. Assume that o = z. Then,

0,0 * (intl> = 0p * <2T2t1> = iri-ti
=1 =1 =1 (3.3.16)
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2. Assume that ¢ = y, where y € V is a variable distinct from z. Then,

0z 0 * (Zn:ntz> = 0y * (Zn:ntz> =O=Zn:7“i-0

3. Assume that o = Ay.s, where y € V is a fresh variable and s € A;y is a simple Taylor term.
By the induction hypothesis, dzs % (37, 75 - ;) = >oiy 73 - (0 * t;), which implies that

050 * ( - ti> = Oz A\Y.S * <Z TP ti> = \y.0z8 * (Z T ti>
i=1 i=1

= \y. Z ri - (Ops % t;) = Z ri - Ay (08 * t;) (3.3.18)
i=1 i=1

T

= Z i (OxAy.s % t;) = Z i - (0z0 * t;).
i=1 i=1

4. Assume that o = (s)T, where s € Ay is a simple Taylor term and T e Ai’v is a simple
Taylor poly-term. By the induction hypothesis, dys % (37 i - ;) = D0y 7i - (0 * t;) and
0T (X0 i t;) = Doy 1 - (0T = t;), which implies that

(73;0' * (i r- ti> = 5$<8>T * (an r - tz')
i=1 =1

= <(9x8 * <Zn: T ti> >T + <8> ((%;T * (i r- tl>>

D (i - (Bus # t)T + (s)(0:T % ;)

@
Il
fu

Il

@
Il
—_

n
i+ 0x(s)T * t; = Z 7 0p0 * ;.
i=1

5. Assume that o = s1...s,,, where m € Ny is a nonnegative integer and si,...,s,, € Ay are
simple Taylor terms. By the induction hypothesis, 0ys;j % (30,75 - t;) = Doy ri - (0xSj * t;)
for all 1 < j < m, which implies that

amo‘* <iﬁ 'ti) = 5181...Sm* (iﬁ 'ti)
i=1 i=1

. (arsj * (i T t1>> ... Sm (3.3.20)
i=1

...(ETi-(axsj*ti))...sm

I
ANgE
»

@
Il
—_

I
INgE
»

@
Il
—_

i=1
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i (Opsjxti)...sm

T OpS1 - sm*tz—Zn 0,0 * t;.

6. Assume that o = Z;n 1 , where m € Ny is a nonnegative integer, a1, ..., a,, are scalars,
and T1,..., T, € Al ¢y are s1mple Taylor poly—terms By the induction hypothesis, 0,7} *
oy tl) =30 i (0;T; = t;) for all 1 < j < m, which implies that

n m n
030 * <Zntz> = 0 (Za]wTJ) # <2T1t2>
i=1 j=1 i=1
m n m n
=Zaj (%1}*(21%-@)) Z Z (0T * t;)
Jj=1 i=1 j=1 i=1
m n m n
= 2200 (i (T ) = 3 Y ey r) - (T % t)  (3.3.21)
j=14i=1 j=1li=1
n m n m
=22(n a;) ((%;Tj*ti)=2n Za] (0T = t;)
i=1j5=1 =1 7=1
n m n
=2r1 <6x<2aj~1}>*tz>=2n (Opo # t;)
i=1 j=1 i=1
This completes the induction. l:l

Let o € R<A!t,v> be a complex Taylor poly-term, x € V be a variable, and ¢t € R(A¢y) be
simple Taylor term. Suppose that z ¢ FV (o). Then, 0,0 =t = 0.

Proof. We prove this via induction on o.

1. Assume that o = y, where y € V is a variable. Since z ¢ FV (o) = FV (y) = {y}, we have
that y # x, which implies that 0,0 #t = 0,y =t = 0.

2. Assume that 0 = Ay.s, where y € V is a fresh variable. Since = ¢ FV (o) = FV (\y.s) =
FV (s) —{y} and y € V is a fresh variable, x ¢ FV (s), so by the induction hypothesis,
0z8 #t = 0, which implies that 0,0 *t = 0 A\y.s xt = A\y.0zs xt = Ay.0 = 0.

3. Assume that o = (s)T', where s € A,y is a simple Taylor term and T" € ALV is a simple Taylor
poly-term. Since z ¢ FV (¢) = FV ({(s)T") = FV (s) u FV (T), by the induction hypothesis,
0zs*t = 0 and 0T+t = 0, which implies that 0,0 %t = 0,(s)T *t = (Ops*t)T +{(s)(0,T *t) =
O)T + (s)0 = 0.

4. Assume that o = s1...s,, where s1,...,s, are simple Taylor terms. Foreach 1 < j<n, z ¢
FV (o) =FV(s1...s,) =, FV (sl) 5 FV (s;), so by the induction hypothesis, (%;s]*t =0.
Hence, 0y %t = 0pS1...8p%t = 2 1 81...(0gSi%t)...8p =2 181...0...8p =21 ,0=0.
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5. Assume that o = > | r; - T;, where n € Ny is a nonnegative integer, r1,...,7, are scalars,
and T1,...,T, € ALV are simple Taylor poly-terms. For each 1 < j < n, z ¢ FV (0) =
FV (> ri-T) = U1 FV(si) © FV(sj), so by the induction hypothesis, 0ys; * t = 0.
Hence, dgo st =0y (i ri-T;) xt =20 1 - 0Ty st =30 ri-0=0.

This completes the induction. l:l

Let o € R<Ai,v> be a complex Taylor poly-term, s,t € R(A;y) be complex Taylor terms,
x,y € V be variables such that x ¢ FV (¢). Then,

Oy(0g0 % 8) %t = 05 (0yo % t) * s + Ogo * (Oys * t). (3.3.22)

Proof. We prove this via induction on o.
1. Assume that o = z. Then,

02(0yo % 1) % 5+ 0p0 * (Oys % t) = 0z (Oyx % t) % s+ Oy % (Oys * t)
=0,(0)xs+0ys*t =0+ ys*t = 0ysxt (3.3.23)
= 0y(Ozx % 5) %t = Oy(0y0 % §) * 1.

2. Assume that that o = y. Then,

02(0yo % t) % 5+ 0po % (Oys #t) = 0p(Oyy #t) ¥ s + Opy # (Oys # 1) = Opt x5+ 0
=04+0=0=0,0%t=0y(0py=s)=t (3.3.24)
= 0y(0y0 * 5) * t,

where we used that x ¢ FV (¢) for the third equality.
3. Assume that ¢ = z, where z € V is a variable distinct from x,y. Then,

0z(0yo % t) % s+ 030 % (Oys #t) = 0p(Oyz #t) % s+ Opz % (Oys*t) = 0,0 % s+ 0
=0+0=0=0y0%t=0y(0pz*s)*t (3.3.25)
= 0y(0y0 * 5) * 1.

4. Assume that o = Az.u, where z € V is a fresh variable and u € Ay is a simple Taylor term.
By the induction hypothesis, 0y (0yu * 5) * t = 0,(Oyu * t) * s + Opu * (Oys * t), which implies
that

Oy(0g0 % 8) xt = Oy(pAz.u % 8) %t = A2.0y(Opu * 5) *
= N2.[02(Oyu * t) % 5 4+ Ozu * (Oys * t)]
= A2.0x(Oyu # t) % 5 + A2.0pu * (Oys * t) (3.3.26)
= 02 (OyAz.u*t) % s+ OpAz.u* (Oys * t)
= 02(0yo # 1) % 5+ 0po * (Oys * t).

5. The case where o = (u)U, where u € A;y is a simple Taylor term and U € Ai,v is a simple
Taylor poly-term was shown in Lemma 2 of [9].
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6. Assume that o = uy...u,, where n € Ny is a nonnegative integer and ui,...,u, € stt are
simple Taylor terms. By the induction hypothesis, 0y (0, u;*s)*t = 0y (0yui*t)* s+ 0pu;*(0yst)
for all 1 < ¢ < n, which implies that

Oy(020 % s) %t = Oy(Opur ... Uy *5) %t
y <2u1(8xul*s)un> % t
i=1

Oy(ur ... (Opu; *8)...up)*t

|
¥

I
.M3

-
Il
—_

(ur ... (Oyuj*t)...(Opui*s)...up)

I
D=
| —

L

s
Il
_
<.
Il
_

+
&
=

o (Oy(Opui * s) % t) .. uy)

'+

Jj=t+1
n i—1
:Z{ (ur ... (Oyuj *t)...(Opu; *8)...up)
i=1Lj=1
+ur ... (Op(Oyui #t) x5 + Opuy * (ys *t))...uy

.+

<

I

!
i
-

(ul...(axui*s)...(ayuj*t)...un)]

(ur ... (Oyuj *t)...(Opu; *8)...up) (3.3.27)

-
Il

I
Lp=
| —

T

<.
Il
—

1(6m(6yul*t)*s)un
1o (Opu; % (Oys xt)) ... up

+ o+
[SSS

.Jr

<

I

!
i
=

(ul...(&cui*s)...(ayuj*t)...un)]

(ur ... (Oyuj *t)...(0pu; *s)...up)

~

Il
D=
—
|

+ ﬂ‘
S
= Il

—

oo (Op(Oyu; *t) % 5). .. up

.Jr

(ul...(axui*s)...(ﬁyuj*t)...un)]

Jj=t+1
+ Dy (Optg x (s 1)) g
i=1
1—1
:Z|: (ul(ayuj*t)(émuz*s)un)
i=1 Lj=1
+up ... (Op(Oyuixt) *s)...uy

+ Z (Ul'-‘(axui*s)'”(ayuj*t)"‘u”)]
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+ Ogut ... Up * (Oys * t)

n 1—1
:Z{Z (Oyuj xt) ... (Opui % S) ... up)
i=1
+u (ax(ayuz * t) * 8) o Uy
+ Z (Ul'-‘(axui*s)'”(ayuj*t)"‘u”)]
j=i+1

-\ [i (.. (Oyuy 1) ... (Opus # 8) ... up)
+u21...(ax(ayui*t)*s)--.un
+§(u1...(amui*s)...(ayuj*t)...un)]
+ 0p0 % (05 1)

= Z[&xul...(ayuj*t)...un*s]~|—(9xcr*(6ys*t)

=0y Z[ul...(ayuj*t)...un} # 8+ Ogo # (Oys * 1)

j=1
= 02 (0yuy ... Up * t) % 5+ Ogo * (Oys * t)
= 0y(0yo % 1) % 5 + 030 * (Oys * t).

7. Assume that o = ZZ‘L=1 r; - 1;, where n € Ny is a nonnegative integer and 711, . ..

89

|
, T, € Ai,v are

simple Taylor poly-terms. By the induction hypothesis, 0y(0,T; * s) x t = 0,(0yT; * t) * s +

02T % (Oys = t) for all 1 <1 < n, which implies that

Oy(030  8) %t = y< (Zn Z>* )*t—Zn (02T % s) * t]

i [0 (0yTy % t) 5 4 0, T; * (Oys # t)]

[l
=

1

.
Il

I

&
Il
—_

ri - [0(0yTs xt) s+ s] 4 Y 1 - [0:T % (Oys + t)]
i=1

— 2,(0, (2T> wt)x s+ 0, <2T> « (05 % 1)

i=1 i=1

= 0y (0yo * 1) % 5+ 0y0 * (Oys * 1).

This completes the induction.

(3.3.28)

Let o € R<Ai,v> be a complex Taylor poly-term, s,t € R(A;y) be complex Taylor terms,
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x,y € V be variables. Suppose that x ¢ FV (t) and y ¢ FV (s). Then,

0y(020 % 8) %t = 0y (Oyo * t) * 5. (3.3.29) o

Proof. As we can see, Oy(0,0  §) %t = 0y(0yo % t) % 5+ 0p0 % (Oys xt) = 05 (yo % t) x5+ Jgo %0 =
0z(0yo % t) % s +0 = 0y(dyo * t) * s, where we used Lemma 3.3.15 for the first equality and Lemma
3.3.14 for the second equality. a

Oftentimes, especially, when talking about substitution or partial differentiation, we are less
interested in the existence of a variable, say x € V, in a complex Taylor poly-term, say o € R<Aft,v>7
and more interested in the number of times z appears in o.

Definition 3.3.17. Degree of a Taylor Term

Given a variable x € V, define the function deg, : R(Afm) — Ny that takes a complex Taylor
poly-term to a nonnegative number by:
deg, (z) =1, (3.3.30a)
deg, (y) =0, (3.3.30b)
deg, (A\z.s) =0, (3.3.30¢)
deg, (\y.s) = deg, (s), (3.3.30d)
deg, ((s)T) = FV (s) + FV (T, (3.3.30e)
n
deg, (t1...tn) = Y, deg, (t:), (3.3.30f)
i=1
n n
i=1 i=1
where y € V is a variable distinct from z, n € Ny is a nonnegative integer, s,%1,...,t, € Ay
are simple Taylor terms, T € AL,V is a simple Taylor poly-terms, r1,...,7, € R are scalars,
and S1,...,S, € ALV are simple Taylor poly-terms. The image of a complex Taylor poly-term
TE A;S,V under FV is called the free variables of 7. s

We, now, prove some elementary properties of the degree of Taylor terms.

Lemma 3.3.18

Let S € Ai,v be a simple Taylor poly-term and z € V. deg, (S) = 0 if and only if z ¢ FV (.5). o

Proof. This a a simple induction on S. The details are left to the reader. a

Let S € AE:,V be a simple Taylor (poly-)term and let ¢ € A¢y be a simple Taylor term. Let
x € V be a variable and let ng = deg, (S). Then, there exists simple Taylor (poly-)terms
S1,...,5ng € A;,V such that 0,5 =t = 3% S; and deg, (S;) = deg, (S) + deg, (t) — 1 for
each 1 <17 < ng. Q@

Proof. We prove this via induction on S.
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1. Assume that S = x. Then, deg, (S) = deg, (x) = 1 and 0,5 *t = O,z =t = t. Let S = t.
Then, deg, (S)+deg, (t)—1 = deg, (z)+deg, (t)—1 = 1+deg, (t)—1 = deg, (t) = deg, (51).

2. Assume that S =y, where y € V is a variable distinct from = € V. Then, ng = deg, (S) =0
and 0,5 xt = 0,y xt = 0.

3. Assume that S = Ay.s, where y € V is a fresh variable and s € A;y is a simple Taylor
term. Let ng = deg, (s). By the induction hypothesis, there exists simple Taylor terms
S1,...,8n € Ayy such that 0,s ¢t = 37, s; and deg, (s;) = deg, (s) + deg, (¢t) — 1 for each
1 < i < n. Notice that ng = deg,, (S) = deg, (Ay.s) = deg, (s) = ns and 0, S *t = Oz \y.s%t =
Ay.Ogsxt = Ay. (52 85) = 2005, Ay.si. For each 1 < i < ng = ng, define the simple Taylor
term S; == Ay.s; € Ayy. Then, for each 1 < i < n, deg, (S;) = deg, (\y.s;) = deg, (si) =
deg, (s) + deg, (t) — 1 = deg (A\y.s) + deg, (t) — 1 = deg, (5) + deg, () — 1.

4. The case where S = (s)T', where s € A;y is a simple Taylor term and T € ALV is a simple
Taylor poly-term was shown in Lemma 2 of [9].

5. Assume that S = s1...s,,, where m € Ny is a nonnegative integer and s1,...,8, € Ay
are simple Taylor terms. For each 1 < ¢ < m, let ns, = deg, (s;). By the induction
hypothesis, for each 1 < i < m, there exists simple Taylor terms s;1,.. -3 Sin,, € A4y such

that 0,s; %t = Z;lzl si; and deg, (s; ;) = deg, (s;) + deg, (t) — 1 for 1 < j < n,,. Notice that

ng = deg, () = deg, (s1...5m) = deg, (s1) + -+ + deg, (sm) = ng, + -+ + ng,,. As we can
N,

see, Oy (§>*t: O ( .8 )*tzZ;’llsl...(ﬁgcsi*t)...sm =Dty St (20501 8ig) -+ 8m =

it 2 .8m. Foreach 1 < ¢ <mand 1< j < ng, deﬁne the simple Taylor

poly—term SZJ = 51...8-15i;Si41---5m € Atv Then, for each I1<i<mandl<j<ng,

deg, (S;;) = deg, (s1...5i-15ijSi+1-..5m) = deg, (si;) Z deg,. (s;)
i=1,i%7j

= deg, (s;) +deg, (t) — 1+ Z deg, (si)
i=1,i%] (3.3.31)

m
ZdeggC (s;) + deg, (t) — 1 =deg, (s1...5m) +deg, (t) — 1

= degx (S) + deg, (t) — 1.

This completes the induction. l:l

IfSe A;,V is a simple Taylor poly-term such that deg, (S) = 0, then S[0/x] = S
Proof. Since deg, (S) = 0, by Lemma 3.3.18, z ¢ FV (S), which implies that S[0/z] = o. Q

If S is a (poly-)term such that deg, (S) > 1, then, S[0/z] = 0.

Proof. We prove this via induction on S.
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1. Assume that S = z. Then,
S[0/z] = z[0/z] = 0. (3.3.32)

2. Assume that S = y, where y € V is a variable distinct from x. Then,

deg, (S) = deg, (y) =0 < 1. (3.3.33)

3. Assume that S = A\y.s, where y € V is a fresh variable and s € Ay y is a simple Taylor term.
Since y is fresh, deg, (s) = deg, (Ay.s) = deg, (), so by the induction hypothesis, s[0/x] = 0,
which implies that

S[0/z] = (Ay.s)[0/z] = Ay.s[0/x] = Ay.0 = 0. (3.3.34)

4. Assume that S = (s)T, where s € A;y is a simple Taylor term and T € ALV is a simple
Taylor poly-term. Since 1 < deg, (S) = deg, (s)T = deg, (s) + deg, (T'), deg, (s) = 1 or
deg, (T') = 1. Suppose that deg, (s) = 1. Then, by the induction hypothesis, s[0/x] = 0, so

(5[0/z] = ({s)T)[0/x] = (s[0/x])T[0/x] = 0)T[0/x] = 0. (3.3.35)
Instead, suppose that deg, (T') = 1. Then, by the induction hypothesis, T'[0/z] = 0, so
S[0/x] = (s)T)[0/x] = (s[0/z])T[0/x] = {s[0/x])0 = 0. (3.3.36)

In either case, S[0/x] = 0.

5. Assume that S = s;...s,, where n € Ny is a nonnegative integer and si,...,s, € Ay are
simple Taylor terms. Since 1 < deg, (S) = deg, (s1...,) = deg, (s1) + - - - + deg, (sn), there
must exist 1 < ig < n such that deg, (s;,) = 1. By the induction hypothesis, this implies that
siy[0/x] = 0, so

S[0/z] = (S1 ... Sig—1SigSig+1 - - - Sn)[0/7]
= s51[0/x] ... 8iy—1[0/x]s4,[0/x]Sig+1[0/] . . . 5, [0/x] (3.3.37)
= s51[0/x] ... 8iy—1[0/x]0s;y,+1[0/x] ... s,[0/x] = 0.

This completes the induction. l:I
Let S € A}W be a simple Taylor poly-term and let x,z1,...,z, € V be distinct variables.
Then,

m
deg, (S[z/1,...,2m]) = deg, (S) + ) deg,, (S). (3.3.38)
i=1

Proof. We prove this via induction on S.

1. Assume that S = z. Then,

deg, (S) + Z deg,. (S) = deg, (z) + Z deg, () =1+ 2 0=1=deg, (z)
i=1 i=1 i=1

=deg, (z[z/x1,...,2n]) = deg, (S[z/z1,...,Tm]).

(3.3.39)



3.3. DEFINING TAYLOR A\-CALCULUS AND THE PARTIAL DERIVATIVE 93

2. Assume that S = x;,, where 1 < i9 < m. Then,

deg, (S) + ) deg,, (S) = deg, (i) + Y. deg,, (xi,)
) =1

= degr (xl ) + degmz (1‘1 ) + deg{tl (xl )
’ i=§;ﬁio ’ o (3.3.40)

m
=0+ 2 0+1=1=deg, (x)
i=1,i#i

=deg, (zi,[x/x1,...,xm]) = deg, (S[x/x1,...,2m]).

3. Assume that S = y, where y € V is a variable distinct from x,x1, ..., 2. Then,
deg, (S) + Z deg,. (S) = deg, (y) + Z deg,. (y) =0+ Z 0=0=deg, (y) (3.3.41)
= i=1 -9

= deg, (y [x/a:l, ooy Tm]) = deg, (S[z/z1,. ..y Tm])-

4. Assume that S = A\y.s, where y € V is a fresh variable and s € Ay is a simple Taylor term.
By the induction hypothesis, deg, (s[z/z1,...,z,]) = deg, (s)+>}", deg,. (s), which implies
that

deg, (S[z/x1,...,zn]) = deg, (\y.s)[z/z1,...,2m]) = deg, (Ay.s[x/z1,. .., Tm])

= deg, (s[z/x1,...,zpn]) = deg, (s) + Z degm (3.3.42)

= deg, (\y.s) + Z deg,. (My.s) = deg, (S) + Z deg,. (5)
i=1 ‘

5. Assume that S = (s)T', where s € A,y is a simple Taylor term and T" € A!t,v is a simple Taylor
poly-term. By the induction hypothesis, deg, (s[z/x1,...,zm]) = deg, (s) + 272, deg,. (s)
and deg, (T[z/z1,...,Tm]) = deg, (T) + >,;~, deg,. (T'), which implies that

deg, (S[z/z1, ..., xm]) = deg, (()T)[x/x1,. .., 2m])
= deg,, ({(s[z/z1,..., m])T[m/:cl,...,fL’m])
= deg, (s[z/x1,...,zm]) + deg, (T[z/x1,...,2m])

=deg, (s) + Z deg, (s) +deg, (T) + Z deg, (T

3.4
= deg, (s) + deg, (T) + Z deg,. (s) + deg,, (T) (3:343)

= deg, ({)T) + Z deg,, (()T)
=1

= degz (S) + Z degxi (S)
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6. Assume that S = s1...s,, where s1,...,s, € Ay are simple Taylor terms. By the induction
hypothesis, deg, (si[z/x1,...,2m]) = deg, (s;) + 2j, deg,, (s;) for all 1 < i < m, which
implies that

I
o

deg, (S[z/x1,...,xm]) = deg, ((s1...8m)[x/T1,. .., 2m])

eg, (silz/x1,...,xm] ... Smlx/x1, ..., 2m])

I
o

I

-
I
—

deg, (si[r/x1,...,2m])

[deg, (s1) + Y deg,, (s:)]

I

i=1 j=1
= Y deg, () + >, . deg,. (i) (3.3.44)
i=1 i=1j=1
m m m
= Z deg, (s;) + Z Z deg,, (si)
=1 j:1 i=1
=deg, (51..-8m) + 2 deg,, (s1...5m)
j=1
= degm (S) + Z degml (S)
j=1
This completes the induction. a

Recall that differentiated abstraction syntactically represents the underlying analytic function
given in (3.1.4). We now define the computation equivalent using the partial differentiation opera-
tion of differentiated abstraction, called big step differentiation.

Definition 3.3.23. Big Step Differential

Let o € ”R,<A}5’v> be a complex Taylor poly-term, let x € V be a variable, and let T € ALV
be a simple Taylor poly-term such that x ¢ FV (T'). Then, there exists simple Taylor terms
t1,...,tn € Ayy, where n = |T|, such that T = t;...t, and z ¢ FV (¢;) for all 1 < i < n.
Then, the big step differential of o with respect to x times T is

(0, T) = (Op(- -+ (Bpo * £1) -+ ) % £,)[0/2]. (3.3.45)

Note that the order of the partial derivatives does not matter by the Synthetic Schwartz

Lemma (i.e., Corollary 3.3.16). Iy

Now, we prove some lemmas about big step differentiation, ultimately showing that degree of
the complex Taylor poly-term is directly related to when its big step differentiation is zero.

Let S € A!t,v be a simple Taylor (poly-)term and let « € V be a variable. Define ng := deg, (.5).
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let k£ be an integer < ng and let t1,...,t; be simple terms. Define
k—1 i
msk = | [ (ns + Y deg, (t;) — z) (3.3.46)
i=0 j=1

Then, there exist simple Taylor (poly-)terms S1,. .., Spg, € ALV such that 08 Sx(t1,..., 1) =

SR S; and deg, (S;) = deg, (S) + Z?:l deg, (t;) — k for all 1 <i < mgy.

Proof. This follows by induction on k.
1. The case where k = 0 is trivial.
2. The case where k = 1 was shown in Lemma 3.3.19.
3. Assume that k£ = ¢ + 1, where £ € N is a positive integer. Define
-1 i
mse =] <n5 + > deg, (t;) — z) : (3.3.47)
i=0 j=1

By the induction hypothesis, there exist simple Taylor (poly-)terms Si,...,Smg, € Ai,v

such that 045  (t1,...,tx) = Y- 7"S; and deg, (S;) = deg, (S) + Z§=1 deg, (t;) — ¢ for
all 1 < i < mgy. Define n’ = deg, (5) + ijl deg, (tj) — ¢. For each 1 < i < mgy,
notice that deg, (S;) = deg, (S) + Z§=1 deg, (t;) — ¢ =n', so by 3.3.19, there exist a simple

Taylor (poly-)terms S;1,..., S, € ALV such that 0.5; * tyy1 = 27:1 S;; and deg, (S; ;) =
deg, (S;) + deg, (tpr1) — 1 for 1 < j < n'/. Hence,

QS w (b1, by tr) = (058 * (t1, .- 1)) * tesa

msy
= Oy (Z S@') # to1
i=1

& (3.3.48)

and

deg (S;;) = deg, (S;) + deg, (tr41) — 1
= deg, (S) + Z deg, (tj) —{+deg, (ter1) — 1

/+1
3.3.49
= deg, (S) + Z deg, (t;) — (L +1) ( )

k
= degx Z ega}
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(o9

forall 1 <i<mand 1< j<n'. Note that

-1 i
mge-n = (ns + Z deg, (tj) — z> -/

i=0 j=1
-1 i ‘

= (ns + ) deg, (t;) — Z> : (degx (S) + D deg, (t;) — 5)

l i

= H (ns + Z deg, (t;) — z)
i=0 j=1

= mg.

This completes the induction. EI

Let S e ALV be a simple Taylor poly-term, define ng := deg, (S), and let ¢1,...,t,, € A¢y be
simple Taylor terms, and let x € V be a variable. Suppose that z ¢ FV (¢;) for all 1 <1i < /.
Then, ¢ FV (0755 * (t1,...,tng))-

Proof. Take any 1 < i < ¢. Since x ¢ FV (¢;), by Lemma 3.3.18, deg, t; = 0. Since our choice of
1 < ¢ < ¢ was arbitrary, this implies that deg, t; = 0 for all 1 < ¢ < /. By Lemma 3.3.24, there exists
a nonnegative integer mg,, € Nog and simple Taylor poly-terms 51, ..., Sms,ns € A!t,V such that
S S (ty, ... tng) = S Sy and deg,, (S;) = deg, (5)4‘2?:1 deg, (t;)—ng = n5+2§:1 0—ng =
0foralll <i<mgy,. Takeany 1 < i < mygy . Since deg, (S;) = 0, by Lemma 3.3.18, = ¢ FV (5;).
Hence, FV (0255 % (t1, ..., tng)) = FV (30" 8i) = Uy "5 FV () % . Q

Let S € ALV be a simple Taylor poly-term, ¢ € N be a positive integer, t1,...,t, € Ayy be
simple Taylor terms, and x € V be a variable. Define ng := deg, (S). Suppose that ng < ¢
and z ¢ FV (¢;) for all 1 <i < £. Then, 058 = (t1,...,ts) = 0.

Proof. By Corollary 3.3.25, x ¢ FV (0255 * (t1,...,tng)), so by Lemma 3.3.14,

ST w (ty, ..oy tug, tngr1) = 0. (3.3.51)
Hence,
LS % (ty, ... ty) = 02 (0TS s (ty, .. sty bt 1)) * (Enug2s - - -5 0)
= 5720 % (v, ..., L) (3.3.52)
=0.
This completes the proof. l:l

Let S,T € A!t,v be simple Taylor (poly-)term and = € V be a variable. Suppose that x ¢
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FV (T). Define ng = deg, (S) and ¢ := |T'|. Then,

(3.3.53)

a(ST)— 6255*@1,...,15”5), if ng = ¢
o 0 ifng =0 |

Proof. Since T € A!t,V is a simple Taylor (poly-)term, ¢ = |T'|, and = ¢ FV (T), there exists simple
Taylor terms tq,...,tp such that T =1t ...ty and x ¢ FV (¢;) for all 1 <i < /.

1. Assume that ny, < £. By Lemma 3.3.24, there exists a nonnegative integer mg, € Ny and
simple Taylor poly-terms Si,...,S e Al ¢y such that LS % (ty,...,t) = Z;nsll S; and

ms.e
deg, (S;) = deg, (S )+2] 1 deg,, (t;) — E—ns—i-z _1,0—¢=1>0foralll<
degx(S)>Ofora111<z<msg,byLemma3321 S;[0/x] =0 forall 1 <1

i < mgy. Since
< mgy. Hence,

0x(S,T) = (658 * (t1,...,t,)[0/x] = (TnZSZ 5) [0/z] = Wie S;[0/x] = nie 0=0. (3.3.54)
=1 =1

2. Assume that ng = £. By Corollory 3.3.25, z ¢ FV (0255 * (t1,...,tns)), so by Lemmas 3.3.18
and 3.3.20,

0(S,T) = (0358 * (t1,...,tng))[0/z] = 0SS * (t1,...,tng). (3.3.55)
3. Assume that ng > ¢. By Corollory 3.3.26, 0%S  (t1,...,t;) = 0, which implies that

0:(S,T) = (08 * (t1,...,t0))[0/x] = 0[0/z] = 0. (3.3.56)

This completes the proof. l:I

We, now, work toward one of the most remarkable results of Taylor A-calculus, Theorem 3.3.30,
the fact that the partial derivatives of a simple Taylor poly-term S with respect to a variable x
times a simple Taylor term ¢ is a sum of deg, S many elements, where each element in the sum is
just S where we replace one of the instances of x with the simple Taylor term ¢. This is the reason
we can think of partial differentiation as some kind-of non-deterministic substitution that conserves
resources, and is the reason partial differentiation in Taylor A-calculus is sometimes called linear
substitution (see section 1.2.10 in [9]).

let S e Ai,v be a (poly-)term, T" € AE&,V be a simple Taylor poly-term, and x € V be a variable.
Define n := |T'|. Since T' € ALV be a simple Taylor poly-term, there exists t1,...,t, € Aty be
a simple Taylor term such that 7" = ¢ ...t,. Given U € supp (0%c * (t1,...,t,)), size (U) =
size (S) + size (T') — n.

Proof. This follows by induction on n.

1. The case where n = 0 is trivial.

2. The case where n = 1 is just Lemma 3.3.12.
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3. Assume that n = k+1, where k € N is a positive integer. Since U € supp (02S * (t1,...,t,)) =
supp (08 1S % (t1,...,t,)) = supp (0-(0FS * (t1,...,tx)) * tpy1), there exists simple Taylor

(poly-)term V' € supp (085 « (t1,...,tx)) such that U € supp (0, V * t;,1). Since V € supp (055 * (t1,. ..
by the induction hypothesis, size (V) = size (S)+size (¢1 ... t;)—k. Since U € supp (0, V * tp11),

by Lemma 3.3.12, size (U) = size (V') + size (tx4+1) — 1. Hence,

size (U) = size (V') + size (ty1+1) — 1 = size (S) + size (t1...1x) — k + size (tp11) — 1
= size (S) + size (t1 ... tgptg+1) — (kK + 1) = size (S) +size (t1...t,) — n (3.3.57)
= size (S) + size (T') — n.

This completes the induction. l:l

Let S,T € Ai,v be poly-terms and x € V be a variable. Suppose that = ¢ FV (T) and
deg, (S) = |T'|. Given U € supp (0z(0,T")), we have that size (U) = size (S) + size (T') — |T|.

Proof. Since deg, (S) = |T'|, by Lemma 3.3.27, 0,(S,T) = s Hence, U € supp (0x(0,T))
supp (&lngS % T'), so by Lemma 3.3.28, size (U) = size (S) + size (T') — |T.

oo

Let S € AE:,V be a simple Taylor poly-term, let x € V be a variable, define ng = deg, (5), let

t € Ay be a simple Taylor term, let x1, ..., 2, be distinct variables distinct from z and not
free in ¢, and let S’ be the z-linearization of S in z1,...,zy,. Then,
ns
oS xt =Y S'[t/z;][x/z1, ..., Tns]. (3.3.58)
i=1

Proof. We prove this by induction on S.

1. Assume that S = 2. Then, ng = deg, (S) = deg, (x) =1, S' =21, and 0,S *t = Oz =t =
t = tlefer] = w1 [t/z1][e/er] = S'[t/x][x/21] = Ny 't/ [w/en] = iy S'[t/wi) /1]

2. Assume that S = y, where y € V is a variable distinct from z. Then, ng = deg, (S) =
deg, (y) =0, 8 =y and 0,5 %t = dpy xt = 0.

3. Assume that S = Ay.s, where y € V is a fresh variable and s € A;y is a simple Taylor
term. Define ny = deg, (s). Notice that ng = deg, (S) = deg, (A\y.s) = deg, (s) = ns.
Let s’ be the z-linearization of s in x1,...,2,,. By the induction hypothesis, d,s * t =
s St/ ..., Tng]. Since S” = Ay.s', this implies that

n

08 %t = 0y (Ay.s) xt = Ay.(0ys % t) = Ay. Z s'[t/xi][x/z1, ... Tng)
i=1

Z Ny.s'[t/xi][z/z1, ... Tng] = E(Ay.s’)[t/xi][x/xl, e Tng (3.3.59)
i=1

n

Z [t/xi][xz/z1,. .. &ng].

3

7tk))7
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4. Assume that S = (s)T, where s € Ay is a simple Taylor term and T € A!t,V is a simple
Taylor poly-term. Define ng = deg, (s) and np = deg, (T). Notice that ng = deg, (S) =
deg, ((s)T") = deg, (s) + deg(p) = ns + nr. Let s’ be the z-linearization of s in 1, ...
and t' be the z-lineraization of ¢ in @, 41,...,Zns. By the induction hypothesis, d,s *t =
Yty s/l /x, - an] and 0T+t = 3305 T'[t/xi][2/2n, 11, -, Tng]. Hence,

05 #t = 0y <3>T*t=<8 s YT + (s)(0,T * t)

—¢ Z "It/zi)[x /71, 20, DT

i=ns+1

+<s>( ZS: T/[t/wi][w/fvnﬁlv-->$ns]>

i=ns+1

ZS: St)zil[x/z, .2, DT

i=ns+1

+ Y, O@Ttwillw/en - Tng])

i=ns+1

= Z(s’[t/xi][:n/xl, ey Ty Tty e e Tng )T

+ Z (Y T'[t/xi][21, o Ty s Trg 415 - -+ » Tng )
i=ns+1

Ns
—= Z<s’[t/zi][x/x1, ey Ty Tt 1y - - T )
i=1
(T'[t/zi][z/T1,s - Ty Tt 1y - - - Tng|)
ng
+ Z <S,[t/xi][$/xlv'"amns7$ns+1a---7$n5]>
i=ngs+1

(T'[t/zi][T1, - Tngs Trg 15 -+ s Tng|)

N
Z <5>T, t/xz x/xla"'7$n57xns+17"'axns]

+ Z (STt 2][21, - - - Ty Tnat 1 - - - > Tng])

i=ngs+1
Ns
= Z S'[t/xi][x/T1, s Ty Trg 415 - -+ 5 Ting )
ns
+ Z S't/xi][T1y - Tngs Tngt1y - -+ Tng))
i=ng+1

ng
= Y St/ [m/w1, Ty Tt g .
=1

5. Assume that S = s1...sm, where n € Ny is a nonegative integer and sq, ...

,Sm € Ny are

simple Taylor terms. For each 1 < i < m Define ny, = deg, (s;). For each 0 < i < m, let

ki = 33;_1 ns;. Notice that ng = deg, (S) = deg, (s;i...sm) = 2/L, deg, (i) =
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k. For each 1 < i < m, let s, be the z-lineraization of s; in zj, ., Tk,. By the induction

i—10° "

hypothesis, for each 1 < i < m, 0,8; %t = Z?:kl_l silt/x;llz/xk, ..., ®ik]. Hence,

m
0x5*t=(3’m51...sns*t=231...(63631*0...8”5
i=1

= Z s1... | ( Z silt/zil[z/@n,_yy - s 2r;] |- Sng
i=1 j=ki1
m ki
=> 1. (Sit/zillx/zh_ s s Th]) - - Sng
i=1j=ki_1
m ki
= Z s1 ... (Si[t/zi] [z /21, . T, ]) - - - Sng
i=1j=ki_1
m ki (3.3.61)
= silt/zillz/z1, ..o o, ] (silt/zil[@/@ 2, ])
i=1j=ki_1
st/ /x, . g,
m k;
:Z O O L7571 | -7 S T
i=1j=k;_1
=>] S'[t)xi)[x/T1, . Tng]
izlj:kz—l
ng
= S't/zi][z/x1,. .., Tng)
i=1
This completes the induction. a

Let S € Ai,V be a simple Taylor poly-term, let x € V be a variable, define ng = deg, (5), let
m be a positive integer such that m < n let t1,...,¢,, € Ay y be a simple Taylor term, let
Z1,...,Tng be distinct variables distinct from x and not free in t¢1,..., ¢y, let S’ be the -
linearization of S in x1, ..., Ty, and let A,, be the set of injections from 1,...,mto 1,...,n.
Then,

OPS * (b1, otm) = D, S'Tt/zpay - s tm/Tpemy)[2/21, -, Tng]- (3.3.62)
feAm

Proof. We prove this via induction on m.
1. The case where m = 1 is done in Theorem 3.3.30.
2. Assume that m = k + 1, where k is some positive integer. Then,
IS s (ty, ... t) = OXTES % (ty, ... tgy1) (3.3.63)
=&, (a’;s s (t,. .. ,tk)> N
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= 6I ( Z S’[tl/xf(l), NN ,tk/xf(k)][x/xl, NN ,xns]) *tk+1

feAg

= > (St /Tsry, o te/ Tyl [T/T1 - T ]) *
feAy

where we used the induction hypothesis in the third equality. Given f € A,,, notice that

deg, (S'[t1/z sy, - ti/zpyl[z/z1, . . o Tng]) = ng — k. (3.3.64)

Now, let us define the simple Taylor poly-term (S'[t1/x 1), .- -, tk/Tsa)][x/71,. .., 2ng]) to
be the z-linearization of S'[t1/x 1y, .-\ tr/Tray][x/21, .- ong] in {z; = [ns] — f([k])}.
Trivially,

(S'[tr/zrays -t/ e/, - oo wng]) = STt /T pays - - /T i) (3.3.65)

Thus, by Theorem 3.3.30,

0 (b1 stm) = D) (S T/ 21yt gl ) o
feAy

= 2 Z (S/[tl/xf(l),...,tk/xf(k)][ar/xl,...,xns])’
feAr je[ns]—f([k])
[th+1/x5] [/, @]
= > D Sty e/ e /2]
feAr je[ns]—f([k])
[z/21,...,Tng] (3.3.66)
= Do STt sy tr/T gt /7]

feAy jelns]—f([k])

[z/21, ..., Tng]
= > STt/apay - te/T g e /T p g [@/21, - ]
feArt1
= D STt/zray st/ T[T, T
fE.Am
This completes the induction. l:l

Let S,T € ALV be simple Taylor poly-terms, let = € V be a variable, define ng = deg, (5),
let z1,..., 2,4 be distinct variables distinct from x, and let S’ be the z-linearization of S in
Z1,...,%ng. Suppose that z,z1,...,2, ¢ FV (T') and deg, (S) = |T'|. Then,

%(S,T) = >, STt/Tsay- s tm/Tfng))- (3.3.67)
feGng

Proof. Since T € AE&V is a simple Taylor (poly-)term and |T'| = ng, there exists simple Taylor
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terms t1,...,ty such that T =¢1...t,. As we can see,
0z(S,T) = 0258 # (t1,...,tng)

= Z Sl[tl/a}f(l), v ,tns/xf(ns)][x/xl, NN ,{L‘ns]
fedng (3.3.68)

= Z S,[tl/xf(l)""7tns/xf(ns)]7
f€6ng

where we used the fact that deg, (S) = |T'| and Lemma 3.3.27 for the first equality; Corollory 3.3.31
for the second equality; and the fact that z1,...,2, ¢ FV (T) for the third equality. l:l

To conclude this section on Taylor A-calculus and the partial derivative operator for it, we prove
a synthetic version of the Generalized Leibnitz Rule.

Let 0 € R<A!t,v> be a complex poly-term, ¢ be a simple Taylor term, z,x1,22 € V be a
variable. Suppose that z1 # z2, x ¢ FV (0), and x1,x9 ¢ FV (t). Then,

0x0|x/21, 2] %t = (Ogy0 * t)[x/21, 2] + (Ogy0 * t)[x/21, 2] (3.3.69)

Proof. We prove this via induction on o.
1. Assume that ¢ = y, where y € V is a variable distinct from z, 1, z2. Then,
Ozo|x/x1, 0] %t = Opylx/21, 2] %t = Oyt =0=0+0
= 0[x/z1, z2] + O[z/x1, x2]

= (On,y = V)[z/21, 32| + (00 * )[2/21, 2]
= (0g,0 *t)[x/x1, 2] + (0,0 * t)[x/21, T2].

(3.3.70)

2. Assume that ¢ = 21 and z7 is distinct from x. Then,

00 |x/21, 2] % t = Opylx/T1, 2] % t = Op1[1/21, 2] %t = Dpx % t
=t=1t+0=t[z/r1,22] + O[x/21, 22]
= (Opy w1 * t)[x/21, 22] + (O * t)[2/71, 2] (3.3.71)
= (Ony * t)[w/21, 22] + (Onny = )@/, 2]
= (0p,0 * t)[x/21, 2] + (00 * t)[x/21, 22].

3. The case where y = x5 and x is distinct form x is similar to the prior case.

4. Assume that o = Ay.s, where y is a fresh variable and s € A;y is a simple Taylor term. By
the induction hypothesis, 0ys[x/x1, 2] * t = (Oy,s * t)[x/21,22] + (02,8 * t)[x/x1, 2], Which
implies that

0x0(x /21, 2] %t = Oy (Ay.s)[x/21, 2] % t = Ay.(Ogs[x/x1, x2] * )
AP # O/ 21, 2] + (P 5 D)/, 3])
= Ay.(Ogy s % t)[x/21, T2] + AY.(Opy s * t) [/, 22] (3.3.72)
= (Ogy AY.s % t)[x/x1, T2] + (O, Ay.S * t)[x/21, 22]
= (0,0 % t)[x/T1, 2] + (Ogy0 * t)[x/21, 22].
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5. Assume that o = (s)T’, where s € Ay y is a simple Taylor term and T" € ALV is a simple Taylor
poly-term. By the induction hypothesis, d,s[x/x1,z2] *t = (0,8 * t)[x/x1,22] + (Onys *
t)[z/x1,x2] and 0, T[x/x1, 2] * s = (05, T * t)[x/x1, 2] + (02, T * t)[x/21, x2], Which implies

that

Oz0|x/x1, 0] %t = 0p(($)T) /1, 22] % t

= Op(s[x/x1, x2))T[x/21, 22] % t
= (Ops[x/z1, 2] * )T [2/201, 2] + {S[X/21, 22| Y(O0 T [T/ 21, 2] * L)
= (Ogy s * t)|x/21, 2] + (Ogy8 * t)[x/x1, 22| )T [ /21, T2]
+ (s[z/x1, 22 )((Og, T * t)[x/m1, x2] + (O, T * t)[x/21, 22])
= ((Ogy s * t)|x/21, 22) )T [1/21, 2]
+ {(Ogy8 # t)[x/21, 22 )T [/ 21, 2]
+ (s[z/21, 22])(00, T # t)[x/21, 2] (3.3.73)
+ (s|x/z1, 22] (02, T # t)[x/271, 2]
= ({(Oys # 1))T)[w/z1, 2] + ({(Ony 5 * £))T)[x/71, 22]
+ ()0, T # 1)) [x/m1, w2] + ((5)(02, T # 1)) [w/21, 2]

= (((Ozys # 0)T) /21, 22] + (()(00y T % 1)) [ /1, 2]

+ (((Oaps % 8))T) )21, o] + (()(0, T % 1)) [/ 21, 22]

= (0py ()T % t)[x/x1, 2] + (00, ()T * t)[x /21, 22]
= (Opy0 * t)[x/21, 22] + (00 * t)[x/21, 22].

6. Assume that 0 = s1...s,. For each 1 < ¢ < n, by the induction hypothesis, d,si[x/x1, zo]*t =
(O, 81 % t)[x/21, 22] + (O st * t)[x/x1, 22]. Hence,

Oz0|z/x1, T3]

xt =0

(s1...8n)[x/x1,22] %t = Opsi[x/x1, 2] ... Sp[x/21, 2] %

8

I

-
I
—

si[x/x1, xa] ... (Ousi[x/21, 2] % t) ... sp[x/21, 22]

(silz/x1,22] ... ((Oy8i * t)[x/21, 2]

r

-
I
—

(Onysi ® t)[x/21,22]) . . . Spfx/21, 22])

Il
S

silx/z1,x2] ... (O, 8i % t)[x/21, 2] .. . S [ /21, 2]
1

<.
I

(3.3.74)

+ Z si|x/z1,x2] ... (0y8i * t)[x/x1, 2] . . . 8p[x/21, 2]
i=1

= <Z S1...(Ogysixt)... sn) [z/x1, x2]
(Z S1...(0gysi*t) n) [z/x1, x2]

= (01,81 .- Sn #t)[x/21,22] + (081 - .. S * t)[x/21, T2]
= (Op,0 * t)[x/x1, 22| + (0,0 * t)[x/21, T2].
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7. Assume that o = >\ | r; - T;, where n € Ny is a nonnegative integer, r1,...,7, are scalars,
and Ty,...,T, € Aif,V are simple Taylor poly-terms. For each 1 < ¢ < n, by the induction
hypothesis, 0, T;[z/x1, 1] # t = (0,0 * t)[x/21, x2] + (O, T} * t)[x /21, x2]. Hence,

n n

Ozo|x/T1, 2| %t = 0y (Z Ty - ﬂ) [z/x1, 2] * Z (0. Ti[x/x1, 22] * )

i=1

-

-
I
—

7 ((Ony 0 # O)[z/21, 22] + (02, T} * t)[2/21, 22])

i+ (Og,0 % t)[x/21, 22] + ; ri - (0z, Ti x 1) /21, 2] (3.3.75)

= ( Oz, (Z T Z) *t) [2/21, 2]
( o (2 Ty - z> *t> [x/z1, 22]

= (Opy0 x t)[x/21, 2] + (Ogy0 * t)[x/21, 2]

r

~
Il
—

This completes the induction. l:l

Let o € R<Ai€,v> be a complex Taylor poly-term, T € A!t,v be a simple Taylor poly-term, and
x,r1, T2 € V be variables. Suppose that z1 and x5 are distinct, = ¢ FV (0), and x,z1, 22 ¢
FV (T). Then,

T

Mo[a/zy,20] T = ( > <U> (Vg + V) U) [x/21, z2]. (3.3.76)
UvV=T

Proof. We prove this via induction on |T'].

1. The case where |T| = 1 was done in Lemma 3.3.33.

2. Assume that |T'| > 1. Then, there exist a simple Taylor poly-term S € AE&V and a simple
Taylor term ¢ € A;y such that T' = tS. As we can see,

M a[x/21, 59] % T = 05lo (2 /a1, s9] * S
— ¥l (0pola/zy, x0] % t) % S
= (%IES'(((?mU # t)[z/21, w2] + (Opyo * t)[x/21, 22]) % S
— 01 (0g,0 % t)[x/21, 22]) % S + NN ((Opy0 # t)[/21, 22]) % S (3.3.77)

( > (5) ANV (00 % t) + V) % U) [©/21, %3]

uv=s

+< > (5)@5'(5%'(5@(;”) *V)*U) [2/21, 22]

uv=s

( 2 (5) 0 (@l x V) x tU) [o/21,2]
uv=Ss



3.3. DEFINING TAYLOR A\-CALCULUS AND THE PARTIAL DERIVATIVE 105

+ ( Z (5)55'(55/'0*15‘/) *U) [2/21, 23]

Uuv=s
tS — t)
(y Ao V)+10) o
(tUV:tS <tU —t 2
G TR ro
UtV =tS

I

S (§ )@l e v+ 0 e, e

teU

T—t 2
t| 2 (7))l 7«0 |/, aa
Uv=T
teV

T—t\ ¢ 2
- X <0_t>0L¥<aLZ'a*V>*U (/1,22
Uv=T
teU teV

T —t\ 47 ~
+ ] <U_t>a¥{'<ag'a*V>*U /21, 2]
Uv=T
teU t¢V

ol 2 (7))o e )0 lafon aals
Uv=T
teU,teV

T—1t 7 ~
I Qe GO RIS [
Uv=T
t¢UteV

o B3 I G CRa S RYag [

uv=1
teU ,teV
T —t\ 5 o
o I A LG R R (M
ov=r
teU ,t¢V
T—t 7l Ty
N ("5 )o@ s 7«0 |1/,
Uv=T
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T—t o
S ( ; )agl{ﬂ(ag'a*V)*U (221, 23]
Uy=T
t¢U teV

B 1) (o otseeso

ov=r
teU,teV

T —1t\ 45 -
+ Z <U _ t> 35'(5%'0 # V)« U ||x/z1, 2]
ov=rm
teU t¢V

Tt ST
+ Z < U )8};{'(6%'0*‘/) x U ||x/z1, 22]
uv=1
t¢U teV

- 2 @)65@%'0*?)*0 (/1. 22]

vy=T
teU,teV

T ~ ~ ~
| 2 (B)eieron 9.0 |
uv=T
teU t¢V

T ~ - ~
o (U)aﬁlwgla*vw [/21,22]
UvV=T
teU teV

[ = (D)erneion et |l

ov=r

where we used Lemma 3.3.33 for the third equality, the induction hypothesis for the fifth
equality, Corollary 3.3.16 for the sixth equality, and Lemmas 3.2.8-3.2.10 for the second to
last equality.

This completes the induction. l:l

In summary, in this section we have defined Taylor pre-term, a-equivalence; Taylor terms (which
is just Taylor pre-term quotiented by a-equivalence), substitution, partial differentiation, and big
step differentiation (which is the computational version of differentiated application) and proved a
synthetic versions of Schwartz Lemma and Generalized Leibnitz Lemma in Taylor A-calculus and
showed the partial differentiation can be understated as a kind-of resource based substation. In
the next section, we will define a S-reduction for Taylor A-calculus and use this to relate Taylor
A-calculus with differential A-calculus.
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3.4 Reductions in Taylor A-Calculus

Recall that S-reduction represents a single step of evaluation in Taylor A-calculus. Seeing differen-
tiated abstraction as syntactically representing a construction relating to partial differentiation and
the partial differentiation as computational, we should expect S-reduction to related differentiated
abstraction to one application of a partial derivative. Note that (3.4.5)-(3.4.6) is motivated by
(3.1.4) in section 3.1.

Definition 3.4.1. Taylor S-Reduction

Define Taylor S-reduction —g to be the smallest (with respect to inclusion) relation from
complex Taylor (poly-)terms to complex Taylor (poly-)terms satisfying the following proper-
ties:

(i) Given a simple Taylor term s € Ay, a simple Taylor poly-term T € Aé}v, and a complex
Taylor term s’ € R{A ) such that s -3 ¢,

(YT —p (T (3.4.1)

(ii) Given a simple Taylor term s € Ay, a simple Taylor poly-term 7" € A}W, and a complex
Taylor poly-term 7 € R<Aé7v> such that T' —g 7,

()T —p {(s)T. (3.4.2)

(iii) Given a variable x € V, a simple differential term s € A;y, and a complex Taylor term
s' € R{(Asy) such that s —3 ¢,
Az.s —>g Az.s'. (3.4.3)

(iv) Given a simple Taylor term s € Ay, a simple Taylor poly-term T € Aéyv, and a complex
Taylor term s’ € R{A ) such that s -3 ¢,

Ts—gTs'. (3.4.4)

(v) Given a variable € V and a simple differential term s € Ay,

Az.s)1 —p5 s[0/x]. (3.4.5)

(vi) Given a variable z € V, simple differential term s,¢ € Ay, and a simple Taylor poly-term
Te Ai Vv
Az s)tT —pg (Ax.0ps # t)T. (3.4.6)

(vii) Given a simple Taylor (poly-)term S € ALV, complex Taylor (poly-)terms o,7 €
R{Aqy), and a scalar € R such that s - o,

r-S+Togr-0+T. (3.4.7)

L3

One of the great properties of Taylor S-reduction is that it strictly decreases the size of a Taylor
term, directly giving us strong normalization for Taylor S-reduction, a property is much more
difficult to show for differential S-reduction (see Sec. 5 of [8]).
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Let S e Ai,v be a simple Taylor poly-term and let o € R<Ai,v> be a complex Taylor poly-term
such that S —3 0. Then, for U € supp (o), one has size (U) < size (5).

Proof. We prove this by induction on S —g 0.

1.

Assume that § —pg o because there exist a simple Taylor term s € A;y, a simple Taylor
poly-term T € A;v, and a complex Taylor term s € R(Ayy) such that s —3 s, S = (s)T,
and o = (§')T. Since U € supp (c) = supp ({(s')T'), there exists a simple Taylor term u €
supp (') such that U = (u)T'. Since s —3 s’ and u € supp (s’), by the induction hypothesis,
size (u) < size (s), so size (U) = size ((u)T') = 1 + size (u) + size (T') < 1 + size (s) + size (T') =
size ((s)T') = size (5).

. Assume that S —g o because there exist a simple Taylor term s € Ay, a simple Taylor poly-

term T € Ai&,v’ and a complex Taylor poly-term 7 € R<Ai,v> such that 7' —g 7, S = (s)T,
and o = (s)7. Since U € supp (o) = supp ({(s')7), there exists a simple Taylor poly-term V €
supp (7) such that U = (s)V. Since T'—p 7 and V € supp (7), by the induction hypothesis,
size (V') < size (T'), so size (U) = size ({(s)V') = 1 +size (s) +size (V) < 1 +size (s) +size (T') =
size ((s)T') = size (5).

. Assume that S —3 o because there exist a variable z € V, a simple differential term s € Ay,

and a complex Taylor term s’ € R{Ay) such that s —g &', S = Az.s, and 0 = Az.s'.
Since U € supp (o) = supp (Az.s), there exists a simple Taylor term u € supp (s’) such that
U = Az.u. Since s —g s and u € supp (s'), by the induction hypothesis, size (u) < size (s),
so size (U) = size (Az.u) = 1 + size (u) < 1 + size (s) = size (\z.s) = size (5).

. Assume that S —3 o because there exist a simple Taylor term s € A;y, a simple Taylor

poly-term T € A;V, and a complex Taylor term s’ € R{A;y) such that s —g s', S = T's, and
o =Ts'. Since U € supp () = supp (T's’), there exists a simple Taylor term u € supp (s’) such
that U = T'w. Since s —g s' and u € supp (s'), by the induction hypothesis, size (u) < size (s),
so size (U) = size (T'u) = 1 + size (T') + size (u) < 1 + size (T) + size (u) = size (T's) = size (5).

. Assume that S —3 o because there exist a variable x € V and a simple differential term

s € Ay such that S = (Az.s)l and o = s[0/z]. If deg, (s) > 0, by Lemma 3.3.20, ¢ =
s[0/z] = 0, which implies that U € suppo = supp0 = (J, giving us a contradiction. Hence,
deg, (s) = 0, so by Lemma 3.3.20, z ¢ FV (s), so by Lemma 3.3.10(i), ¢ = s[0/z] = s. Since
U € suppo = supps = {s}, U = s. Hence, size (S) = size ((Az.s)l) = 1 + size (Az.s) +
size (1) = 141+ size (s) +0 = 2+ size (s) = 2+ size (u), which implies that size (u) < size (5).

. Assume that S —3 o because there exist a variable x € V, simple differential term s,t € Ay y,

and a simple Taylor poly-term 7" € Ai&,v such that S = Qz.s)tT and 0 = (\x.0zs *t)T. Since
U € supp (o) = supp ((Ax.0zs * t)T'), there exists a simple Taylor term u € supp (05 * t) such
that U = (A\z.u)T. Since u € supp (0 # t), by Lemma 3.3.12, size (u) = size (s) + size (t) — 1,
so size (5) = size ((\x.s)tT) = 1+size (Ax.s)+size (tT) = 1+1+size (s)+1+size (t)+size (T') =
4 + size (s) + size (t) — 1 + size (T') = 4 + size (u) + size (T') = 3 + size (A\zv.u) + size (T) =
2 + size ((Az.u)T") = 2 + size (U), which implies that size (U) < size (5).

This completes the induction. l:l
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Theorem 3.4.3. Strong Normalization of Taylor 5-Reduction

Taylor S-reduction is strongly normalizing. v

Proof. Suppose that Taylor S-reduction is not strongly normalizing. Then, there exists complex
Taylor terms o1,09,03,... € R{Ayy) such that 0; —g 0;41 for all i € N. This implies that there
exist simple Taylor terms Si,S2,S3,... € Ayy and complex Taylor terms 7,73, 74,... € R{A¢ )
such that S;_1 —3 7; and S; € supp (7;) for all i > 2. Let n := size (S1) + 2. By applying Lemma
3.4.2, size Sy, < size S1 —n + 1 = size S; — (size (S1) + 2) + 1 = —1, contradicting the fact that size
of a Taylor term is never negative. Hence, Taylor S-reduction is strongly normalizing. a

With the introduction of S-reduction, we have finally defined every key structure of Taylor
A-calculus. We defined Taylor A-calculus, defined partial differentiation, showed that it satisfies the
synthetic Schwartz Rule, Chain Rule, and Leibnitz Rule, define a notion of evaluating Taylor terms,
and shows that g-reduction is strongly normalizing. It, like it’s cousin differential A-calculus, is a
good framework at synthetically dealing with analytic functions. But there is a natural question
now: is Taylor A-calculus unrelated to differential A-calculus? The answer is no. In fact, Taylor
A-calculus can be seen as a subset of differential A-calculus.

Definition 3.4.4. The Injection From Complex Taylor to Differential Terms

Define the injection (—)*: R{A:y) — R{A4y) that takes a complex Taylor term to complex
differential terms by:
(2)" ==, (3.4.80)
(Ax.8)* = A\z.s™, (3.4.8Db)
()t ... tn)" = (Dy(--- (D1s™ #t7) -+ ) = (t,)")0, (3.4.8¢)
n * n
(Z i si> = Z i S;, (3.4.8d)
i=1 i=1
where x € V is a variable, n € Ny is a nonnegative integer, s, s1,...,58,,%t1,...,t, € Ay are
simple Taylor terms, and r1,...,7r, € R are scalars. &

This map between complex Taylor terms and complex differential terms preserves substitution,
partial differentiation, and importantly S-reduction, which is exactly what we would expect from
a canonical injection from Taylor A-calculus to differential A-calculus.

Given a variable x € V and complex Taylor terms s,t € R<ALV>, (s[t/x])* = s*[t*/x].

Proof. This follows by induction on s.

1. Assume that s = x. Then,
(s[t/z])* = (z[t/z])* = t* = z[t*/x] = s*[t*/z]. (3.4.9)
2. Assume that s = y, where y € V is a variable distinct from z. Then,

(slt/z])" = (ylt/z])" = (v)" =y = ylt"/x] = (y)*[t"/x] = s"[(¢"/2)]. (3.4.10)
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3. Assume that s = Ay.u, where y € V is a fresh variable and u € Ay is a simple Taylor term.
By the induction hypothesis on u, (u[t/x])* = u*[t*/x], so

(s[t/])” = (Ay-w)[t/a])” = Ay.ult/z])” = Ay.(uly/])" = Ay.u[t"/2]

= Owaut)[t* /2] = Ayou)* [t /2] = s*[t*/]. (3.4.11)

4. Assume that s = (w)vy, ..., v,, where n € Ny be a nonnegative integer and u, v1,...,v, € Ayy
are simple Taylor terms. Then, by the induction hypothesis on u, (u[t/x])* = u*[t*/z], and
for each 1 < i < n, by the induction hypothesis on v;, (v;[t/z])* = (v;)*[t*/z]. Hence,

(s[t/z])" = (Kwpvr ... va)[t/2])" = (ult/z)por[t/a]. . valt/z])”

= (Da(-- ( L(u[t/x])" = (on[t/x])*) - --) # (valt/x])")0

= (D1(- - (Dru[t* fa]) = (vi[t"/a]) - - ) % on[¢/2])O[E" /] (3.4.12)
(- (Dra’) # (v7) -+ ) % 0 )O) [t /]

= (o .on)*[t" /2] = 87 [t" /],

where we used Lemma 2.3.6 for the fifth equality.

5. Assume that s = >/ | r; - u;, where n € Ny is a nonnegative integer and ui,...,un € Ayy
are simple Taylor terms and r1,...,7, € R are scalars. For each 1 <17 < n, by the induction
hypothesis on u;, (u;[t/z])* = (u ) [t*/x]. Hence,

(s[t/z])* = ((Z ri - ) t/x) (2 Ti - U t/x) = > i (wilt/z])”

= Z ri - (wi)[t"/x] = (Z ri- (ui)* > [t* /2] (3.4.13)

=1 1=1
n *
DX Uz) [¢"/x] = s7[t" /]
=1
This completes the induction. l:l

Given complex differential term o, 7 € R(Aq), 0,(00) % 7 = (00 * T7)0

Proof. By Lemma 2.2.29(xii), there exist unique nonnegative integers n € Ny, scalars ri,...,7, €
R, and simple differential terms si,...,s, € Agy such that o = >} | r; - s;. As a result,

0z(00) %7 = 0, ((Zns) 0) *T = Og (ZTi‘Si(]) ¥T = Zm-ﬁx(&O)*T
im1 i=1 i=1

- ((0z8i # 7)0 + (D1s; * (0,0 * 7))0) (3.4.14)

I
=
3

-
I
—

I
=
3

-
Il
—

- ((Ogsi *T)0 4+ (Dys; *0)0) = i i - ((Ogsi * 7)0 + 00)
i=1

I
D=
=

S
Il
—

< ((0gsi *T)0+0) = Z ((Oys; = 7)0)
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= (Zri-ﬁxsi*7'> 0= (ax (Znsz> *7') 0 = (0yo * 7)0.
i=1 i=1

This completes the proof. EI

Given a variable z € V and complex Taylor terms s,t € R{A} ), (058 % 1)* = 058" = t*.

Proof. This follows by induction on s.

1. Assume that s = x. Then,

(Ops#t)" = (Ogr xt)" =t" = Opx #t* = 0p(x)" " = 0ps™ # ™. (3.4.15)

2. Assume that s =y, where y € V is a variable distinct from z. Then,

(Ops#t) = (Opy*t) = (y) =y =0yt = 0(y)" #t* = 0ps™ =t (3.4.16)

3. Assume that s = Ay.u, where y € V is a fresh variable and u € Ay is a simple Taylor term.
By the induction hypothesis on u, (O,u * t)* = d,u* = t*, so

(Ops 1) = (Ox(Ay.u) % t)" = (A\y.Opu )" = A\y.(Opu x t)* = \y.0zu” # t* (3.4.17)
= 0 Ayu*) # t* = 0, (A\y.u)* = t* = 0p8™ = t*. o
4. Assume that s = (u)vy,. .., vy, where n € Ny be a nonnegative integer and u, v1,...,v, € Ay

are simple Taylor terms. Then, by the induction hypothesis on u, (0yu * t)* = d,u* = t*, and
for each 1 < i < n, by the induction hypothesis on v;, (0yv; * t)* = 0,(v;)* * t*. Hence,

(Ops %) = (0x(upvy, ..., vp) *t)*
= ((OpuxtHvy, ..., vn + {u)(0pv1, ..., )"

n

= <<(9xu # 1Hv1, ..., Up + (U (Z V]« 0—1(0g05 % L) Vg1 - . ,vn>>

i=1

= <<0xu # 1)U, ..., Uy + Z<u>vl e 0i—1 (007 * )01 - - Un>

=1
= ((Qux tyor, . vn)* + Y (w1 - 01 (Bpv; # B0t - vn)" (3.4.18)
=1

= (D11 (pu s )" # (vg, ..., 07))0

£ DDttt % (0, 0y, (Bavr %80, 0))0
i=1

= <D1,...,1(azu* #1%) = (v, ..., 0p)

n
* * * * * * *
+ Z Dy, au’ = (0], 07y, O] # 5,07, Un)>0
i=1

= (ax(pl,...,IU* * (UL ey 'U:z)) * t*)o
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= 0((Dy,.1u” = (v],...,0;))0) = t*
= 0y ((s)vy ... vp)" % t*
= 0ps™ * 1¥,

where we used Lemma 3.4.6 for the third to last equality and Lemma 2.3.15 for the second
to last equality.

5. Assume that s = > | r; - u;, where n € Ny is a nonnegative integer and u1,...,u, € Ayy
are simple Taylor terms and ry,...,7, € R are scalars. For each 1 < ¢ < n, by the induction
hypothesis on wu;, (yu; *t)* = 0, (u;)* = t*. Hence,

(Ops xt)* = (61 (Z Ty uz) * t) = (2 i - (Ogu; * t)) = Z ri - (Opu; % 1)*
i=1 i=1 i=1
= i (Oulwi)" % t7) = 0y (Z ri: (Ui)*> 1" (3.4.19)
; i=1
= 0y (Z T ul) xt' = 08" x t".
i=1

This completes the induction. l:l

Given complex Taylor terms s, s’ such that s —g ', one has s* —g (s')*.

Proof. We prove this by induction on s —g o.

1. Assume that s —g o because there exist a nonnegative integer n € Ny, simple Taylor

terms u,vi,...,v, € Ay, and a complex Taylor term u € R{A;y) such that u —g o/,
s = {uyvi ... vy, and o = (u')vy ... vy. Since u —g v/, by the induction hypothesis, u* —4 u"*,
S0

s = (wvr...on)" = (D1(- - (Dru” * v7) - +) x v,)0
=5 (D1(-++ (Dru”™ +v]) ) % v})0 (3.4.20)

= (U vy ...vp)" = 0.
where we used the fact that differential S-reduction is contextual (see Lemma 2.4.13) for — 3.

2. Assume that s —g o because there exist a positive integer n € Ny, simple Taylor terms

U, V1,. ..,V € A¢y, and a complex Taylor term v] € R{A.y) such that v; —g v, s =
{(upvivy ... vy, and o = (u)v|va ... v,. Since u —g v/, by the induction hypothesis, u* —g u’,
SO

s = ((wuvz...vp)" = (D1 -+ (D1(Dru”  vf) % v3) -+ ) = v3)0
g (D1(- - (Dy(Dyu* 5 v}) % v5) ) # v3)0 (3.4.21)

= ((upvyva...v,)" = 0",

where we used the fact that differential S-reduction is contextual (see Lemma 2.4.13) for — 3.
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3. Assume that s —g o because there exist a variable z € V, a simple differential term u € Ay y,
and a complex Taylor term u’ € R{A¢ ) such that u —g v/, s = Az.u, and 0 = Az.u’. Since
u —g v, by the induction hypothesis, u* —4 u'*, so by (2.4.17),

s* = (Az.w)* = Azu* —g v = Avau)) =o". (3.4.22)

4. Assume that s —g o because there exist a variable € V and a simple differential term
u € Ayy such that s = (Az.u)l and o = u[0/z]. Then,

u* = (Az.uyl)* = (Az.u)*0 = (Az.u*)0

—g u*[0/z] = u*[0*/z] = (u[0/z])* = o*, (3.4.23)

where we used (2.4.15) for the —3 and Lemma 3.4.5 for the second to last equality.

5. Assume that s —g o because there exist a variable x € V), a positive integer n € Ny, and
simple differential term w, vy,...,v, € Ayy such that s = Az.uwpvy ... v, and 0 = (Ax.0u *
v1)V2 ... Vy. Then,

Qzawyvr ... vp)* = (D1(--- (Dru* = v]) -+ ) = v )0
Dz = (v],...,v:))0

N

(
(

—3 (D?_l)\x.((?xu* #07) % (v5,...,0))0
(

*
S =

Di(--- (DPr(Gau” # v7) % v3) -+ ) % 03 )0
~ (D1(0pu s 01)" % 03) - ) % 0,)0

(x.0pu = v1)va...0n)" =07,

(3.4.24)

where we used (2.4.19) for the —3 and we used Lemma 3.4.7 for the second to last equality.

This completes the induction. l:l

Let 0,0’ € R{A4,y) be simple (resp. complex) differential terms and s € R{A¢ ) be a simple
(resp. complex) Taylor terms such that o = s* and o —4 o’. Then, there exists a simple
(resp. complex) Taylor term s’ € R{A;y) such that o/ = s* and s -4 s'.

Proof. We prove this via induction on t.

1. Assume that s = z. Since z = (2)* = s* = 0 -3 ¢’, we know that 0’ = . Let s’ = x. Then,
o=zx=(zx)=s"and s=z —»gx =7

2. Assume that s = Ay.u, where y € V is a fresh variable and v € Ay is a simple Taylor term.
Since A\y.u* = (A\y.u)* = s* = 0 —g= o', we know that ¢’ = \y.t, where t € Agy is a simple
differential term such that u* —3 t. By the induction hypothesis, this implies that there
exists a simple Taylor term v € Ayy such that ¢ = v* and v -3 v. Let s = Az.v. Then,
o =yt =yt = (Ayw)* =" and s = Av.u —g Azow = ¢

3. Assume that s = (uyv; ... vy, where n € Ny be a nonnegative integer and u, vi,...,v, € Ay y
are simple Taylor terms. There are two cases.
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(a) Suppose that w is an abstraction. Then, u = Az.w, where x € V is a fresh vari-
able and w € R{Ayy) is a simple Taylor term. Since (D}Az.w* = (v],...,v}))0 =
(Qzawpvy ...vp)* = s* = 0 =g o, we know that o' = (D} " x.('to * (t1,...,tm)) *
(tm+1,---,tn))0, where m € Ny is a nonnegative integer and t,...,t, € Agy are sim-
ple differential terms such that w* —3 top and v —4 t; for all 1 < i < n. By

the induction hypothesis, there exists simple Taylor terms w',v},...,v, € R{Ayy)

rEn
such that to = w™, t;, = v* forall 1 < i < n, w —g W, and v; -4 v, for all
1 <i<n Lets =Qx.0fw = (v),...,v,))0, ... v,. Then, o/ = (DY™™Az.(0}'to *
(t1s- s tm)) * (g1, -+ t0))0 = (DY " Az (O w™ = (V... o)) * (t g, .., t0))0 =

Az 0 w™ = (v, ..o o vy = §F and s = Qzaw)vy ..o, g Q. dftw’ x

(V15U DU g Uy = S

(b) Suppose otherwise. Since (Dfu*  (v],...,v;))0 = ((upvi...v,)* = §* = 0 —p o/, this
implies that o/ = (DYtg * (t1,...,t,))0, where to,...,t, € Agy are simple differential
terms such that u* —g tg and v; —4 t; for all 1 < ¢ < n. By the induction hypothesis,
there exists simple Taylor terms ', v},...,v], € R{Ay) such that to = u™*, t; = v}*
forall 1 < i < n, u »g v, and v; —»g v} for all 1 < i < n. Let s = WHv...v),.
Then, o' = (D}tg * (t1,...,tn))0 = (Diu* = (vi", ..., )0 = ((upvy ... v),)* = * and
s = {upvy ... v »g WHvy .0, =5

4. Assume that s = Y, | r; - u;, where n € Ny is a nonnegative integer and wy,...,u, € Ay
are simple Taylor terms and rq,...,7r, € R are scalars. Since > i 7 -ul = (X0 ri-w)" =
s* = o —p o', we know that ¢/ = > | r; - t;, where t1,...,t, € Agy are simple differential
terms such that uf —g ¢; for all 1 < i < n. For each 1 < i < n, since u; —g t;, by
the induction hypothesis, there exists a simple Taylor term v; € Ay y such that t; = v and
u; »g vi. Let s = >0 7 v, Then, o/ =30 -ty =0 v = (Ol m-v)* = s
and s = 3" T U g 2 Tio U =8

This completes the induction. EI

Since the canonical injection (—)* from complex Taylor terms to complex differential terms
behaves well with S-reduction and differential S-reduction has the Church-Rosser property, we
immediately get that Taylor S-reduction has the Church-Rosser property.

Taylor S-reduction satisfies the Church-Rosser property.

Proof. Take any complex Taylor terms a, b, c € R(Ay) such that a - b and b -3 c. By Theorem
3.4.8, a* =5 b* and a* — c¢*. Since differential S-reduction satisfies the Church-Rosser property
(i.e. Theorem 2.4.28), there exists a complex differential term o € R(A4y) such that b* —3 o and
¢ —p 0. By Lemma 3.4.9, there exists complex Taylor terms d, e € R{Asy) such that o = d* = e*
and b -3 d and ¢ —3 e. Since d* = e* and (—)* is injective, d = e. Hence, b g d and ¢ -5 d. [



Chapter 4

Differential Categories and Free
Cornering

In the previous chapter, we introduced Taylor A-calculus; we motivated its syntax as a variant of
differential A-calculus where we can easily express polynomials and every operator in the calculus
is multi-linear; we generalized many properties of the binomial coefficient for natural numbers to
multisets; we proved a number of properties of Taylor A-calculus, like the Generalized Leibnitz
Rule and strong normalization; we showed formally that Taylor A-calculus is a subset of differen-
tial A-calculus; and we used that fact to prove the Taylor A-calculus satisfies the Church-Rosser
property. In this chapter, we will introduce yet another formulation of a purely syntactic way to
treat differentiation of analytic functions called differential categories, and we will show that a
double-categorical model of asynchronous processes called the free cornering has a canonical differ-
ential categorical structure in it. In the first section, we will define various important categorical
strictures, like linear categories, differential categories, and most important resource categories,
which will be the main category of interest in this chapter. In the second section, we will define the
free cornering with choice and iteration of a resource category, generalizing the definition of a free
cornering with choice and iteration of a distributive category proposed by Chad Nester and Niels
Voorneveld (see [16]). In the final section, we will construct the canonical differential structure in
the free cornering.

4.1 Introducing Linear Categories, Differential Categories, and
Resource Categories

In this chapter, we are interested in exploring a model of asynchronous processes. But before we
can talk about asynchronous processes, we need to define the resources that we manipulate in some
asynchronous processes. In Chad Nester’s seminal work on modeling asynchronous processes via
his framework of free cornering (see [15]), he proposed that a resource theory should just be a
symmetric monoidal category, where objects are resources, morphisms are processes transforming
one resource into another, and tensoring is possessing two objects or running two processes simul-
taneously. However, when Chad Nester and Niels Voorneveld wanted to expand the definition of
free cornering to express control statements (i.e., choice) and loops (i.e., iteration), they found it
necessary to define a resource theory to be a distributive category, where the co-product of two
resources expresses having either of the resources but not necessarily both. This variation in the
definition of the resource theory is small, but without it the ability to express choice and iteration
would not be possible. Unfortunately, this definition of a resource theory lacks the ability to ex-
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press an infinite amount of resources, which is very important when it comes to proving properties
about iteration. To remedy this, we will define a resource theory to be a resource category, which
is a minor variant of a differential category, which itself is a variant of a linear category, which
is a categorical model of linear logic. Naturally, instead of defining a resource category with its
over a dozen natural transformation and numerous coherence conditions directly, we are going to
introduce it in pieces, defining multiple important categories along the way.

The motivation of these categorical concepts come from linear logic. Linear logic is similar,
in a very informal sense, to classical logic. Importantly just like classical logic, linear logic has
an idempotent negation ((—)*). But, unlike classical logic, in linear logic we drop the structure
rules of weakening, contraction, and, sometimes, exchange. The issue is that once we do this there
becomes two distinct ways to express the notion of the binary connective “and” (A), which are
“times” (®) and “with” (&); two distinct ways to express the notion of the binary connective “or”
(v), which are “parr” (%) and “plus” (®); two distinct ways to express the notion of the constant
“true” (T), which are “one” (1) and “top” (T); and two distinct ways to express the notion of
the constant “false” (L), which are “bottom” (L) and “zero” (0). Since we don’t have contraction
and weakening, propositions in linear logic act like resources, which makes linear logic the perfect
setting for describing a resource theory. The resource theoretic interpretation of linear logic is
described in [11]. However, sometimes it is useful to talk about resources where we can perform
contraction and weakening, which can be interpreted as an infinite spout or an infinite pool of a
particular resource. For this reason, in linear logic, we also have the unary connectives “bang” (!)
and “whimper” (7). Propositions under “bang” and “whimper” have some notion of weakening
and contraction. In the resource theoretic interpretation of linear logic ! A acts like an infinite spout
of the resource A and 7A acts like an infinite pool of the resource A. With such a large amount
of connectives and constants in linear logic, it is useful to split the connectives and constants into
three groups:

(i) ®, @, 1, and L form the multiplicative fragment of linear logic;
(ii) &, @, T, and O form the additive fragment of linear logic; and
(iii) ! and ? form the exponential fragment of linear logic.

Each category we are about to introduce provides a semantics of the logic we get when reducing
linear logic to some subset of its connectives and constants.

We start by introducing a linearly distributive category, which is the categorical semantics
of the multiplicative fragment of linear logic without negation or exchange. A full treatment of
non-symmetric linearly distributive categories can be found in [17].

Definition 4.1.1. Linearly Distributive Category

A linearly distributive category € is a category that has

(i) functors ®: €2 — € and ®: €2 — € called times and par, respectively;
(ii) distinguish objects 1 and L called one and bottom, respectively;

(iii) natural isomorphisms A\: 1® A — A and A\}: L ® A — A called the left times unitor
and par left unitor, respectively;

(iv) natural isomorphisms p%: A®1T — A and ,02: A% 1 — A called the right times unitor
and par right unitor, respectively;
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(v) natural isomorphisms aﬁ,B,C: AR(B®RC) - (A®B)®C and a7j7B7C: AR (B®C) —
(A® B) % C called the times right associator and par right associator, respectively; and

(vi) natural transformations (9A o A®(BBC) — (A®B)%C and 0A o (BBCO)®A —
B% (C® A) called the leﬁ distributor and right distributor, respectlvely,

such that (€, ®, A%, p®, a®,1) and (€, %, A%, p?,a”, L) are monoidal categories subject to a
handful of coherence conditions, which are detailed in [17].

L3

We can categorically express the exchange rule by introducing symmetric braiding natural
transformations to the “times” and “par” monoidal structures. This results in a symmetric linearly
distributive category. A full treatment of a symmetric linearly distributive categories can be found
in [3].

Definition 4.1.2. Symmetric Linearly Distributive Category

A symmetric linearly distributive category € is a linearly distributive category that has

(i) natural isomorphisms 0% ;: A B> B®Z and 0} g: A% B — B3 A called times
symmetric braiding and par symmetric braiding, respectively,

such that (€, ®, X%, p®,a® ¢® 1) and (¢, %, A%, p%,a”, 07, L) are symmetric monoidal cat-
egories and

4o =00apc(05cB1p)odicpo(la®ojc)o o504 (4.1.1)

To add negation, we need to define the linear dual of an object in a linearly distributive category.

Definition 4.1.3. Linear Dual

Let € be a linearly distributive category and let X,Y be objects in €. Then, Y is a left linear
dual to X (or X is a right linear dual Y'), which is written as (nx,y,exy): X Y, if there
exists morphisms nxy: 1 - Y % X and exy: X®Y — 1 in € such that
(A ;@) nx,y®Lly ®)_ 1x®nx.y
Yy — 1Y —— Y Z3X)®Y — 5 X1 — XY ®X)
H laslixy H la)L( Y, X (4’1'2)
Y<—Y?§’J_<—Y??(X®Y) X(—J_7S’X<—(A®B)?B’X
pY YY? EX)Y €X, yyy].x
)
Lemma 4.1.4. Symmetry and Duality
Let € be a linearly distributive category.
(i) If (n,e): X Y and (n,€): X - Z, then Y = Z.
(ii) When € is also symmetric, (n,€¢): X + Y if and only if (O'YX on,€o O’YX) Y - X.
Proof. See Lemma 2.10 in [5]. 0

When every object in a (symmetric) linearly distributive category has a left linear dual, then
the (symmetric) linearly distributive category is a (symmetric) #-autonomous category, which is a



118 CHAPTER 4. DIFFERENTIAL CATEGORIES AND FREE CORNERING

categorical semantics of the multiplicative fragment of linear logic with negation (and exchange).
A good description of #-autonomous categories can be found in [5].

Definition 4.1.5. *-Autonomous Category

A (symmetric) =-autonomous category € is a (symmetric) linearly distributive category such
that for every object X in €, there exists an object X in ¢ and morphisms nx: 1 — X1t X
and ex: X®X+ — L in € such that (nx,ex): X = X*. When € is symmetric, define n’y =

a?i.l v onx and €y = eXoa?}’X for each object X in €. By Lemma 4.1.4, (0, €y ): X+ - X.

There are many interesting example of #-autonomous categories, like the category of finite-
ness spaces, the category of coherence spaces, and even an abelian group realized as a symmetric
monoidal category. Nevertheless, the most important #-autonomous category for this thesis is the
compact closed category, which is just a *-autonomous category whose “times” and “parr” monoidal
structures coincide.

Theorem 4.1.6. A Compact Closed Category is a *-Autonomous Category

If (€,®,\, p,a,0,1,m,€) is a compact closed category, then
(€, @\, p,o,0,[,@,\, p,a, 0,1, 0,0, €) (4.1.3)

is a *-autonomous category. v

Proof. Trivial. a

We, now, generalize the notion of a transpose functor from the setting of a compact closed
category (see Definition 3.9 in [12]) to the setting of a #-autonomous category in the obvious way.
Note that when our *-autonomous category is the compact closed category of natural numbers and
matrices, the transpose functor on a matrix is the transpose of the matrix.

Definition 4.1.7. The Transpose Functor

Let € be a #-autonomous category. Define (—)L: ¢ — ¢ as follows:

(i) given an object X in €, (X)t = X*; and

(ii) given a morphism f: X — Y in €,

L (&) 1
YJ_ (f) XJ‘:YJ' vyl ]1®YJ_ nX@YJ- (XJ_QS)X)®YJ_
1,1 3f)®1 o%
(113 )®1y 1 (XJ_?yy)®YJ_ x1v,x XJ‘73)(Y®YJ‘) (4.1.4)
IxaPv el Pt xl
Then, (—)* is a contravariant functor called the transpose functor. &

Now, we introduce the linear category (see definition 1.4 in [18]), which is a categorical seman-
tics for the multiplicative and additive fragment of linear logic with negation and exchange. A
description of linear categories can be found in [18].
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Definition 4.1.8. Linear Category

A linear category € is a symmetric *-autonomous category that has
(i

)

(ii) a terminal object T, called top;
)
)

functors &: €2 — ¢ and @: ¢? — ¢, called with and plus, respectively;

an initial object 0, called zero;

natural iso. aABC (AB)ZC - (AR C)& (BRC) and OABC (A®B)®C —
(ARC )(—D(B@C) called the with right distributor and plus right distributor, respectively;

(v) natural trans. o9 a.p: A&B — Aand o1, 4,5: A&B — A, called the bottom projections;
(vi) natural trans. opap: A > A® B and 01 4 p: B — A® B, called the top projections

st (€,®,2%9,p%,a% 0%, 1,®, 10,19, 09,0) and (¢, 2,7, p7,a%,07,1,&,7°,70,0%,T) are
symmetric distributive categories and

(&EN=((FoEhY T2t ¥ =@ b
0 ~ 0 iR 1 ~ 1 1
Ty (o) = (o)™ Ty, (o) = ()™

To express “bang,” we define a coalgebra modality (see Definition 2.1 in [2]).

Definition 4.1.9. Coalgebra Modality

Let € be a symmetric monoidal category. Then, the quintuple (!, d, u, A, e), where !: C — C
is an endofunctor and §: A — A, u: 1A — A, Ap:'A - 1A®!A, eq: !A — I are natural
transformations, is called a coalgebra modality on € when (!,9,v) is a comonad, (14, A4, e4)
is a cocommutative comonoid for all objects A in € and ¢ is a comonoid homomorphism. We
refer to ! as bang, d as digging, A as contraction, and e as weakening. &

A linear category with a coalgebra modality has all the connectives an constants of linear logic
(with whimper induced by duality). At this point, none of the categorical constructs we have
defined are unique to differential categories. Let us change that. We, now, introduce a bialgebra
modality (see Definition 3.2 in [2]), a co-dereliction (see Definition 5.1 in [2]), and a differential
category (see Theorem 5.5 in [2]).

Definition 4.1.10. Bialgebra Modality

Let € be an additive symmetric monoidal category. Then, the septuple (!,0, u, A e, V, u),
where (1,9, u,A,e) is a coalgebra modality and V4: !1A®!4 — A and uy: I — !X are
natural transformations, is called a bialgebra modality on € when (1A, V4,us,A4,e4) is a
bialgebra and the following diagram commutes

IARIX —=—

luA (4.1.5)
pac(na®ea)+rao(ea®ua)

for all objects A in €. We refer to V as co-contraction and u as co-weakening. &
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Definition 4.1.11. Co-Dereliction

Let € be an additive symmetric monoidal category and let (!, 6, u, A, e, V,u) be a bialgebra
modality on €. Then, the natural transformation v4: A — !A is a co-dereliction when the
four diagrams commute:

(i) Constant rule:
A 45014

\ #A (4.1.6)

(ii) Leibniz Rule (or Product Rule):

A4 1A

4.1.7
PAO(VA®uA)+)\AO(uA®m lAA ( )

A®!A

(iii) Linear Rule:
A5 14

\ ﬁﬂA (4.1.8)

(iv) Chain Rule:

-1

IA® A 2484 (14 14) @ 1A 4 @ 1A ®14) 148V4 14014

1A®”Al l(sA@V!A

AR IA NA® A (4.1.9)
VAl lV!A
1A — , 1A

Definition 4.1.12. Differential Category

A differential category € is an additive x-autonomous category with a bialgebra modal-
ity (1,0, u,A,e,V,u) and a co-dereliction v on the additive symmetric monoidal category
(€,®, )%, p® a® 0® 1). We define

(i) an endofunctor ?: € — &, called whimper, by ?(—) = (1(=)*)*,

(ii) a natural trans. 94: 774 — A, called rotated digging, by ¢_) = (9(_)¢)L,
(iii) a natural trans. y4: A — ?A, called rotated dereliction, by yj_y = (,U,(_)J_)l,
(iv) a natural trans. V/y: 7A® ?7A — ?A, called rotated contraction, by V’(_) = (A(_)L)J—,
)J_

(v) a natural trans. a4: L — ?A, called rotated weakening, by a(_) = (6(_)l

)
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(vi) anatural trans. A'y: 7A — ?7AR?A, called rotated co-contraction, by A’(_) ~ (V! _

(vii) a natural trans. ns: 74 — L, called rotated co-weakening, by n(_y = (’U;(_)L

(viii) a natural trans. n4: 7A — A, called rotated co-dereliction, by 1 = (V(_)J_)J‘.

The most interesting morphisms in a differential category are those formed only by the structure
morphisms. Such morphisms are called differential interaction nets.

Definition 4.1.13. Differential Interaction Net

Let € be a differential category. A differential interaction net is any morphism in € built only
from 1,®, A%, p®,a®,0® 1,8 A%, p% a®, 0%, L, 0L, 0% n, e, 6,1, A e,V,u, 9, 1, V' 29, A n. Iy

This thesis will not elaborate on the way in which differential interaction nets provide a syn-
thetic formulation of differentiation of analytic model. The interested reader can read [7] to see
this. However, we will mention two important facts about differential interaction nets. First, co-
dereliction acts as a kind-of generalized derivative. Second, there exists a map (—)g, as defined in
Section 6.3 in [7], from Taylor A-terms to differential interaction nets in a differential category €
such that the following property holds.

Theorem 4.1.14. Equivalence of Differential Categories and Taylor A-Calculus

Given complex Taylor poly-terms 7,7’ € R<Ai’v> such that 7 —g 7/, (7)§ = (7')¢ in any
differential category €. V)

Proof. This is mentioned in the last sentence of Section 6.3 in [7]. a

For this thesis, we will spend a lot of time dealing with a differential interaction net called the
co-deriving transform, which is the morphism formed by first performing a contraction and then
performing a dereliction.

Definition 4.1.15. Co-deriving Transform

Given a differential category €, define the natural transformations d%: !4 — !A® A and
di: 1A — A®IA by d = (Lia® pa) o Ag and df = (ua ® 1ig) o Ag. We refer to d° as
the left co-deriving transform and d’° as the right co-deriving transform. Similarly, define
the natural transformations P’g: A% ?A — ?A and P: TA® A — ?A by P} = (d5.)* and
P = (d L)t We refer to P as the left rotated co-deriving transform and P as the right
rotated co-deriving transform. &

We are now ready to define a resource category. A resource category is just a differential
category subject to essentially one new idea: If !A is an infinite spout of a resource A then, in
essence, !A should be equivalent to either doing nothing or pulling one instance of A out of the
spout !A. That is,

MA=T& (AR A) =T&(AR!A) (4.1.10)

for all objects (i.e., resources A) in the resource category. This idea is motivated by the description
of the message corresponding to iteration discussed after Definition 12 in [16]. Note that for
simplicity we will assume that the “times” and “par” monoidal structures in the resource theory
are the same.
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Definition 4.1.16. Resource Category

A resource category € is a differential and linear category whose x-autonomous structure
is given by a strict compact closed category (as described in Theorem 4.1.6) such that the
following holds for all objects A in €:

A=1& (!A@A), €A = 00,1JAQA, di‘ = 01,1,)JAQA, (4.1.11&)
!AZI&(A®!A), €4 = 00,,ARQ\A, dﬁ = 01,],AQ!A- (4.1.11b)*

The coherence conditions for “bang” specified by 4.1.11a and 4.1.11b induce similar coherence
conditions for “whimper.”

Let € be a resource category. Given an object A in €,

TA=T®(A®?A), 94 = 00,1,AQ?A; piX = 01,],AQ?A; (4.1.12&)
TA=T®(7A® A), 94 = 00,I,7ARA; = O01,I,7ARA- (4.1.12Db)

Proof. By (4.1.11a) on AL,

(AY) =T & ((AN) @A) €Al = 001 1(AL)@AL AL = 01 11(AL)@AL
AN =T &A@ AT (ear)' = (oo riatipar)”  (d5)" = (01 110a0)0aL)"
2A=T"@ (1(AY) @ AM)*t 94 = 00 1L ((AL)@AL)L P'S = 01 11 ((al)pAl)L
2A=1@ A @ (1(AH)* 94 = 00 11 ALL@((AL)L P'§ = 01 11 aLig(ALyL
TA=T®(A®R?A) 94 = 00.1,A97A P’ = 01.1,4%74,

and By (4.1.11b) on At

I(Ah) = T & (AT ®!(AN)) €AL = 00,7 AL@I(AL) 'L = 011 Algl(AL)
AN =T &A@ UA))T  (ear) = (oo rateiar)”  (d50)" = (o1 rat@an)”
7A=TI"® (At (A1)t 94 = 00 L (AL@I(ALY)L P&y = 01 11 (ALlgi(AL))L
2A=1@((AN)teatt 94 = 00 1L ((AL))L@ALL P& = 0110 ((AL))L@AlL
TA=T®(7AR® A) 24 = 0017404 Py = 0112404,
This completes the proof. a

We define a resource theory to be a resource category. With a good definition of a resource
theory, we are ready to turn to defining a model for asynchronous processes which manipulate the
resources in a resource theory, which is what we will do in the next section.

4.2 Adding a Compact Closed Structure on the Category of Re-
source Transducers
Before we can define a model for asynchronous processes, we first need to recognize that in order

define an asynchronous processes, we need to have some notion of messages that communicate the
state of some resources. In [16], the messages corresponding to a resource theory € is defined in
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Definition 12 and is called the €-valued exchanges €;*. The intuition behind the €-valued exchanges
¢} is that the message A” tells the system to send the resource A to the left, the message A* tells
the system to send the resource A to the right, the message U ® V is the concatenation of the
messages U and V', U + V is the message that could either send message U or message V from the
left, U x V is the message that could either send message U or message V from the right, U™ is the
iteration of the message U from the left, and U is the iteration of the message U from the right.

Definition 4.2.1. ¢-Valued Exchanges

Let € be a resource category. The €-valued exchange €;* with choice and iteration is the set
with elements generated by:

A e Ob(€) A e Ob(C) Uec Vecr Uec Vecr
A" ec Atec Iec UV ec; U+Vec
Uec}® Vecr Uec® Uec®
UxVece Utec U ec

subject to the following equations:
I®QU=U UI=U UIM)RV=U®(W&V) Ut=I+U®U™)

U*=Ix(UQUX)

&

As we mentioned above, every message should communicates the state of some resources. In
Definition 4.2.2, we make this precise by defining the forward-time underlying resource correspond-
ing to a message. Note that, following Chad Nester’s interpretation in [14], we are going to interpret
sending information to the left as moving forward in time, sending information to the right as mov-
ing back in time, and if A represents having a resource, AL represents borrowing a resource A we
do not yet possess.

Definition 4.2.2. The Forward-Time Underlying Resource

Let € be a resource theory. The function (/:J): ¢ — Ob(€) from the €-valued exchanges
€ to the objects of € is defined inductively as follows:

I=1, (4.2.1a)

A° = A, (4.2.1b)

A+ = AL (4.2.1¢)

UV =VeU, (4.2.1d)

Urv=UaV, (4.2.1e)

UxV=U&V, (4.2.1f)

U+ =10, (4.2.1g)

Ux =10, (4.2.1h)

where A € Ob (€) is an object in € and U,V € €* are €-valued exchanges. Given a €-valued
exchange U € €, we call U the forward-time underlying resource of U. &
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Now, we define the free cornering with choice and iteration of a resource theory €. The free
cornering will be a single-object double category whose horizontal monoid will be resources, its
vertical monoid will be messages and a cell represents a processes that transforms a resource on the
cell’s top edge using the information provided by the messages on the cell’s side edges to output
the resource on the cell’s bottom edge.

Definition 4.2.3. The Free Cornering With Choice and Iteration

The free cornering ¢ with choice and iteration of a resource category € is an additive single-

object double catega;’y, where the horizontal morphisms are Ob (€), the vertical morphisms
are €', and the 2-morphisms (or cells) are defined in the following.

(i) For each morphism f: A — B in €, there exists the inclusion cell f e¢ (r gI ). These
inclusion cells are subject to the equations: I

gof =%, la=1a, f®g="flg, f+g9=Ff+yg, 0=0, (422
LT A JOg=JIg, JT9=J 79 o

where f, g are morphisms in € and A is an object in €.

(ii) For each object A in €, there exist the four cells get?: Q: (AAIDI)7 puts: Q:( ’?AD),
gets: Q:(IiA‘), and putf: € (a ‘?I), which are called corner cells and are subject to

the equations:

(]

getf

A
- Al got A Ay oA 8et .
putA = ldAD, putR | getL = 1A = putL |getR, puT]z = ldA<, (423)
R L

which are called the yanking equations.

(iii) For each pair of €-valued exchanges U,V € €;*, there exist the cells 1oy : [ (U §U +V)
and 11y : [ (V§U+V), which are called injection cells. Moreover, for each pair of cells
a: € (UgW) and : ¢ (UgW), there exists a unique cell o[ S: ¢ (U+Véw), called the
left choice cell, such that o

vyula@f=a and wyy|laEHB =4 (4.2.4)

(iv) For each pair of €-valued exchanges U,V € €;*, there exist the cells m v : ¢ (U ><V§U )
and 7 v : [ (Uxv ﬁv), which are called projection cells. Moreover, for each pair of
cells a: € (WgU) and (3: ¢ (ng), there exists a unique cell ax]3: ¢ (WéUxV), called
the right choice cell, such that e

Ck,3”/T07V7U =a and OCB‘WLV,U = 5 (4.2.5)

(v) For each pair of cells a: ¢ (U év) and f(: ¢ (U gv), there exists a unique cell
[a, B]: r(‘,:(UA(gBV), called the top choice cell, such that
00,4,B O1,A4,B

= an

[, A] [ev, 5]

=B (4.2.6)
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(vi) For each pair of cells «: [ (Uiv) and : ¢ (Ugv), there exists a unique cell
(e, B): @ (UA&C;B V), called the bottom choice cell, such that

@B _ oy (B

00,A,B 01,A,B

= . (4.2.7)

(vii) For each quadruple of cells a: rQS(U’QV), 0: rQS(WEX), G (V@XéX) and K: Qj( B®C 1),

there exists a unique cell 04; L [ (U+®WSX ), called the left iteration cell, such that

Lo,u
idyy

|04;7L7K=0 and %Ll’U|onr = s , (4.2.8)

where 1 ¢ (I§U+) is defined by 1o,i7 = 1 ; ygu+ and is called the left stop cell and

Ly Q: (veu+t §U+) is defined by 11y = 11 ;ygu+ and is called the left step cell.

(viii) For each quadruple of cells a: C (V U),0: ¢ (ng), G (XéV@X) and k: C( C®B I),

there exists a unique cell O‘e L (’Z( gU “®@W), called the right iteration cell, such that

Lo

| =&
T0,U .U @94,
pocl— =0 and o, |== = ot (4.2.9)
bR dw LR dp K

where 7 : C(U x 1) is defined by moy = Ty ;ygu= and is called the right stop cell

and 7y r7: €( U@UX) is defined by m1 y = 7 ; ygu= and is called the right step cell.

(ix) For each quadruple of cells «: [ (UgU) 0: 6 (V U),t Qﬁ( C®B 1), and k: ¢ (VfV@W),

there exists a unique cell ag e Q(VB%A ), called the top iteration cell, such that
1B|r9A1 1B|rPA1 04? ‘Oz
—— =60 and = K| Butots (4.2.10)
aé,L,H aé,L,K 6

(x) For each quadruple of cells a: [ (UgU) 0: € (U V), t € (IB®CW), and k: € (V@Wﬁv),

there exists a unique cell ag?L L C(U AéaB V), called the reversed top iteration cell, such
that r hl . r a
24l Pille ooy
A
AT =0 and T = O (4.2.11)
? . ]
0,0,k ae,L,H

(xi) For each quadruple of cells «: [CI(UﬁU), 6: Z@I(V%U), L: :Qé(wchI)’ and £: Zij(VfW@V),

there exists a unique cell a!G e ¢ (VB(g!AU)v called the bottom iteration cell, such that

! !
Qg k — 0 and g,k _ Ii| L
r T T T 1

1sles 1pldy sl

(4.2.12)
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(xii) For each quadruple of cells «: C (UﬁU), 0: C (Ugv), ¢ (1 B(S)C w), and K: C (W®V§V),

there exists a unique cell oz(’g!’w: @(U, A%B V), called the reversed bottom iteration cell,
such that

/" /N
Ay Ay
O g and - | (4.2.13)
cills

Ldz |1B a|a9,L,n
Definition 4.2.4. The Category of Resource Transducers

Given a resource category €, the monoidal category HE formed by the horizontal cells of ¢
is called the category of resource transducers. a o &

&

Recall, again, that there is a correspondence between messages and underlying resources, so
ideally, we should have cells in our free cornering that allow us to convert readily between a message
and it underlying. These cells are called the generalized corners.

Definition 4.2.5. The Generalized Corners

Let € be a resource theory. We define get? : ¢ (ULI,I), put?: [ (I?U), get¥: [ (Iﬁﬁ U), and
put?: Q(U UIL 1) inductively. Let A € Ob€ be an object in € and let U,V € €;* be €-valued
exchanges.
(i) We have the following base cases:
”y
getl =17, getd” = get?, getd' = —r— (4.2.14a)
puty [141
> <« 1 et
putf:i =1y, puté = put}%, put}% = Alr|gi 0 (4.2.14Db)
€
> T’A <
get{% =1y, geté = ———, get‘é = get‘é, (4.2.14c¢)
141 |puts
- t4 |1 <
put! =15, putd” — 8L llar putd” = put . (4.2.14d)
€A
(i) gety®V: :@:(U®V‘~/é>01) is defined by
uev _ _ 8etp
getU®V = (4.2.15)
L get |15
(iii) putg@/: QI (1 \7(;)0 U®V) is defined by
1| put
UV _ ~V R
putp®’ = 7 (4.2.16)
putp
(iv) geth®": ¢ (Iﬁlé(/l u®V) is defined by
U
uev _ _ 8etp
getU® — SR 4.2.17
R 51| geth; ( )
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v) put/®V: [ UV UL®V* 1) is defined by
L o I

U
UV _ puty [15.
12 = —

u
2 putg

(vi) get!*™V: Qﬁ (U+v Uelaff 1) is the unique left choice cell such that

U+v get?
vouv|get; T =+——== and wuyy|get

00,0,V 010,V

L )

(vii) put}UerV: C(r Ue})v U+V) is the unique top choice cell such that

r a r a

B 0 2 01,0,V

AT U LU, 4
Sy = Putg |vouy  and == =putg [uuy
putp putp

(viil) getP " : ré(IULéVl U+V) is the unique bottom choice cell such that

U+v U+v
getp U q 2R v
——— =getp |royy and - - =getp | LUy .-
Oo,5L,7L G151, 7L
. s TlgvL . . .
(ix) puty*V: ¢(w+v? g;v I) is the unique left choice cell such that
T0,0L, 7L Oy Lyl
U+v _ JOUSVE U+v _ L LULVE
vouv | puty T = o and wmpy|putyTt =g
puty puty

(x) gett>V: Z@j(Ungé(/I) is the unique bottom choice cell such that

UxV UxV
getL B U q getL B v
—=— =muyv|get; and T—=— =myy|gety .
0,0,V 91,0V,

(xi) puth*: ¢ (1 U&ILVU xV) is the unique right choice cell such that

. o - -
UxV L 07U7VJ UxV L 17U7V:
putp™" |Touy = 7 and  putp™’ |myy = T
putp putp

(xii) get%xvz <1y Léf/ 1 UxV) is the unique right choice cell such that

U
getp

UxV UxV
getp™" |mouy = = and getp™" [mipy = -

1%
v+v _ getp
L = T T

Vv
getp

Lo, oL, D117,
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(4.2.18)

(4.2.19)

(4.2.20)

(4.2.21)

(4.2.22)

(4.2.23)

(4.2.24)

(4.2.25)
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roa l g l
xiii) put!*V: € (v U OV 1) is the unique top choice cell such that
L o I

On 771 1 O1 771 1

. O,UL,VLJ U N 1,UL,VLJ %

T UXV = 7['()7U,V| putL and T UXV = 7717[]7‘/‘ putL 0 (4226)
put; puty

roa

(xiv) gethr : €(ut ?{7 1) is the unique left iteration cell such that

idU+ | getg

F tU

voulget! = o5 and wiy|gety =L —— (4.2.27)
L 4 pﬁ
(xv) pu‘u%+ CC(r ?1(-] U+) is the unique top iteration cell such that

7, Py + put?
—— = LU and —— 7 = ol % = Ly . (4.2.28)

putp puty idy+

(xvi) getl": ¢ (1, (L{ L)U+) is the unique reversed bottom iteration cell such that

t% " eth”  get? id
B8 oy and B _EORI Uy, (4.2.29)
co s, 7O+ R
ra ~l
(xvil) puty": ¢ (u+ !(UI )1) is the unique left iteration cell such that
o
+ oo + gL
wou|puty = ez. and uyp|get! = — o (4.2.30)
Lo puty |11,
putg+

roa

(xviil) gety ™ : € (ux !51) is the unique bottom iteration cell such that

Lo

et?” et?” id ety
gri[i = 7T0,U and gr lﬁ = 7T17U‘%‘g1 L. (4.2.31)
&, 9, S
(xix) puty”: €(1 !IUU <) is the unique right iteration cell such that
o
Ux L U . U,
putp |mou = ey and  putp |0 = Talowl (4.2.32)
put%><
(xx) get¥": Q:(I?(él)UX) is the unique right iteration cell such that
U | _idy
UX " ! U X% getR ‘get%x
getp |mou = oL and  getp |mu = — (4.2.33)

Ut
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roa

X 7L . . . .
(xxi) puty”: ¢ (uvx ?(g )I) is the unique reversed top iteration cell such that

Lo

r a r / q

gL a8 utU x

LUU‘X = mo,y and ‘UU; =7r1,U!I.) Liputy™ . (4.2.34)
put put? idgrx

L]

Note that there is an issue with our inductive definition of the generalized corners: the €*-
valued exchanges are not freely generated. In particular, we have the fact U* = I x (U®U ) and
Ut =1+ (U®UT) for all €-valued exchanges U € €*. Hence, to show that out inductive definition
of the generalized corners are well-defined, we need to show that the following eight equalities hold.
We will see that the fact that these equalities do hold is an almost immediate consequence of the
coherence conditions of a resource category.

Let € be a resource theory. Given a €-valued exchange U,

getgx _ getéx(U(@UX)’ put%x _ putg((U®UX), get%x _ getgdU@Ux)’
X X + a
put?” = putéX(U®U ) getl " — getf(U@U ), putd" = putg&-(U@U ]
i +
geth’ = gethHUOUT), putl" = put!*VEU)

Proof. We prove each once individually by uniqueness of the right or left choice cell.

1. By (4.1.11a), we have that

U UX*
gety gety I
- T = =% = To,U = 7To,U|1I = T0,I,UQU * | gety, (4.2.36)
90,1080, N
UX U* : U U
gety gety idy  gety gety UQU*
T = = T 01 = 7r1’U| tUX | 1 ~ - WI’U W = ﬂ’].,[,U@UX | getL® 5 (4237)
Ty 11000, dp gety 0 gety |1y

so by the uniqueness of the bottom choice cell and (4.2.23), getgX = getéX(U®Ux).

2. By (4.1.11a), we have that

er 0 1170
Ux U o U, C0,1,'URU,
puty |7 ugux =DPutp |mou = ep = =, (4.2.38)
Y 1; putR
o S
ux Ux U L LLIURU,
putp |7 7pgux = Puty [Tu = = (4.2.39)

1!U|put% put%@” ,
put%><

Ix(URU™)

so by the uniqueness of the right choice cell and (4.2.24), put%X = puty .

3. By (4.1.12a), we have that

U U v 1; getf{
getr |morueux = getg [mou = oL =TT = -, (4.2.40)

oL Lorulerll),

L
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U idy
et
U U X% g R get%>< getU®U
getp [T rueux = getr |mu = =T T (4.2.41)
PoL Lo, 1,0L@?(01),

so by the uniqueness of the right choice cell and (4.2.25), get% get;X(U(@UX).

4. By (4.1.12a), we have that

0 7L gan 7L
LP0,1,0L@2(0L), 2L ;
U~ = 5% = Tou = mullr = mo,rugux| Puty, (4.2.42)
putL putL
r a r , q
O roten0yy,  Ppo put? put? | 1,5
utUx = utUX 1U| id |plltL = 7T1’U|1d ) | utUX
P H v vx P (4.2.43)
puty |1‘7Ui UeU
=mMyul——— =T ut
) | putZ 1,I,UQU * | puty, )

so by the uniqueness of the top choice cell and (4.2.26), putg = putiX(U®UX).

5. By (4.1.12b), we have that

U+ U+t T 17 geti
v rugu+ | getr, = xoulgety = op == = ———, (4.2.44)
9 0002080
idgr |g idys |get
U+ U+ tU+ tU+
vy rueu+ |gety = viu|gety = > = p
ﬁ N
. e (4.2.45)
gety i
ey getp®
Po,  Sroeoen,
+
so by the uniqueness of the left choice cell and (4.2.19), getg+ getH(U@U ),
6. By (4.1.12b), we have that
00.1,20Q0 o0
> O S oy S tou = Il xou = PUtfﬂl‘O,I,U@U“ (4.2.46)
putp putp
Ovroer, P e ’put%w B |put »
U+ U+ R |57 141U U+
put? put? putp (4.2.47)
1,7 put +
= LWR| Ly = putﬁé@U | 11,1 veU+ts
putp
.
so by the uniqueness of the top choice cell and (4.2.20), putU = pu t%JF(U@U ),
7. By (4.1.11b), we have that
Ut Ut
get get
R - =2"E_ _ Loy = 17| Loy = get{% | Lo [,UQU+ > (4.2.48)

90,1,0+@\(T1), €oL

S a
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get%+ B get%Jr B get% get%

=

~ _ "o
Sty g

5

idy
’ | o =

L1
Ly gety” 11| geth” 41,

_ L URUT
= getp | L1, 1, U6U+

so by the uniqueness of the bottom choice cell and (4.2.21), get%+ = getp

8. By (4.1.11b), we have that

r a1 r a1

r Eerr1 g, L (771
U+t U+t U+ J0,IL,UL®\(UL),
vo1ugu+ |puty, = xou|puty = egi = =

YT 17 puti
Co g . 11
U+t Ut UL, CLLUA(UL),
2 + | put = U1y |get = =
1,LUgU+ | Puty, Ul getr put? 1,51, putg@ﬁ
putg+

so by the uniqueness of the left choice cell and (4.2.22), pu‘cg+ = put?(U@Uﬂ.

This completes the proof.

I+(UQUT)

131

(4.2.49)

(4.2.50)

(4.2.51)

0

With the definition of the generalized corners at hand, the first property we prove is that
the yanking equations stated in Definition 4.2.3 generalize. The intuition, here, is that getting a
message from the left and then putting the message to the right should be the same as leaving
the message intact, and putting a resource to the right and then getting the resource from the left

should be the same as leaving the resource intact.

Let € be a resource theory. Given a €-valued exchange W e €7,

W
B2L — idy, (4.2.52a)
putp
puty |get) =17, (4.2.52b)
W oot W _
puty |getg = 1., (4.2.52¢)
W
S _ idy. (4.2.52d)
puty

Proof. We prove (4.2.52a) by induction on U.
1. Assume that W = I. Then,

etV et! 1
g%/:gg’:l:l[:id[:idW‘
putR putR 1;

2. Assume that W = A", where A € Ob (€) is an object in €. Then,

get‘iv getéb get‘zl . .
% = Ab = A = ldAl> = 1dW7
putp putp puty

where we used (4.2.3) for the last equality.

(4.2.53)

(4.2.54)
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3. Assume that W = A*, where A € Ob (€) is an object in €. Then,

171 1y
, 1L W i
Na A put TLRY; 'y
A+ L A A _—
get‘iv gety B putf 1,1 B putf\lALHI B |1 get iy _ Put‘fUAi
w A T 1 getA o 171,10 et A o !
putp puty A |/ 7 11, \/g 2 1]|€A 17]€y
€y 1rléy
1 I/I getg g/etg g/etg g/et}‘% g/et}‘%
_ nalla _ nalla _ n'y1la _ _Malla _ nufla
puté‘lAJ_HA putf\lAJ_HA P“tf 1AJ7|1A 14 |i 1A|6’A
17]€y 1rle’y 17 | A putd |17
1[‘1[ 1; 17
A A
get‘é gety % getA
- . —1 4
Ta  (1a®€y)o(n,®1a) 1a T getd | ,
:1|, = = v =t = 5 = AzldA‘:ldW,
Al€a puty puty puty puty
putf

where we used (4.2.3) for the last equality.

4. Assume that W = U ® V, where U,V e €;* are €-valued exchanges. Then,

gety idy| get? idU getU ld ﬂ
getzv _ getU®V . gety g gety 17 getL | U | put
putg pU_tU®V 1y | puty 1y | puty putU getv d

puty put}, [idy PUtR idy putv 1dv

iy idy _idufidy _idy
1dV 1dv ldv‘ldv ldv eV

where we used the induction hypothesis on U and V for the sixth equality.

5. Assume that W = U + V, where U,V € € are €-valued exchanges. Then,

getg
U+V U+V - ;
N | get‘iv Louv, gety Lo,u,v | gety, D007 getg
0,U,V = = =
putg/ 1y putU+V 1 |putU+V putU+V put | x0,0,v
getL |17 getU .
= 7l = idy| xo,u,v = Lo,u,v,
puty |xouyv put wo v
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(4.2.55)

(4.2.56)

(4.2.57)

where we used (4.2.19) for the third equality, (4.2.20) for the fourth equality, and the induction
hypothesis on U for the sixth equality, and

getg
U+v U+Vv - ;
Y | gety LUV | get] LU,V | get] 0107 getg
Luv w o U+vV — u+v_ U+V — %
putp lr “putp 17| puty putp putp | 11Uy
getg |17 getg 1; .
= v = v =idv|viuy = Ly,
putp |1y put; Loy

(4.2.58)

where we used (4.2.19) for the third equality, (4.2.20) for the fourth equality, and the induction
hypothesis on V for the sixth equality. Also,

rouv lidw = 2oy idu+v = rouy and vy py [idw = vipv |idusy = 210y -

Hence, by the uniqueness of the left choice cell,

= yo v Hriyy = idw.

(4.2.59)

(4.2.60)
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6. Assume that W = U x V, where U,V € €;* are ¢-valued exchanges. Then,

UxV UxV UxV
getg/ im0y = geth 17 _ geth 1 _ geth _ 7T0,U,V|getg
puty T puthy Y mouy  pwth Y mouy  coow put
put] (4.2.61)

U U
_ mouyv|get] WO,U,V‘getL

= = mo,u,v|idy = mo,uv,

17| puty 17 puth

where we used (4.2.24) for the third equality, (4.2.23) for the fourth equality, and the induction
hypothesis on U for the sixth equality, and

getV T get!*V 1 _ get! <V |1, _ get! <V _ muveety
puty putyV moy  puthV|muy  ova, puty,
put}; (4.2.62)

v 1%
= Vo= v =muvlidy =muy,
17| puty 1 puty

where we used (4.2.24) for the third equality, (4.2.23) for the fourth equality, and the induction
hypothesis on V for the sixth equality. Also,

idw |mo,u,v = iduxv|mou,y = mo,u,v and idw|m pyv = idyxv|moy = moy.  (4.2.63)
Hence, by the uniqueness of the left choice cell,

get‘iv

W = mouv Xmuy = idw. (4.2.64)
putp

7. Assume that W = U™, where U € € is a €-valued exchange. Then,

N . =
get‘iv 20,U getg uo,U|getg 20,

vou | =57 = == = G = T = XU, (4.2.65)
puty lr puth 17| putp puty

where we used (4.2.27) for the third equality and (4.2.28) for the fourth equality, and

| get/
get ] My _| gotl
+ + —_— e
| B ety ety Py, gety ™ | 5L
LU w o Ut U+t Ut - U
+ ut
putp 1; puth 17| putp putp put% &R\Ml,U
U+
idU U getU
ety |1 . 5L . .
_ getg+|g L| 1 _ idy puty 17 _ idg idy, 17 (4.2.66)
putU+ |put% . getlL]Jr ly+ "m0 getlL}Jr 1+ m0
R lid;+ ’ put%+ put%+
|y
- + 1,07
getg+
put%

where we used (4.2.27) for the third equality, (4.2.28) for the fourth equality, and the induction
hypothesis on V for the sixth equality. Also,

idy

Lo,Uu |idW = Lo,Uu |idU+ = Lo,u and LiUu |idW = 1L1U |idU+ = ; |JL1’U . (4.2.67)

dy+
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Hence, by the uniqueness of the left iteration cell,

W ( dU)J.LO U, U> 1; — idU+’ (4-2.68)

tW U 1 tU |1 V"
ge ’ _gety, o gety 1z 0 — T, (4.2.69)

putRX mou  puty” |mou

where we used (4.2.32) for the third equality and (4.2.31) for the fourth equality, and

W U Ux Ux vl |getL
get | gety |11 gety  |1f gety tUX
— = — oL = ,
putl mu puty” T dz 14!]“’4“:1
Ll puth putyy
1:>ut%><
idy getL idgr getU getU
—_ &% . L
1,U|getg><| ﬂ-l,Ulgeth| 1[7 | ldU |put% (4270)
f—t —t = f—t ﬂ'lU — |
Lr|1,5| puty Lo 'puth 7 get? ™ idyx
11|p11t%x lid,, I oputy™ idyx put%x
ol idy ’idU - idy
=MU|l—x |5 = TLU|——x
getg>< lde getgx7
X X
puty puty

where we used (4.2.32) for the third equality, (4.2.31) for the fourth equality, and the induction
hypothesis on V for the eighth equality. Also,

idy

idw|mo,r = idyx|mo,u = mo,u and idw |m y = idyx|mu = R (4.2.71)

Hence, by the uniqueness of the left iteration cell,
izz%;/v = (idv)7 om0, = 1o (4.2.72)
This completes the induction. The other three follow similarly. a

An immediate consequence of the yanking equation is that a message is equivalent to its forward-
time underlying resource sent left.

Lemma 4.2.8. A Message is Equiv. to Sending it’s Underlying Resource Left

Let € be a resource theory. Given a €-valued exchange U € €3*

U~ (0)" (4.2.73)

in the category of resource transducers H€ .
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Proof. Define the cells a: :C:(Uﬁ(ﬁ)b) and f3: ZC:((fJ)DﬁU)

etV et(mb
a=-2%L anq g ECL_ (4.2.74)
+{O)” put
put R
Then,
U 0)" U U U U
ap = Bt yeet _oeetp L eetplli sty gt g (975,
put%U)b put% putg])D get(LU)D putg_-‘tU)D |get(LU)D 1_1;1 put%
17 put% 11‘ put% putp
0)® 0)y° 0)® 0)y° ke
B get(L ) get! get(L T B getg ) 1 get(L ) B get(L ) i 12,750
B|O‘_ U‘ N U ’ U U U 1- = ~>_1(U)>' ( )
puty put(U) putp _getp putp |get] o put(U)
R S 1] put " putfy” R
Hence, o and § are inverses of each other in Hré, implying that U =~ (U)*. a

Using the generalized corner, we can define a canonical functor between a resource category
and it’s category of resource transducers called the cornering functor. Given a process f: A — B
in the resource category, its image under the cornering functor is the resource transducer that gets
a message A from the left performs the process f on it and sends the output B to the right.

Definition 4.2.9. The Cornering Functor

Let € be a resource theory. The cornering functor is the additive strict anti-symmetric
monoidal functor (—)”: € - H€ such that

(i) Given an object Ain €, (A)” = A", and

(ii) given a morphism f: A — B in €,

(f)" = —ger;fb- (4.2.76)

puLth g *

Now, we turn to constructing a canonical compact closed categorical structure on the category
of resource transducers. To do this, we will first need to show that every message U has a left dual.
We will find that the left dual of a message is itself but sent in the opposite direction, and by that,
we mean the reversed-time message, which is defined below.

Definition 4.2.10. Reversed-Time Message

Let € be a resource theory. The function (:5 1 € — €2 from €-valued exchanges €} to
¢-valued exchanges €* is defined inductively as follows:

(N* =1, (4.2.77a)
(AP)# = A, (4.2.77D)
(AY)# = A°, (4.2.77¢)

(URV)* =V*QU?*, (4.2.77d)
(U +WV# =U# x V#, (4.2.77¢)
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(U x V)# =U* 4 V¥ (4.2.77f)
UhH* = (U#)*, (4.2.77g)
U*)* = (U#)*, (4.2.77h)

where A € Ob (€) is an object in € and U,V € €;* are €-valued exchanges. Given a €-valued
exchange U € €2*, we refer to U? as U in reverse.

[ )

As we would expect, the forward-time underlying resource of the reversed-time message is the
dual of the forward-time underlying resource of the base message.

Let € be a resource theory. Given a €-valued exchange W e €;*,

—~— ~

W# = (W)*. (4.2.78)

Proof. We prove this via induction on W.

1. Assume that W = I. Then, [# = [ = I = I+ = (I)* = (W)L.

—_—

2. Assume that W = A", where A € Ob (€) is an object in €. Then, WH = (A7) # = A* = AL =
(A = W)+

3. Assume that W = A*, where A € Ob (€) is an object in €. Then, W# = (/E# — A = A=
(AH)* = (At =)~

4. Assume that W U®YV, where U,V € (’ZD‘ are (’:—valued exchanges By the induction
hypothesis, U# = (U ) and V# = (V)+, so W# = (U®V)# —VHQU# = UF@V# =

eV = Vel =UeV): =)

5. Assume that W = U + V', where U,V € @D‘ are €-valued exchanges By the induction
hypothesis, U# = (U)* and V# = (V)L, so W# = (U + V)# = U# x V# = U# x V# =
()& (V) = (U@ V)t = (U +V): = (W)L

6. Assume that W U x V, where U,V € Qﬁ“‘ are €-valued exchanges By the induction
hypothesis, U# = (U)* and V# = (V)+, so W# = (U x V)# —U#+V# =UF +V# =
(@ (V) = (U&V): = (U x V)L = (W)L

7. Assume that W =U™" Where Ue QD‘ is a Qf—valued exchange. By the induction hypothesis,
U# = (0)-, so W# = (U+)# = (UF)* = W# = (0F) = (20)- = (UF)F = (W)~

8. Assume that W = U Where Ue QD‘ is a Qf—valued exchange. By the induction hypothesis,
UF = (0)", 50 W% = [UFV# = (UF)* = 1 = 204) = (D) = (0%)* = ()",

This completes the induction. l:l

To show that the left dual of a message is its reversed-time message, we need to define cup
and cap cells of the correct type. We define the cap cell to be the cell that gets the reversed-time
message from the right and puts the forward-time message to the right, and we define the cup cell
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to be the cell that gets the forward-time message from the left and puts the reversed-time message
to the left.

Definition 4.2.12. Cap and Cup Cell

Let € be a resource theory. Given a €-valued exchange U € €*, we define the cap cell
ny: ¢(I§U#®U) by

(]

U#
get
ny = —5-, (4.2.79)
putp

and we define the cup cell er: L’l (U®U#§I) by

getg

v = (4.2.80)

U# "
puty

The fact that the get and put cells actually compose in the definition of the cap and cup cells
is an immediate consequence of Lemma 4.2.11.

&

By the generalized yanking equations, we get the desired duality.

Lemma 4.2.13. Every Message is Dual to it’s Reverse Time Message

Let € be a resource theory. Given a €-valued exchange U € €,
(nu,ev): U - U* (4.2.81)
in HE.
Lo @
Proof. As we can see,
. getg# ldU# get%# |1dU# getU# U#
ny |1dU# . put}[{z getg _ put% |getg _ 15 _ getR _id Y (4 9 82)
: = - = - = = = 1ldgr L.
idy#  eu idy# putg# idy#| putg# putg# putg# 7
and
idy get? idy| get¥ getV
id_U 6_U . get%# putg# . get%# |putg# . g1 _ getg _iq (4 9 83)
no'idp pwt¥ ' idy  puty lid Coput?  putl v -
R R IU R R
Since the snake-equations are satisfied, we are done. a

This tells us that every message has a dual in the category of resource transducers, but we
cannot yet say that the category of resource transducers is compact closed. We still need to show
that the category of resource transducers is symmetric. But before we do that, we have all the
necessary data to talk about the transpose of some resource transducers.

Lemma 4.2.14. The Transpose of the Projection Cell is the Injection Cell

Let € be a resource theory. Given €-valued exchanges U,V € €37,

il
To,u,v = Lou# v#,

1
T Uy = Liu# v# -
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Proof. We first prove (4.2.84a). As we can see,

vt rvH#
dU#+V# get T dy# v |
-l 77U><V| 0,U,V |1dU#+V# _ _butg | 0,U,V |1dU#+V#
oV = ldU# ldU# €U idU# ldU# €U
#oy# get%#W#
UV y N
gety lidy# v ) Jo0V,
. pu tUXV|7T0 U,V |1dU#+V# B PUE% |1dU#+V#
idy#|idy # €U idy# €U
#
getr” | Lo p# v#
U#, . U# . 4.2.85
B puty |1dU#+v# _getp | 2o,0# v [ldys v ( )
ldU# €U Put |
id U# U
#
U# id % .
_getp [dy#lropryve  putd 1dU#|J-LO,U#,V#
N put? id # €U 1;
- ey|l U
1dU#| U| I
nu idy#
T idee |— |1L0U#V#—1dU#|iL0U#V#—iL0U#V#7
dy# €U

where we used the snake equation in HC for the second to last equality. (4.2.84b) follows by a
similar argument. a

Lemma 4.2.15. The Transpose of the Right Choice Cell is the Left Choice Cell

Let € be a resource theory. Given a pair of cells a: QZ (w BU) and [: (W gv ), we have that

(@@ Bt = ot @B (4.2.86) ..

Proof. By Lemma 4.2.14 and the fact that transpose is a contravention functor in H¢ ,

vop# v (@R BT = mgpyl(@®B) = [(aB B)|mouv]t =o', (4.2.87a)
1y gy (@R BT = mipy (@R B) = [(a R B)|muy]t =Bt (4.2.87b)
so by the uniqueness of the left choice cell, (X 3)* = ot @ p+. a

Now, we define the braiding of the category of resource transducers, which is essentially the
cornering of the symmetric braiding of the underlying resource category, and prove that this braiding
is natural and symmetric in the category of resource transducers.

Definition 4.2.16. The Braiding Cell

Let € be a resource theory. Given €-valued exchanges U,V € €.  we have the braiding cell
ouyv: € (U®V§V®U), which is defined by

get? UeV

ouy = (4.2.88)

o v,0,
-0

putp
s
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Lemma 4.2.17

Let € be a resource theory. Given cells h: ¢ (x §Z) and g: ¢ (Y‘{W),
h 1dW
O lozw = oxw|— (4.2.89a)
idy
—|oxw = UXYl— (4.2.89Db)
g dx Y%
Proof. (4.2.89a) and (4.2.89b) follow by induction on the cells h and g, respectively. a
Corollary 4.2.18. Naturality of the Braiding Cell
Let € be a resource theory. Given cells h: ¢ (x §Z) and g: ¢ (Y‘{W),
h
ogzw = % (4.2.90)
g v
Proof. As we can see,
h idx|h 1dX h idx 1dW
—lozw = G 3—lozw = — |—| ozw = ——loxwl|——
g glidw
. (4.2.91)
—ovv| L ld_W — |9 lidw _ |_
Yy h dx|n — %Y
where we used (4.2.89a) for the third equality and (4.2.89b) for the fourth equality. 0
Lemma 4.2.19. The Braiding Cell is it’s Own Inverse
Let € be a resource theory. €-valued exchanges U,V e €*
—id 4.2.92
dygVv ( )@
Proof. As we can see,
getg®v getU®V 111 getU®V
Vo I AR f’”,”
getU®V getV®U pu%@U getVI®U putV®U‘getV®U 1;@%
ouviovy = —| = = T - —
UVU UUV 1, UUV 1I|‘7UV ‘TUV
—putV®U —putU®V —putU®V —1I|putU®V —putU®V (4.2.93)
getU®V getU®V getU®V getg®v getg@)v .
= = = 5 = 1- = U@V = 1dU®V7
o V°1V®U°‘7V 0, ‘TU Vooy,0, 1U®V % putp
put%®v putU®V putU®V put
where we used the yanking equation in the fourth and last equality. a
Putting this all together, we get the following theorem.
Theorem 4.2.20. The Category of Resource Transducers is a KCC
Let € be a resource theory. Then HC is a compact closed category (i.e., KCC). o

Proof. This is an immediate consequence of Lemmas 4.2.13 and 4.2.19 and Corollary 4.2.18. 1
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4.3 Showing that the Category of Resource Transducers is a Dif-
ferential Category

In the prior section, we showed that the category of resource transducers is compact closed, and
hence, by Theorem 4.1.6, it is *-autonomous, so to show that the category of resource transducers
is a differential category, all we need to show is that there exists a bialgebra and a corresponding
co-dereliction in it. The first step is to define a functor that act like “bang” or “whimper.” By
our definition of the forward-time underlying resource, we know that iteration acts like “bang”
and “whimper,” so iteration should play a key role in our definition of the differential category.
To make an iteration functor, we need some way to take an ordinary cell and turn it into a loop.
Fortunately, there is a canonical way to do this, as pointed out in Remark 3 of [16].

Definition 4.3.1. The Canonical Iteration Cell

Let € be a resource theory. Take a cell a: ¢ (U S//V)

F T

(i) The right canonical a-iteration cell o™ : € (U* %V*) is the unique right iteration cell
such that - o

o |moy =moy and a|my = TU|—. (4.3.1)
a

That is o™ = (@), o1;-

o

ii) The left canonical a-iteration cell o : € (U+ ;,v+) is the unique left iteration cell such
that .

«
voulat =xy and yplat = a—+| Ly . (4.3.2)

‘v ot = (o) F
That is o™ = (a)lﬁo,v,lél,v,lf' .

This canonical iteration cell induces a canonical iteration endofunctor in the category of resource
transducers.

Definition 4.3.2. The Iteration Functors

The right iteration functor (—)*: H¢ — H¢ is the functor such that

(i) given a €-valued exchange U € €, (U)* = U, and

(ii) given a horizontal cell a: @ (va), () =a*,
and the left iteration functor (—)": H(‘: — H(‘Z is the functor such that
(iii) given a €-valued exchange U € €3¢, (U)T = U™, and

(iv) given a horizontal cell a: [ (va), ()t =at.

L]

In our category of resource transducers, we have 14 structure cells involving the iteration type.
It should be noted that structure cells (u)-(iv) and (viii)-(xi) already appear in [16] and that the
right iteration functor together with the first seven structure cells gives us all data we need to define
the category of resource transducers is a differential category.
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Definition 4.3.3. The Structure Cells

>4

Let € be a resource theory. Given a €-valued exchange U € €3*, we have the following

structure cells in the free cornering € with choice and iteration.

(i) The right comultiplication cell AJ: r€1(UX §UX®UX), which is defined by

Lo

Aé = (idU )fél

ux T1,U,1r"
(ii) The right counit cell ef;: r(’,:(UX f[), which is defined by
ey = mo,u-
(iii) The right comonadic counit cell ju; ¢ (U~ §U), which is defined by
idy

X
=T .
12098 1,U|7r

)

(iv) The right comonadic comultiplication cell §j; : [ (U §U xx), which is defined by

55 = (ide ) x

x .
WO,UzAU711

(v) The right multiplication cell V;: ¢ (U*@Ux §UX), which is defined by

Lo

X X
V[J - (ldU) T0,U T1,U idUX Ux.u 1 °
7o,u 'idyx LU | iy’ i

oA

vi e right unit cell ug;: I;U%), which is defined by
i) The righ 0oy €(1] hich is defined b

U;} = (O)Xj,lj,lj'
vii) The right plastic cell v;; : ¢ (vlux , which is defined by
U I

idy
v =0x —.
Uy

(vili) The left multiplication cell Vj: Qﬁ (U+®U+§U+), which is defined by
Vi = dv)g, , w00r

(ix) The left unit cell af;: [ (I§U+), which is defined by

+
9y = LoU -

(4.3.3)

(4.3.4)

(4.3.5)

(4.3.6)

(4.3.7)

(4.3.8)

(4.3.9)

(4.3.10)

(4.3.11)
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(x) The left monadic unit cell y7;: ZQ%(U§U+), which is defined by

i = 5l (4.3.12)

(xi) The left monadic multiplication cell 97;: ¢ (U++§U+), which is defined by

9f = (idy+)™ (4.3.13)

MO,U,V$,11 ’

(xii) The left comultiplication cell Af;: C (U+ §U+®U+), which is defined by

+ _ (i3t
AU = (ldU)lLo,U I, ‘vut |idU+ 1 (4'3'14)
Lo,vidy+ af, Lo’ J

(xiii) The left counit cell nf; =: rQS(UJrfI), which is defined by

[

ng =uy = (0 1,1, (4.3.15)
xiv) The left plastic cell a;): ¢+l , which is defined by
U I

[

id
45:05%%. (4.3.16)
U

&

Even though we have all the maps to define a differential categorical structure on the category of
resource transducers, we are still a bit away from claiming that the category of resource transducers
is, in fact, a differential category. We still need to show that ((—)*, 6%, u*, A*, e*, V>, u*) satisfies
all the properties of a bialgebra modality and v* satisfies all the properties of a co-dereliction on
that bialgebra. To get the ball rolling, we restate two lemmas from [16] .

Let € be a resource theory. Given a €-valued exchange U € €7,
(i) (U, A, e) is a comonoid,
(i) (U*, V{5, 9¢;) is a monoid.

Also, Given a cell h € C(Uﬁv)

(iii) h*|Ay = Aj|L:, and

(iv) VHht = 2 |vy.

Proof. This is shown in Lemma 18 of [16]. a
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Lemma 4.3.5

Let € be a resource theory. Then,

(i) ((=)*,0*, 1) is a comonad in H¢, and
(i) ((=)*,9", %) is a monad in HE,
and given a €-valued exchange U € €*,

55 /- . g g
(ili) o;]|Afx = Agl5% (ie., 6 is a comonoid homomorphism), and
U

+
(iv) V|9 = %E\Vzr, (i.e., 97 is a monoid homomorphism).
U

Q

Proof. This is shown in Lemma 19 of [16]. a

Importantly, these lemmas prove the naturality of the right comultiplication cell, the right
comonadic counit cell, the right comonadic comultiplication cell, We, now, prove the naturality of
the right counit cell, the right unit cell, the right multiplication cell, and the right plastic cell.

Lemma 4.3.6. Naturality of The Right Counit Cell

Let € be a resource theory. Given a cell h: ¢ (Uﬁv),

haleA=te (4.3.17)

Proof. h*|ey;, = h*|mo,v = mou = €. Qa

Lemma 4.3.7. Naturality of the Right Unit Cell

Let € be a resource theory. Given a cell h: ¢ (U fv),

ug|h™ = uyp (4.3.18)

Q
Proof. As we can see,
ug |h* |mo, v = uilmou = (0)1, 1, 1,Im00 = 11, (4.3.19a)
0 172~
ug |h|my = u(§|7Tl,U|hix = (0)1X1,1,,1,|771,U|hiX = 111|Il_1 o = 0= ﬂi—[?hxy (4.3.19Db)
so by the uniqueness the right iteration cell, ug|h* = (0)7, 1,1, = uy- a

Lemma 4.3.8. Naturality of the Right Multiplication Cell

Let € be a resource theory. Given a cell h: ¢ (Uﬁv),

hX
VY = ViR (4.3.20) .
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Proof. As we can see,

X X X
) x R moy  hX|lmov  mou

h
—IVylmov = T 1(dv) s o« a, o oy = +— = = (4.3.21)
v h oy Hrx | Tty h'moyv  hX|moy  mou’
and
h* h* .
hfx|V§|7T1,v = hfx|(1d\/):0,v my iy Ty Ly |71,y
7o,y ’id ™ | [
0,V 1%y x 1,V VX
. h*x <771,V 4 idvx |va7v> idv
h>< ldvx 7T17V ldvx (ldv)iov ™y idvx O'nyv
7o,V "1idy, x 7"1,V‘ idy, x r
. h* T,V 4 ldvx ‘O—VX’V lldv
B h* idvx ™,V idvx v;;
. h* T,V |idv h* idvx ‘O—VX’V|idV
— hx ldvx v;; h)( 71'17‘/ ldvx v;;
- hX’WLV |idV hx|idv>< ‘O'VX,V idv
N hx|idvx v;; hX|7T17V idvx V;;
_ Wl,U’th |idv idgrx |h* va,v|idv
ide|h>< V;; 7-‘-1,U|hi>< idvx V{;
. . X .
ide Z—i v;; ™,U h* idvx V{}
. . X .
_ 7T1’U’ h |1dV n lde |h7‘0'vx7v|ldv
ide % v;; ™.,U hx‘idvx v;;
_ T h |idV idyy« |UUX7U]h%|idV
ide % v‘i U ide|h>< v‘i
. 7T17U| h |idV ide |0'U><7U| h |idV
N ide % v‘i 7T1’U ide % V‘i
. 7T1’U’ h|idV ide UUX,U’ h|idv
ide Z%|v€; T,U ide %|VXX/
_ 7T1’U’ h lde UUX,U h
ide %|v€; T,U ide %|v€;
. <7T1,U n ide O-UX,U> | h
ide TL,U ide Z% ‘V;; ’

where we used Corollary 4.2.18 for the eighth equality.

iteration cell,

Also,

h)(

"

Vb mov = Vilmou = (idy)

X
( )71'0,‘/ TV idvx‘

VX,V

A1

mo,v idyx Ty

X
m,U T1,U | Mdpx

iy,

‘Ux.u

mo,U ' x T TLU

idx

I

)

To,U

mo,U

Hence, by the uniqueness of the right

(4.3.23)

(4.3.24)
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and
X X X h . X h/
Volhlmy = Vilmyles = (dv)5y mp | gy v vl
TrO’U’idUX T,U idUX il

_ (Trl,U I ide UUX,U)| ldU |£
ldUX U idy (ldU) T0,U T1,U +idUX | ‘ux,u 1 n
0,U lde T,U lde 4 (4.3.25)
_ T1,U i ide Oux,u |idU i _ T1,U I lde Oux,u | idU|h
ide T™1,U ide VE h* ide T1,U ide V§|hx
. T™1,U n ide oux.u ‘ h
= idgyx U idgx V;}‘hxy
so by the uniqueness of the right iteration cell,
X X
Vilh* = (h) 0.V TV ide' vy (4.3.26)
7o,V idyx Ty ‘dvx
Therefore, 2 s CVE = Vi Rx.
a
Lemma 4.3.9. Naturality of the Right Plastic Cell
Let € be a resource theory. Given a cell h: ¢ (Uﬁv),
hlvy = vj|h™ (4.3.27) @
Proof. As we can see,
vy |mo,v = hj (0. > ) |mo,y = h|0 =0 (4.3.28a)
V
id h id hlid h
gl =l (08 Y ) g = b = 1y Hidy b (4.3.250)
uy; uyy I Uy Lrluy  uy
so by the uniqueness of this right choice cell,
h
hlvy = 0K —. (4.3.29)
Uy
Similarly,
I/{}VLX‘WOJ/ = 1/5|ﬂ'07(] = ( ) ‘71'0(] = 0 (4.3.30&)
ugy
h idy h idy, h idy|h h
X hx — X R O _ = —_— = = —, 4330b
Z/U| |7T1’V VU|7r1,U|h>< ( ] U;}) |7T17U hX u[)} hx U;}|h>< u‘>; ( )

where we used Lemma 4.3.7 for the last equality of (4.3.30b), so by the uniqueness of this right
choice cell,
h
v |h* = 06— (4.3.31)
v
Hence, h|vy; = vj|h*. a

Finally, we show the first seven structure cells are the cornering of contraction, weakening,
dereliction, digging, co-contraction, co-wakening, and co-dereliction, respectively.
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Lemma 4.3.10. The Right Comultiplication Cell is Contraction

Let € be a resource theory. Given a €-valued exchange U € €,

CHAPTER 4. DIFFERENTIAL CATEGORIES AND FREE CORNERING

UX
get
A= = e (AP (4.3.32)
Ao,
UX@U X
put
i Q@
Proof. As we can see,
X X X X
. getg getg getg getg
U SO SO e e
getL |7TO7U _ LAUJ ﬂ-O’U LAU, _ LAUJ _ LAUJ
. - . - X X T
A~ idgrx 1,5 idgr= 17| put¥, |7(1:10,U Lg|put%”™ |mo,v wleg
UX UX i UX |;
puty O puty putp U putp” [idy put¥” (4.3.33)
X X
gety gety gotl ™ §
" = = U
= L(I!U®6U)OAU‘ = Ll!U‘ = 1‘0 = getL = idUX
X X X X
put% put% put% put%
and
getg * getU * getg * getg *
y —L_ e S
get% ks Ag, ks A] _ Ag, _ Ao,
. - X . - - X - T
A 5 lde 1,7 put% lde 1,5l putR | T,U 1,51 put% |m1,u - Ld;.L
—_— 3 X 1 X . 7
put }l:]iX®U>< puty, puty idy puty” Jid; Wi glputd
putU><
X
put%
getg . getg * getg 8 getg )
__Bo . Po (Lo®dp)eds, _ (Ag®lLig)edy,
_ ‘4 B 1,1 a2 Iput 1 -\put
1!U| a5 ol 4, . !U|JT !U|%
lU 1,U|putR N ~lllﬁ\putR t)}({ put)}({
put%>< v put%>< PUt% put}%
put%>< put%><
U
gety, - idy ge Cidy ety
g, " lget? 1 gty " 10 (4.3.34)
= — = — =TLU
AR 2 hg Ag, g
_ U _ U
1‘_ll!U|putR 1'_ll!U|putR 14'& U put
U put%x v put%x Lo put% \uil1><
X X
put% put% put;%><
idgy idgs
getg>< getg getg><
A[} | PUt% Ap idy
| 1l put® idy, | 1,7 put® idy,
= ’ﬂ'l7 =
UX ) UX
putp putp
iy iy
=T =T
LU i LU 7
2o, 2o,
UX®U X

X
1!0| put%
put}lé><

where we used [cd.3] in [4] for the seventh equality. Hence, by the uniqueness property of the right
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iteration cell, this implies that

UX
get .
A—L = (1dv)ig, . rts = B0 (4.3.35)
L UJ
put%X®U><
This completes the proof. a

Lemma 4.3.11. The Right Counit Cell is Weakening

Let € be a resource theory. Given a €-valued exchange U € €,

7"
e = 57L& (ep)" (4.3.36)
&, .
Proof. By (4.2.31) and (4.3.4),
£
2L o =e (4.3.37)
v,
This completes the proof. a

Lemma 4.3.12. The Right Comonadic Counit Cell is Dereliction

Let € be a resource theory. Given a €-valued exchange U € €*,

U*
x get -~ >
py = = (ug)" (4.3.38)
“U
utU
P v
Proof. As we can see,
. U#)t+ . U#)+ . U#
0 |1d(U#)+ get% ) ld(UJ_)+ get% ) |1d(UJ_)+ get( )"
Ux x Ux idy, Ux idy Ux
05 putp  mulg putyp” lmulg puty |, vl ™o.U
# #y+ #y+
. get(U ) get(U ) get(U "t getgj )
(U ) " O1 i} [*] " O1
__ 8etp _ 4o, _ %, & &
do idy, ,U| putR | idy 1,5l put% lidy 1,7 putg 1,7 put%
— X X X T
|putU |7T07U pUtU mo,Uu put% |7TO,U pUt}I:]g |7TO,U Le(”]J
put%
#y+ #y+ #y+ #y+
get(U ) get(U ) getSQU ) getgj ) U+ o#
&, &, &, &, gety ) getyy )
- == - . (4.3.39)
glput r—U|plf o 1y ep Ilu L(eU®1U)odUJ Lp,UJ
€, 17 e, 1 1r 'puty 17| puty puty put
#y+ vyt . #\+ .
getg%U#ﬁ' t<U ) get( ) |ld(U#)+ getgj ) |1d (U#)+
151 putU | getU>< putUX |getUX putU>< getU
Ho, 'U‘U “U “U

put% putp putl putU putU
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id
)+
« .
o | g;etlL’X 1d(U#)+
= o :"7UX| Ux
155 gety,
puty 1o,
put%

where we used [cd.1] in [4] for the seventh equality. Since the names of the horizontal cells in
(4.3.38) are equal, (4.3.38) holds. a

Let € be a differential category. Given an object A € Ob (¢),

dig0ds = (0A®1i4) 0 Ay. (4.3.40)

Proof. As we can see,

digoda=lua®ma)oAigo0ds = (lua®ma)o(0a®da)o Ay

(4.3.41)
=Ap0((lnacda)®(maoda)) = (04 ®114) 0 Aa,
where we used the comonadic unit law of the comonad (!, 4, 14) for the last equality. a
emma 4.3.14. e Ri omonadic Comultiplication Cell is Diggin
L 4.3.14. The Right C dic C Itiplicat Cell is Digging
e e a resource theory. Given a €-valued exchange U €
Let €b theory. G ¢-valued exchange U € €*,
g;etg><
55 = —0 = (55)° 4.3.42
U — Uxx :( U) . ( U )
putp O
Proof. As we can see,
getgx g;etgX getgx |1 getg><
=20l % _ %
Uxx o,ux — Uxx - U X X - T 1
ut ut To,U % ut T —~
PR putp™” Mok putpImoux eps (4.3.43)
B getgX B getgX _ getgX _
= s T =7 T = ———— = T,U,
= 0%, o0, g,
where we used Lemma 2.2 in [2] for the second to last equality, and
getgx getg>< getgx |1I g;etlL]X getgX
0 Jo, 11 %0, %0, %0,
X X 1,U* = X X = X X = "o = "ot
puty; puty ™" ok puth” |m . & &,
— % outU X
1l puthy 1!!U|2;1X%
put%xx putR
getf]” getf]” got” get gett
_ G, Bo®Lg)As A, A, Ag, (4.3.44)
Lygl Pu:iéx Ligl puxtgx So 1L ’o, | La |P“;%X
puty puty 1!!U\put%>< g put™ Sg. I
put%xx put%xx put%xx
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X X X X
getg getg getg getg

v v v ‘idUX
2o, 2o, 2o, 2o,
IU\putU |U|putU ,U|putU ,U|putU
- - - 1, - X X
5 \1, 5~ il puty |getU
putUX X putUX x LéfJJ 1,\ 5
tUXX
putp 11|putU
getgX
A.,
U,
. X . .
. ‘U‘ put | lde . AU ldU>< . AX‘ lde
utU* et U 1 etU* U getUX )
putp &R I &%gR R
1, % % :
1; o, o, 5
U XX U XX U><><
putph puty putyh

where we used Lemma 4.3.13 for the sixth equality and Lemma 4.3.10 for the second to last equality.
Hence, by the uniqueness of the right iteration cell, this implies that

getg><
RN 5 4.3.45
put%xx - (1 Ux )WO,UvAz;le — YU- ( i )
This completes the proof. l:l
Let € be a differential category. Given an object A € Ob ¢,
dyoVa=(Va®1la)o(lia®d;
? ( Yo (i ® d3) o o
+ (Va®la)oaaiaac (lia®oana) ooy 4140 (d3 @ Lia).
Proof. Using monoidal graphical calculus, we have that:
Va Va Ay Ay Ag A A Ay
d, As Val| | Va Va Va
—MA ha]
(4.3.47)
Ay Ay Ay Ay d$
Va Va Va Va
I I I I
This completes the proof. l:l
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Lemma 4.3.16. The Right Multiplication Cell is Co-Contraction

Let € be a resource theory. Given a €-valued exchange U € €,

U*QU
et
X gety _\P>
5=~ = (Yy) (4.3.48)
20,
X
putU
R Q
Proof. First, note that
X X X X X
U QU getg getg getg getg getg
get g;etg>< g;etg>< Ly getg>< L getLX 1,5 g;e‘cL>< 1,5
|7TOU = = = =
r R s - s - r R - r A — T - r hl
Vo, N0, Vo, Vo, egoVy  eg®ep
UXx tUX putUX |7T T L a n a
putp putp R 1TO,U o
‘o (4.3.49)
. U><
1dU><|getL - -
_ gety ™ 1,5 _ idgx |getL idgx |getL idgx I _ TOU
PO getV* ' Lig getl ™ ' To.U ou ™o,U
6& 60 L D L 60 ) )
Va0 Y _ er i LY
e U, e
Now, note that
X X X X
U QU™ getg getg getlL] getg
X X X X
get ‘71‘1(] _ getg 1!0| _ getU L _ getg L _ getg 11,7
G 5 s G 5 - il G 3
Vo, Vo, Vo, Vo, 45V,
put,” putl” PU'GU |7f1,U a2, Lglputh
LU, %
g o]
]Jut%><
getg><
X
. getlL] |1!L7
(Vo ®1)0 (L, ®d3) +(Vg®15)0(1,5 807,150 (d3®1,7) (4.3.50)
1 ff‘ put%
put%><
getg getg X get[fj *
_ get x Ly _ gety x |1|[~] geth ‘1!0
holdp, oM Lol 4, o
Nollg LWglegao Vg lg Lol ogao
1!&' put% putp 1!l.[| put%
putU>< putU><
R R
To simplify further, let us simplify each term separately. As we can see
X
ddpyx ge i | |g5tg id,, |10 idy | gety
. . T1L,U 1,U =
getg>< getgx U id;; x | 43, iy, x | UX Lgr v get 17
A T A T AT Tlolle 35
R ~|rd01 - rv~1 = - T S o - rv~1 o - rV: o .
17! %g o, UU |put |put |put
5115 1|l_]>< ZMR PUtUX PutUx pu‘cUX
Ux i
1 0|put% pUt Ux
put%><




. U .
id get id id id
LUl [l]]X 1~L m1,U] [lj/X getg m,Ul gx U m,Ul [[]Jx
getL U getL o getL getL getL
UX 11 11~ UX 1 - - UX 1 UX i
_ get?” 11,5115 ety L | g eety [l put% _ogety |l idg
v 3 - v B U — " i . - [ i .
_ _ ut _ _
LVUJ |put% LVU, I()j R LVUJ lde LVUJ lde
Ux 13 X 1dg; x X X
puth idgx put% put% put%
id
7T1,U| gx .
gety T U‘ idy
< . .
getV ™ 1,5 = get? U idgy U ‘ idy
Vi id \getgx Lo ddpe s idy gety ®U"
- UJ>< Ux - getUX |17 ’
puty U, ETL VU
put% LV[}J put%><
put%><
and
Uux X X x
y ggiiL id, x | get¥ id, x | get? idy; x get¥
U get 1,7 . U _ U _ .
gety "L |1!U ol id;; gety |1,U - ‘ ldU |get |1!U TLU ' idgy | ety Il,U
U X il U 1L,U Ux 1T1~ 1T - 1L,U 1~ 171, ~ U X 1‘
gety " 1Ly Y5 Y gety v oo o o gety
° ~ ~ i ~ r ~ ~1 - ~ r ~ ~1 - ~ T ~ i
Ldﬁ)‘l!U Lglog o Lglog o, 1!U| o0, 11U|LUU,!U,
hwolrowo, Yo, g Yo, A AL
VU llU 1!U P‘lt% put%>< put% put%><
I — X
1,~| puty P‘“%
\U R g
put%><
X
getg %
x —_—— U
sty idy ‘m LA
iy ety 1y get 1 1ghg idUX eetp My
~ ~ : i : U
. lde getU 1U‘llU . lde ’ \U “Uﬂj . lde getp 70,10,
~ ~ ‘.1 r ~1 U - " ~1 U
LU 1!U‘LO'U,!UJ LU Vi |puty T,U Vi | puty
" N U X X
Vil puty puty puty
put:%><
. X
. idy; x | getg idy; x | getg
; U id U id U _
idy x \ge‘[cJL 71 U gftL 1 %ffx gftL 17
. ~ (3
idy |getL atos 5L 0,0 EL 0,0
. UX v _ ~1 . Yy, . Yy,
. ldUX gety LO-U,!UJ . ldUX ’ I!U\put% _ ldUX | 1!U|put% (4 3 52)
a U - r R - _ _ . .
T,U LVUJ\putR .U LVU, .U 1!rU|11!U
v,_
put%>< putUX .U,
put%><
UX
y iy x getL
id,, ‘ gety |idU idy, et 1y | idy
ld U~ U X ) UX
IIJJ gety 115 gety, 0.0 get]
gety § K 1,5 T
LJU,!UJ U |putR
1 T 1 owtl i T
lde lll-]\putR _ ldU>< | put%
_ Ux ux B
T1,U Lig|puty” |gety LU Vo,
~ X
N, putf
put%x
. . id
1dU>< 1dU>< O Ul gx
_idy ’ ‘ idys ’ 7T gety
. < . —
lde getg U~ U getU>< . lde | getg>< 1!U
LU V~ mL,U Vo
><
putU put%><
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idy;x

idys
dg |UUX,U|

getg x

idys
UX oyx vl
L

get

_ idgr= | get? ™ 1,5 _ idyx | idx | gety ™ 1,5
771’U Lvl_]J 7TI’U LVUJ
put% put%><

ide oux,u idU ide oyx.u idU
B T,U ide getlL]X 7T17U| ide getlL]X®U>< '
e 11,5 C
put?

Putting the last three expressions together, we get that

gotl*®U (m | idy |0'UX,U) idy (4.3.53)

*MLU = | - .
LVU lde T,U lde gef,g)(@U><

UJ>< ~
putp Vo,
put%><

Hence, by the uniqueness of the right iteration cell,

U><®U><
get; . y “
o = (ldU)wo)U oy gk Tuxu o, Vi (4.3.54)
'] | i A7
mo,u 'y x T mLu o idyx

This completes the proof. a

Let € be a differential category. Given an object A € Ob (€),

dyous =0. (4.3.55)

Proof. As we can see,

dyous=(La®@ua)oAgous = (Lia®pua)o(ua®ua) = (liaous)® (1aoua)

4.3.56
= (Liaoua)®(naous)=(liaousg)®0=0, ( )

where we used Lemma 3.3 in [2] for the second to last equality. a

Lemma 4.3.18. The Right Unit Cell is Co-Weakening

Let € be a resource theory. Given a €-valued exchange U € €*,

x _ g -
uy = = (ug)© (4.3.57)

— =
putp

Proof. As we can see,

> ui, UU r ~ oA
[}X—J:%: ey ouy = 17 =1], (4.3.58)
putR |7TO,U eu v 3 L

8

. 7T)U —
llx‘ )
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and

ug ug, ds dgoug 0
W'”w -

= T ooutl . lolont? 1o outl
puty” |y lolputy Ly |puty Ly |putp

X X X
put% put% put%

111

(4.3.59)

g,
__ 0 R

1!L_Z| put% 11 ’

UX
putph

so by the uniqueness of the right iteration cell, this implies that

1,

N 4.3.60
m—,r ( )

up = (0)1X,,1,,1I =

This completes the proof. a

Lemma 4.3.19

Let € be a differential category. Given an object A € Ob (€),

dyovg=(ua®1a)0Ay. (4.3.61)

Proof. As we can see,

dyovg=(lia®ua)oAgovy

= (La®pua)o(vaous)opa+ (Lia®pua)o(uaova)oa
=((liaova)®(pacua))opa+ (lraoua)®(paova))oia
(vA®0)opa+(ua®la)o s

=0+(UA®1A)O)\A

= (ua®14)0 A4,

(4.3.62)

where we used Lemma 3.3 in [2] for the fourth equality. a

Lemma 4.3.20. The Right Plastic Cell is Co-Dereliction

Let € be a resource theory. Given a €-valued exchange U € €*,

gety
v = e = ()" (4.3.63)
putp

Proof. As we can see,

get u get g get u ‘ 1 get g

v 1 v et? ety ety
|To,u = ‘U{]x! L - U A ] (4.3.64)
putp 7ou  putp |To,u €fr €77 O Vi 0 0

”U
uty”
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where we used the constant rule of v for the fifth equality, and

e e P A R
iy = —2 Lo v __ve, o Gpove,  we®lg,
U = = =T 7 ~ v -7 U
put%X put%x ™,U put%x |7r17U dz 1!U|puXtR 1!U|pu:R
1!l~[| put% put% put}%
UX
PUCR (4.3.65)
) U o
. U Jj—:dj getg idU get%,
idy|gety, wg | Ig AL 2e iy idy idy|idy idy
gy gl U g U wgl wpidy
- B U X X - x x x )
Ligl puty put?, put?, put put?, put?, ugy
U
putp

where we used Lemma 4.3.19 for the fifth equality and 4.3.18 for the last equality. Hence, by the
uniqueness of the right choice cell,

gty
Vi idy x
e = 0 — = 1. (4.3.66)
putp Ug;
This completes the proof. a

We, now, have everything we need to prove the main result of this thesis.

Theorem 4.3.21

Let € be a resource category. Then, HC is a differential category. S

Proof. By Theorem 4.2.20, HC is a compact closed category, so by Theorem 4.1.6, HC is a

x-autonomous category. By Lemmas 4.3.4-4.3.9, A*X e*, p*, 6%, VX, u*, v* are natural trans-
formations. Since (1,0, u, A e, V,u) is a bialgebra and v is a co-dereliction corresponding to this
bialgebra, by Lemmas 4.3.10-4.3.20, ((—)*,0*, u*, A%, e*,V>*, u*) is a bialgebra and v* is a co-
dereliction corresponding to this bialgebra. Hence, HC is a differential category. a

Corollary 4.3.22. The Right Step Cell is a Co-Deriving Transform

>

Let € be a resource theory. Given a €-valued exchange U € (€).",

mu = AJl- 5 v, (4.3.67)
1 U X%
Q
Proof. As we can see,
y idy idy idy . .
AX Hy = AX 7T1’U|7T0,U = AX TUlmyy  ax TLU | Tou idy | idy
S = Ap| T p) ITT0r L p ML T 10 K
lde lde lde |1dU>< lde lde AU id’
o ‘ UXx (4.3.68)
—7T1U\—1dU|1dU = m,U] ldy = TU
- ) x| To,U Ui - e
AU|ide lde

This completes the proof. a



Bibliography

1]

2]

[12]

[13]

R. F. Blute, J.R.B. Cockett, and R.A.G. Seely. Differential categories. Mathematical Structures
in Computer Science, 16(6):1049-1083, 2006.

R.F. Blute, J.R.B. Cockett, J.-S.P. Lemay, and R.A.G. Seely. Differential categories revisited.
Applied Categorical Structures, 28(2):171-235, Apr 2020.

R.F. Blute, J.R.B. Cockett, R.A.G. Seely, and T.H. Trimble. Natural deduction and coherence
for weakly distributive categories. Journal of Pure and Applied Algebra, 113(3):229-296, 1996.

J. R. B. Cockett and J.-S. Lemay. Integral categories and calculus categories. Mathematical
Structures in Computer Science, 29(2):243-308, 2019.

J.R.B. Cockett, Cole Comfort, and Priyaa Srinivasan. Dagger linear logic for categorical
quantum mechanics. Logical Methods in Computer Science, Volume 17, Issue 4, Nov 2021.

J.R.B. Cockett and Craig Pastro. The logic of message-passing. Science of Computer Pro-
gramming, 74(8):498-533, 2009. Special Issue on Mathematics of Program Construction (MPC
2006).

T. Ehrhard and L. Regnier. Differential interaction nets. Theoretical Computer Science,
364(2):166-195, 2006. Logic, Language, Information and Computation.

Thomas Ehrhard and Laurent Regnier. The differential lambda-calculus. Theoretical Computer
Science, 309(1):1-41, 2003.

Thomas Ehrhard and Laurent Regnier. Uniformity and the taylor expansion of ordinary
lambda-terms. Theoretical Computer Science, 403(2):347-372, 2008.

Gerhard Gentzen. Untersuchungen tiber das logische schlieflen. i. Mathematische Zeitschrift,
39(1):176-210, Dec 1935.

J.-Y. Girard. Linear logic: its syntax and semantics. In Jean-Yves Girard, Yves Lafont, and
Laurent Regnier, editors, Advances in Linear Logic, London Mathematical Society Lecture
Note Series, page 1-42. Cambridge University Press, 1995.

Chris Heunen and Jamie Vicary. Categories for Quantum Theory: An Introduction. Oxford
University Press, 11 2019.

Sorensen Morten Heine and Urzyczyn Pawel. Lectures on the Curry-Howard Isomorphism.
Number v. 149 in Studies in Logic and the Foundations of Mathematics. Elsevier Science,
2006.

155



156

[14]

BIBLIOGRAPHY

Chad Nester. Situated transition systems. In Kohei Kishida, editor, Proceedings of the Fourth
International Conference on Applied Category Theory, Cambridge, United Kingdom, 12-16th
July 2021, volume 372 of Electronic Proceedings in Theoretical Computer Science, pages 103—
115. Open Publishing Association, 2022.

Chad Nester. Concurrent process histories and resource transducers. Logical Methods in
Computer Science, Volume 19, Issue 1, Jan 2023.

Chad Nester and Niels Voorneveld. Protocol choice and iteration for the free cornering. Journal
of Logical and Algebraic Methods in Programming, 137:100942, 2024.

Robert R. Schneck. Natural deduction and coherence for non-symmetric linearly distributive
categories. Theory and Applications of Categories [electronic only/, 6:105-146, 1999.

R.A.G. Seely. Linear logic, *-autonomous categories and cofree coalgebras. In John W. Gray
and Andre Scedrov, editors, Categories in Computer Science and Logic, pages 371-383. Amer-
ican Mathematical Society, 1989.



	1 Introduction
	2 Differential Lambda-Calculus
	2.1 Motivating the Syntax of Differential Lambda-Calculus
	2.2 Differential Pre-Terms and Terms
	2.3 Defining the Partial Derivative
	2.4 Defining Differential Reduction

	3 Taylor Lambda-Calculus
	3.1 Motivating the Syntax of Taylor Lambda-Calculus
	3.2 Working with Multisets
	3.3 Defining Taylor Lambda-Calculus and the Partial Derivative
	3.4 Reductions in Taylor Lambda-Calculus

	4 Differential Categories and Free Cornering
	4.1 Introducing Linear Categories, Differential Categories, and Resource Categories
	4.2 Adding a Compact Closed Structure on the Category of Resource Transducers
	4.3 Showing that the Category of Resource Transducers is a Differential Category

	Bibliography

