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Abstract

In this thesis, we describe three variants of a purely synthetic framework to treat
the differentiation of analytic functions: differential λ-calculus, Taylor λ-calculus,
and differential categories. We present the first explicit description of the rela-
tionship between Taylor λ-calculus and differential λ-calculus, showing that Taylor
λ-calculus can be thought of a subset of differential λ-calculus. Separately, we gen-
eralize the existing definition of the free cornering on a resource theory, which is a
model of asynchronous processes, in the literature to include infinite resources and
the ability to borrow resources. We will, then, prove that the category of resource
transducers induced by this generalized notion of the free cornering has a canonical
differential categorical structure.
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Chapter 1

Introduction

One of the key concepts that will be studied in this thesis is that of an a asynchronous processes.
The basic idea of an asynchronous processes is that it is a system that that is composed from simpler
processes that take in a certain collection of resources and output a certain (potentially different)
collection of resources and/or messages that communicate the state of those resources after the
process has concluded. The collection of all possible resources that is used by an asynchronous
processes (or a collection of asynchronous processes) is called a resource theory, and the behavior
of each simpler processes within an asynchronous process can also be influenced by the messages
produced by other simpler processes in the system. Those processes that just take in and then
output a message, without taking or outputting a resource, is called a resource transducer.

In 2023, Chad Nester, an Estonian mathematician at the University of Tartu, defined the
free cornering in [15], which is a rudimentary graphical model of asynchronous processes. The
general idea in this paper is that a symmetric monoidal category can be thought of as a resource
theory, where the objects are some collection of resources, morphisms are processes that manipulate
resources, and tensoring represents having two resources or performing two processes manipulating
resources simultaneously. From a symmetric monoidal category, one can build a double category
called the free cornering, where a subset of cells called vertical cells represent processes on resources
and a subset of cells called horizontal cells represent messages between distinct parts of the system.
The subset of horizontal cells form the category of resource transducers. In [16], Chad Nester
showed that the category of resource transducers is an instance of linear actegories, a logic of
message passing developed by Canadian mathematicians J.R.B. Cockett and Craig Pastro in [6]
back in 2007. Importantly, linear actegories are grounded in linear logic, which is the first indication
that free cornering and linear logic are intimately tied, and is one of the motivations for the work
in this thesis.

Separate from the topic of free cornering, in 2004, Thomas Ehrhard and Laurent Regnier, French
mathematicians at the Institut de Mathématique de Luminy, developed a powerful framework to
express the differentiation of analytic functions purely syntactically called the differential λ-calculus
in [8]. In attempt to simplify the syntax of differential λ-calculus and make its connection to linear
logic more apparent, Ehrhard and Regnier in 2006 (see [7]) proposed two new frameworks to
express the differentiation of analytic functions syntactically: Taylor λ-calculus and differential
interaction nets, which is also referred to as differential linear logic. While these systems seem very
different at first glance, as stated toward the end of [7] and as restated in Theorem 4.1.14 in this
thesis, Taylor λ-calculus and differential interaction nets are actually equivalent. Also, in 2006,
at the same time that Ehrhard and Regnier were working on these two frameworks of synthetic
differentiation, R.F. Blute, J.R.B. Cockett, and R.A.G. Seely, formulated a fourth framework to

1



2 CHAPTER 1. INTRODUCTION

express the differentiation of analytic functions purely syntactically called the differential category
(see [1]). It is immediate that the morphisms in the differential category that are formed only
by the differential category’s structure maps are, in fact, just differential interaction nets. In this
way, differential categories and differential interaction nets are equivalent as systems for synthetic
differentiation.

Chapter 2 of this thesis will carefully work out the details of differential λ-calculus, making a few
minor improvements to the definitions of differential terms, substitution, and partial differentiation
to ensure that the notion of free variables, substitution, and partial differentiation are well-defined.
Chapter 3 will, then, carefully work out the details of Taylor λ-calculus. It is important to note that
Taylor λ-calculus, differential interaction nets, and differential categories are equivalent frameworks
for synthetic differentiation. But this raises a natural question? how do these systems relate to the
original framework for synthetic differentiation, differential λ-calculus? It is strongly suggested in
[9] that Taylor-λ calculus is a subset of differential λ-calculus. In section 3.4, we provide the first
explicit description of this, showing that substitution, partial differentiation, and differential β-
reduction is preserved by the canonical injection from Taylor λ-calculus into differential λ-calculus
(see Lemma 3.4.5, Lemma 3.4.7, Theorem 3.4.8, and Lemma 3.4.9).

At this point, we have mentioned asynchronous processes and synthetic differentiation, but so
far, we have not in any way illustrated the reason these two concepts are related. Let us change
that.

A year after Chad Nester published his original work on free cornering, Chad Nester together
with Niels Voorneveld, another Estonian mathematician, improved the definition of the free corner-
ing in [16]. In this paper, they define the free cornering with choice, which enables the description
of control statements (i.e., choice) in an asynchronous process, and the free cornering with choice
and iteration, which enables the description of loops (i.e., iteration) along with choice in an asyn-
chronous process. Interestingly, according to Lemmas 18-19 in [16] (which are restated in Lemmas
4.3.4 and 4.3.5 in this thesis), the right comultiplication cell, right counit cell, the right comonadic
comultiplication cell, and right comonadic counit cell, which are all resource transducers and are
defined in Definition 4.3.3, behave surprisingly similarly to the natural transformations contraction,
weakening, digging, and dereliction in a differential category. Hence, it is only natural to assume
that that category of resource transducers under suitable conditions is, in fact, just a differential
category. That is what this thesis will explore in Chapter 4.

In order to show that the category of resource transducers is, in fact, a differential category, it is
important to recognize that the category of resource transducers misses two key properties. First,
the category of resource transducers is not symmetric, as Chad Nester points out in Observation 6.4
in [15]. Second, the category of resource transducers lacks natural transformations corresponding to
co-contraction, co-weakening, and co-dereliction, which appear in differential categories. To show
that the category of resource transducers has these properties, we add very natural conditions to
our resource theory and correspondingly generalize our notion of a free cornering with choice and
iteration. Namely, to add symmetry, it will be necessary to allow resources to be borrowed (in the
sense presented in [14]) and allow the existence of infinite resources, and to add co-contraction,
co-weakening, and co-dereliction, we will need an additive structure in our resource theory and
free cornering. This results in the definition of a resource category, presented in Definition 4.1.16,
and the free cornering with choice and iteration of a resource category, presented in Definition
4.2.3. Under these minimal conditions, we find the remarkable fact that the category of resource
transducers has a canonical differential categorical structure (see Theorem 4.3.21).



Chapter 2

Differential λ-Calculus

In this chapter, we will introduce the first of four formulations of a purely syntactic framework
to treat differentiation of analytic functions, which is primarily based on Thomas Ehrhard and
Laurent Regnier’s seminal paper [8] on the topic. The first section will give a brief motivation of
the syntax of differential λ-calculus without getting too in the weeds with the precise construction
of a differential term. The second section will then provide the precise construction of a term in
this calculus. To accomplish this, it will be necessary for us to define what will be called differential
pre-terms, whose properties will make up most of the material of the second section. The third
section will introduce a recursive definition of the partial derivative of a differential term and will
demonstrate that this definition of a partial derivative allows for purely symbolic formulations of
the chain rule, the generalized Leibniz rule, and Schwarz’s theorem. The fourth and final section
of this chapter will introduce a procedure of evaluating a differential term, expanding the usual
notion of β-reduction in ordinary lambda calculus. This section will then conclude with a proof
that the differential λ-calculus satisfies the Church-Rosser property.

2.1 Motivating the Syntax of Differential λ-Calculus

The title of this paper uses quite a peculiar phrase: synthetic differentiation. But what precisely
does synthetic mean, especially in the context of differentiation? The idea, here, is that we want to
be able to express ideas or prove properties about differentiation of analytic functions via purely
symbolic reasoning, rather than via, say, the usual limit definition of differentiation. So, in this
context, synthetic means via purely symbolic reasoning, and this is precisely what differential λ-
calculus accomplishes. This is a very similar idea to how sequent calculus, originally introduced
by German mathematician Gerhard Gentzen in 1935 [10], allows us to draw conclusions about
properties of classical logic via syntactic manipulations of sequents without considering the actual
semantic notion of truth underpinning classical logic.

Now that we have a rough idea of the goal of synthetic differentiation, which is to capture
syntactically the behavior of differentiation, there is a natural follow-up question. How should we
construct the syntax to capture the behavior of differentiation in a way that is computationally
useful? The first syntactic element we will need is a denumerable set V of symbols (henceforth called
variables), which we will use to represent the arguments of functions such as x, y, z and to represent
analytic functions themselves such as f : R2 Ñ R. This denumerable set V of variables will serve
as the base case of our differential terms. However, labeling an analytic function by the symbol
f does not tell us much about what f actually is, and hence, is not very useful computationally.
We should have differential terms that allow us to break down a function into an argument and
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4 CHAPTER 2. DIFFERENTIAL λ-CALCULUS

some simpler differential term that may or may not use this argument. Such a term is known as
an abstraction, and is written as λx.s, where x, a variable, is the argument of the function and s,
a simpler differential term, is some process that may or may not use x. For example, using this
notation, we would write the function that takes in a number and returns that inputted number
(i.e., the identity function) as I “ λx.x, and we would write the projection function that takes
any number to some value represented by y (i.e., the projection function) as P “ λx.y. It seems
though, since an abstraction only has one argument, that we can only express functions that take
in one parameter, like the identity I and the projection function P. However, by using multiple
abstractions, we can actually express a function that takes any number of arguments. A function
f : Rn Ñ R can be written as f “ λxn.p. . . pλx1.sq . . .q, where xi is a variable representing the ith
argument of f and s is some differential term representing a process that may or may not use the
arguments x1, . . . , xn. For example, using this notation, we would write the function that takes in
two arguments and returns the second input as K “ λx.pλy.xq. The last fundamental syntactic
element we will need before getting into differentiation is some way to express the composition
of two functions. This is accomplished by concatenation, and a term formed this way is called
an application. For example, the composition of the differential terms representing the analytic
functions s and t is written as st. To recap, so far, we have that a differential term is one of the
following:

(i) a variable;

(ii) an abstraction λx.s, where x is a variable and s is a differential term; or

(iii) an application st, where s and t are differential terms.

However, at this point, we still have not introduced any syntax representing the derivative of
a function. In fact, the only differential terms we have discussed are simply the terms found in
ordinary λ-calculus. Let us fix this. Given a positive integer n P N, positive numbers i1, . . . , in, a
variable f , representing an analytic function of type Rm Ñ R, and differential terms t1, ¨ ¨ ¨ , tn, rep-
resenting some functions, we introduce the differential term Di1,...,inf ˚pt1, . . . , tnq, which represents
the function whose type is the same as f and is given by

x1, . . . , xm ÞÑ pBxi1
. . . Bxin

fqpx1, . . . , xmq ¨ t1px1, . . . , xmq ¨ tnpx1, . . . , xmq. (2.1.1)

Note that i1, . . . , in do not necessarily need to be distinct. Similarly, given a positive integer n P N,
a variable x, representing an argument of a function, a differential term s, representing a process
that may or may not use the argument x, and differential terms t1, ¨ ¨ ¨ , tn, representing some
functions, we introduce the differential term Dn

xλx.s ˚ pt1, . . . , tnq, which represents the function of
type R Ñ R given by

x ÞÑ pBn
xfqpxq ¨ t1pxq ¨ tnpxq, (2.1.2)

where f : R Ñ R is the one-dimensional analytic function represented by λx.s. Observe that (2.1.2)
coincides with (2.1.1) when m “ 1. Hence, a differential term can also be of the following:

(iv) a differentiated variable pDi1,...,inx ˚ pt1, . . . , tnqq, where n, i1, . . . , in P N are positive integers,
x P V is a variable, and t1, . . . , tn are differential terms; or

(v) a differentiated abstraction pDn
1λx.s ˚ pt1, . . . , tnqq, where n P N is a positive integer, x P V is

a variable, and s, t1, . . . , tn are differential terms.
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This gives us a notion of differentiation that very conservatively extends ordinary λ-calculus.
Yet, if we want any shot at expressing even simple behavior of derivatives, such as the product rule,
we are still missing one critical ingredient: sums. That is, we want differential terms that take the
form

řn
i“1pri ˝ siq, where si are simpler differential terms and ri are some symbols from the set R

(henceforth called scalars), representing real numbers. Hence, a differential term can also be of the
following:

(vi) a scalar multiplication r ¨ s, where r is a scalar and s is a differential term;

(vii) a sum s ` t, where s, t are differential terms; or

(viii) 0, which represent the zero functions.

These eight different kinds of differential terms will make up our calculus, which will be called
differential λ-calculus. With this intuition at hand, let us make this notion of a differential term
much more precise.

2.2 Differential Pre-Terms and Terms

It is tempting to jump straight into defining differential terms, and it is not entirely unreasonable
to do this. But by making this leap, we would be glossing over a critical point: the set of differential
terms is not a freely generated system. This should not be surprising. Just note, for instance, that
sums of differential terms should clearly be identified by commutativity and associativity. The lack
of freeness in the set of differential terms means that we cannot automatically claim that recursively
defined function on the set of differential terms, such as partial differentiation, is well-defined. To
resolve this issue, we define the set of differential pre-terms, which is freely generated, and then
quotient this set by the appropriate relations to obtain the set of differential terms. This approach
is motivated by [13], where the authors, Sørensen Morten and Urzyczyn Pawel, quotiented the
freely-generated set of pre-terms to obtain the set of ordinary λ-terms.

Definition 2.2.1. Set of Scalars

♣

Let S be a denumerable set of symbols and let 1 be a distinguished symbol. Then, the set of
scalars R on S is the free set on S Y t1u generated by two binary connectives ¨ and `.

Definition 2.2.2. Differential Pre-Terms

Given a denumerable set V of variables, a set of scalars R, and a distinguished symbol 0,
a simple differential pre-term and a complex differential pre-term are defined via mutual
induction as follows:

(i) Given a nonnegative integer n P N0, a variable x P V, positive integers i1, . . . , in P N, and
simple differential pre-terms t1, . . . , tn, pDi1,...,inx ˚ pt1, . . . , tnqq is a simple differential
pre-term.

(ii) Given a nonnegative integer n P N0, a variable x P V, and simple differential pre-terms
s, t1, . . . , tn, pDn

1λx.s ˚ pt1, . . . , tnqq is a simple differential pre-term.

(iii) Given a simple differential pre-term s and a complex differential pre-term τ , psτq is a
simple differential pre-term.

(iv) 0 is a complex differential pre-term.
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♣

(v) Given a simple differential pre-term s, s is also a complex differential pre-term.

(vi) Given a scalar r P R and a complex differential pre-term τ , pr¨τq is a complex differential
pre-term.

(vii) Given complex differential pre-terms σ and τ , pσ`τq is a complex differential pre-term.

Let ∆d,V denote the set of simple differential pre-terms, and let Rx∆d,Vy denote the set of
complex differential pre-terms.

Notice that at virtually every inductive step in the definition of a differential pre-term, outer
parentheses are added. This quickly makes differential pre-terms rather unwieldy, so we will adopt
some straightforward notational conventions to make differential pre-terms easier to read and write.

Notation 2.2.3

♠

We apply the following notational conventions when writing differential pre-terms:

(i) The outermost parentheses are omitted. For example, pD6,2x ˚ py, yqq, where x, y P V
are variables, is abbreviated as D6,2x ˚ py, yq.

(ii) If n “ 1 in a differential pre-term in the shape of Definition 2.2.2 (i)-(ii), the parenthesis
around the list of simple pre-terms at the end of the differential pre-term are dropped.
For example, pD3λx.x˚pyqq, where x, y P V are variables, is abbreviated as pD3λx.x˚yq.

(iii) Application associates to the right. For example, ppsτqσq, where s P ∆d,V is a simple dif-
ferential pre-term and τ, σ P Rx∆d,Vy are complex differential pre-terms, is abbreviated
to psτσq

(iv) Summation associates to the right. For example, ppρ` σq ` τq, where ρ, σ, τ P Rx∆d,Vy

are complex differential pre-terms, is abbreviated to pρ ` σ ` τq.

(v) Multiplication binds stronger than summation. For example, ppr1 ¨ τq ` pr2 ¨ σqq, where
r1, r2 P R are scalars and τ, σ P Rx∆d,Vy are complex differential pre-terms, is abbrevi-
ated as pr1 ¨ τ ` r2 ¨ σq.

It is important to note, before getting further, that not all variables were created equal; rather,
variables fall into two distinct classes. To build some intuition, think of the function h :“ t ÞÑ 1

2gt
2

representing the distance a ball falls at time t after it was dropped at time 0 given that the constant
of gravitational acceleration is g. The symbols g and t are clearly both variables. However, they do
not exactly behave in the same way. g is a constant in the function h representing some value, which
can be specified later. We call g a free variable of h. On the other hand, t is the argument of the
function h. We call t the bound variable of h. That is, constants of functions are free variable and
arguments of functions are bound variables. Equipped with this intuition, let us translate this into
differential λ-calculus. In differential λ-calculus, we would write h as 1

2λt.Pgtt, where P is some
differential pre-term that returns the product of three inputted numbers when evaluated. Hence,
in differential λ-calculus, a variable is said to be free when it is not contained in an abstraction
whose corresponding variable is the same; otherwise, the variable is said to be bound.



2.2. DIFFERENTIAL PRE-TERMS AND TERMS 7

Definition 2.2.4. The Variables of Differential Pre-Terms

♣

Define the function Var: Rx∆d,Vy Ñ V˚ that takes a complex differential pre-term to a finite
subset of variables by:

Var pDi1,...,inx ˚ pt1, . . . , tnqq “ txu Y Var pt1q Y ¨ ¨ ¨ Y Var ptnq, (2.2.1a)

Var pDn
1λx.s ˚ pt1, . . . , tnqq “ txu Y Var psqVar pt1q Y ¨ ¨ ¨ Y Var ptnq, (2.2.1b)

Var psµq “ Var psq Y Var pµq, (2.2.1c)

Var p0q “ H, (2.2.1d)

Var pr ¨ µq “ Var pµq, (2.2.1e)

Var pµ ` νq “ Var pµq Y Var pνq, (2.2.1f)

where x P V is a variable, r P R is a scalar, n P N0 is a nonnegative integer, i1, . . . , in P N are
positive integers, s, t1, . . . , tn P ∆d,V are simple differential pre-terms, and µ, ν P Rx∆d,Vy are
complex differential pre-terms. The image of a complex differential pre-term τ P Rx∆d,Vy

under Var will be called the variables of τ .

Definition 2.2.5. The Free Variables of Differential Pre-Terms

♣

Define the function FV: Rx∆d,Vy Ñ V˚ that takes a complex differential pre-term to a finite
subset of variables by:

FV pDi1,...,inx ˚ pt1, . . . , tnqq “ txu Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq, (2.2.2a)

FV pDn
1λx.s ˚ pt1, . . . , tnqq “ pFV psq ´ txuq Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq, (2.2.2b)

FV psµq “ FV psq Y FV pµq, (2.2.2c)

FV p0q “ H, (2.2.2d)

FV pr ¨ µq “ FV pµq, (2.2.2e)

FV pµ ` νq “ FV pµq Y FV pνq, (2.2.2f)

where x P V is a variable, r P R is a scalar, n P N0 is a nonnegative integer, i1, . . . , in P N are
positive integers, s, t1, . . . , tn P ∆d,V are simple differential pre-terms, and µ, ν P Rx∆d,Vy are
complex differential pre-terms. The image of a complex differential pre-term τ P Rx∆d,Vy

under FV will be called the free variables of τ .

Definition 2.2.6. The Bound Variables of Differential Pre-Terms

Define the function BV: Rx∆d,Vy Ñ V˚ that takes a complex differential pre-term to a finite
subset of variables by:

BV pDi1,...,inx ˚ pt1, . . . , tnqq “ BV pt1q Y ¨ ¨ ¨ Y BV ptnq, (2.2.3a)

BV pDn
1λx.s ˚ pt1, . . . , tnqq “ txu Y BV psq Y BV pt1q Y ¨ ¨ ¨ Y BV ptnq, (2.2.3b)

BV psµq “ BV psq Y BV pµq, (2.2.3c)

BV p0q “ H, (2.2.3d)

BV pr ¨ µq “ BV pµq, (2.2.3e)

BV pµ ` νq “ BV pµq Y BV pνq, (2.2.3f)

where x P V is a variable, r P R is a scalar, n P N0 is a nonnegative integer, i1, . . . , in P N are
positive integers, s, t1, . . . , tn P ∆d,V are simple differential pre-terms, and µ, ν P Rx∆d,Vy are
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♣
complex differential pre-terms. The image of a complex differential pre-term τ P Rx∆d,Vy

under BV will be called the bound variables of τ .

The motivation for distinguishing free from bound variables spears when we try to define sub-
station. In particular, when we want to substitute a certain complex differential pre-term, say σ
for a given variable, say, x into a complex differential pre-term, say, tau, we only want to replace
those instances of x in τ that are free. To understand the reason we only replace free variables
when substituting, we go back to our intuition of free variables as constants and bound variables
as arguments. Intuitively it is clear constants are distinct from arguments: constants, as opposed
to arguments, are fixed values that can be specified later. Specifically, we can substitute a con-
stant with some chosen number. For example, consider again the function h :“ t ÞÑ 1

2gt
2 (or

h “ 1
2λt.Pgtt in the notation of differential λ-calculus), which tells us how much a ball traveled as

a given time t after being dropped given that the constant of gravitational acceleration is g. To
express appropriately how much the ball travels at a given time if the ball was dropped on the
Moon, we would simply substitute every instance of g in h with 1.625 m{s2, which would give us
hrp1.625 m{s2q{gs :“ t ÞÑ 1

2p1.625 m{s2qt2 (or h “ 1
2λt.P p1.625 m{s2qtt in the notation of differen-

tial λ-calculus). However, unlike a constant, it does not make sense to substitute the argument of a
function with some number, as it could fundamentally change a potentially very dynamic function
into some kind of projection. For example, if we substitute 1 s for every instance of t in h we get
the function t ÞÑ 1

2gp1sq2 (or 1
2λt.Pgp1 sqp1 sq in the notation of differential λ-calculus), which

is a function that returns 1
2gp1sq2 for all inputs. No longer does the function, after this invalid

substitution, represent the distance a ball fell given a particular time after the ball is dropped.
Instead, this function represents a function that always returns the distance the ball fell after 1 s
given any time after the ball is dropped, making the fact that this is a function of time at all rather
irrelevant. This is precisely the reason we can only replace the free instances of a variable during
substitution.

The choice to only replace free variables and skip entirely bound variables during substitution
is absolutely necessary to make sure a differential pre-term maintains its general behavior after
substitution, as we demonstrated quite explicitly with the function representing the distance a ball
falls after it is dropped. However, it is not quite sufficient. Sometimes, it is simply impossible
to sensibly substitute a complex differential pre-term for a particular variable in another complex
differential pre-term. For example, suppose that we substitute t for g in h. Then, we get the
function t ÞÑ 1

2 t
3 or (λt.P ttt in the notation of differential λ-calculus), which returns the inputted

time cubed, and has no relation anymore to the distance a ball falls after it is dropped. Clearly,
this should be an invalid substitution, as it fundamentally altered the behavior of the function.
But what went wrong? The problem with this substitution is that we substituted a constant
with the argument of the function. This is called variable capture. Hence, to make sure that a
substitution is valid, we need to first ensure that no variables are captured. That is, in order for
a substitution to be valid, we need to make sure that whenever we replace a free variable, say, x
with a complex differential pre-term σ in the complex differential pre-term τ , we need to ensure
that no free variables of σ also appears as the corresponding variable of an abstraction containing
that instance of x. Specifically, we can only substitute σ for x in τ when Subx,σ τ “ 1.

Definition 2.2.7. Condition for Substitution to be Possible

Given a variable x P V and a simple differential pre-term t P ∆d,V , define the function
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♣

Subx,t : Rx∆d,Vy Ñ t0, 1u by

Subx,t pDi1,...,inx ˚ pt1, . . . , tnqq “ Subx,t pt1q ^ ¨ ¨ ¨ ^ Subx,t ptnq, (2.2.4a)

Subx,t pDi1,...,iny ˚ pt1, . . . , tnqq “ Subx,t pt1q ^ ¨ ¨ ¨ ^ Subx,t ptnq, (2.2.4b)

Subx,t pD
n
1 λx.s ˚ pt1, . . . , tnqq “ Subx,t pt1q ^ ¨ ¨ ¨ ^ Subx,t ptnq, (2.2.4c)

Subx,t pD
n
1 λy.s ˚ pt1, . . . , tnqq “

#

Subx,t psq ^ Subx,t pt1q ^ ¨ ¨ ¨ ^ Subx,t ptnq if y R FVptq _ x R FV psq,

0 otherwise,
(2.2.4d)

Subx,t psµq “ Subx,t psq ^ Subx,t pµq, (2.2.4e)

Subx,t p0q “ 1, (2.2.4f)

Subx,t pr ¨ µq “ Subx,t pµq, (2.2.4g)

Subx,t pµ ` νq “ Subx,t pµq ^ Subx,t pνq, (2.2.4h)

where y P V is a variable distinct from x, r P R is a scalar, n P N0 is a nonnegative integer,
i1, . . . , in P N are positive integers, s, t1, . . . , tn P ∆d,V are simple differential pre-terms, and
µ, ν P Rx∆d,Vy are complex differential pre-terms.

We now define substitution for differential pre-terms. It will, or course, only be defined when
no variable is captured as a result of the substitution.

Definition 2.2.8. Substitution for Differential Pre-Terms

♣

Given a variable x P V, a complex differential pre-term τ P Rx∆d,Vy, and a simple differential
pre-term t P ∆d,V such that Subx,tpτq “ 1, the substitution τ rt{xs of t for x in τ is defined
by:

pDi1,...,inx ˚ pt1, . . . , tnqqrt{xs “ Di1,...,int ˚ pt1rt{xs, . . . , tnrt{xsq, (2.2.5a)

pDi1,...,iny ˚ pt1, . . . , tnqqrt{xs “ Di1,...,iny ˚ pt1rt{xs, . . . , tnrt{xsq, (2.2.5b)

pDn
1λx.s ˚ pt1, . . . , tnqqrt{xs “ Dn

1λx.s ˚ pt1rt{xs, . . . , tnrt{xsq, (2.2.5c)

pDn
1λy.s ˚ pt1, . . . , tnqqrt{xs “ Dn

1λy.srt{xs ˚ pt1rt{xs, . . . , tnrt{xsq, (2.2.5d)

psµqrt{xs “ srt{xsµrt{xs, (2.2.5e)

0rt{xs “ 0, (2.2.5f)

pr ¨ µqrt{xs “ r ¨ µrt{xs, (2.2.5g)

pµ ` νqrt{xs “ µrt{xs ` νrt{xs, (2.2.5h)

where y P V is a variable distinct from x, r P R is a scalar, n P N0 is a nonnegative integer,
i1, . . . , in P N are positive integers, s, t1, . . . , tn P ∆d,V are simple differential pre-terms, and
µ, ν P Rx∆d,Vy are complex differential pre-terms.

With a solid definition of differential pre-terms, free and bound variables, and substitution, it’s
about time that we start proving some basic properties about these definitions.

Lemma 2.2.9

♡

Let τ P Rx∆d,Vy be a complex differential pre-term and t P ∆d,V be a simple differential
pre-term. If x R FV pτq, then t can be substituted for x in τ (i.e., Subx,t pτq “ 1) and
τ rt{xs “ τ .

Proof. This follows by induction on τ .

1. Assume that τ “ Di1,...,iny ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, y P V is
a variable, i1, . . . , in P N are positive integers, and t1, . . . , tn P ∆d,V are simple differential
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pre-terms. Since

x R FV pτq “ FV pDi1,...,iny ˚ pt1, . . . , tnqq “ txu Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq, (2.2.6)

we have that y ‰ x and x R FV ptjq for all 1 ď j ď n, so by the induction hypothesis,
Subx,t ptjq “ 1 and tjrt{xs “ tj for all 1 ď j ď n. Hence,

Subx,t pτq “ Subx,t pDi1,...,iny ˚ pt1, . . . , tnqq “ Subx,t pt1q ^ ¨ ¨ ¨ ^ Subx,t ptnq

“ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,
(2.2.7)

τ rt{xs “ pDi1,...,iny ˚ pt1, . . . , tnqqrt{xs “ Di1,...,iny ˚ pt1rt{xs, . . . , tnrt{xsq

“ Di1,...,iny ˚ pt1, . . . , tnq “ τ.
(2.2.8)

2. Assume that τ “ Dn
1λy.s ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, y P V is a

variable, and s, t1, . . . tn P ∆d,V are simple differential pre-terms. Since

x R FV pτq “ FV pDn
1λy.s ˚ pt1, . . . , tnqq “ pFV psq ´ tyuq Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq, (2.2.9)

we have that x R FV psq´tyu and x R FV ptjq for all 1 ď j ď n, so by the induction hypothesis,
Subx,t ptjq “ 1 and tjrt{xs “ tj for all 1 ď j ď n. If x P FV psq, then y “ x, which implies
that

Subx,t pτq “ Subx,t pDn
1λx.s ˚ pt1, . . . , tnqq “ Subx,t pt1q ^ ¨ ¨ ¨ ^ Subx,t ptnq

“ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,
(2.2.10)

τ rt{xs “ pDn
1λx.s ˚ pt1, . . . , tnqqrt{xs “ Dn

1λx.s ˚ pt1rt{xs, . . . , tnrt{xsq

“ Dn
1λx.s ˚ pt1, . . . , tnq “ τ.

(2.2.11)

If x R FV psq, by the induction hypothesis, Subx,t psq “ 1 and srt{xs “ s, so

Subx,t pτq “ Subx,t pDn
1λy.s ˚ pt1, . . . , tnqq

“ Subx,t psq ^ Subx,t pt1q ^ ¨ ¨ ¨ ^ Subx,t ptnq “ 1 ^ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,
(2.2.12)

τ rt{xs “ pDn
1λy.s ˚ pt1, . . . , tnqqrt{xs

“ Dn
1λy.srt{xs ˚ pt1rt{xs, . . . , tnrt{xsq “ Dn

1λy.s ˚ pt1, . . . , tnq “ τ.
(2.2.13)

3. Assume that τ “ sµ, where s P ∆d,V is a simple differential pre-term and µ P Rx∆d,Vy is
a complex differential pre-term. Since x R FV pτq “ FV psµq “ FV psq Y FV pµq, we have
that x R FV psq and x R FV pµq, so by the induction hypothesis, Subx,t psq “ Subx,t pµq “ 1,
srt{xs “ s, and µrt{xs “ µ, which implies that Subx,t pτq “ Subx,t psµq “ Subx,t psq ^

Subx,t pµq “ 1 ^ 1 “ 1 and τ rt{xs “ psµqrt{xs “ srt{xsµrt{xs “ sµ “ τ .

4. Assume that τ “ 0. Then, Subx,tpτq “ Subx,tp0q “ 1 and τ rt{xs “ 0rt{xs “ 0.

5. Assume that τ “ r ¨ µ, where r P R is a scalar and µ P Rx∆d,Vy is a complex differential
pre-term. Since x R FV pτq “ FV pr ¨ µq “ FV pµq, by the induction hypothesis, Subx,t pµq “ 1
and µrt{xs “ µ, which implies that Subx,t pτq “ Subx,t pr ¨ µq “ Subx,t pµq “ 1 and τ rt{xs “

pr ¨ µqrt{xs “ r ¨ µrt{xs “ r ¨ µ “ τ .

6. Assume that τ “ µ ` ν, where µ, ν P Rx∆d,Vy are complex differential pre-terms. Since
x R FV pτq “ FV pµ ` νq “ FV pµq Y FV pνq, we have that x R FV pµq and x R FV pνq,
so by the induction hypothesis, Subx,t pµq “ Subx,t pνq “ 1, µrt{xs “ µ, and νrt{xs “ ν,
which implies that Subx,t pτq “ Subx,t pµ ` νq “ Subx,t pµq ^ Subx,t pνq “ 1 ^ 1 “ 1 and
τ rt{xs “ pµ ` νqrt{xs “ µrt{xs ` νrt{xs “ µ ` ν “ τ .

This completes the induction. ❏
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Lemma 2.2.10

♡

Let τ P Rx∆d,Vy be a complex differential pre-term, t P ∆d,V be a simple differential pre-term,
and x P V be a variable such that t can be substituted for x in τ (i.e., Subx,t pτq “ 1). Then,
y P FV pτ rt{xsq if and only if either y P FV pτq and x ‰ y or y P FV ptq and x P FV pτq.

Proof. This follows by induction on τ . The details are left to the reader. ❏

Lemma 2.2.11

♡

Given a complex differential pre-term τ P Rx∆d,Vy and a variable x P V, x can always be
substituted for x in τ (i.e., Subx,xpτq “ 1) and τ rx{xs “ τ .

Proof. This follows by induction on τ .

1. Assume that τ “ Di1,...,iny ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, y P V is
a variable, i1, . . . , in P N are positive integers, and t1, . . . , tn P ∆d,V are simple differential
pre-terms. Note that yrx{xs “ y if y ‰ x and yrx{xs “ xrx{xs “ x “ y if y “ x. Also, by the
induction hypothesis, Subx,x ptjq “ 1 and tjrx{xs “ tj for all 1 ď j ď n. Hence,

Subx,x pτq “ Subx,x pDi1,...,iny ˚ pt1, . . . , tnqq “ Subx,x pt1q ^ ¨ ¨ ¨ ^ Subx,x ptnq

“ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,
(2.2.14)

τ rx{xs “ pDi1,...,iny ˚ pt1, . . . , tnqqrx{xs “ Di1,...,inyrx{xs ˚ pt1rx{xs, . . . , tnrx{xsq

“ Di1,...,iny ˚ pt1, . . . , tnq “ τ.
(2.2.15)

2. Assume that τ “ Dn
1λy.s ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, y P V is a

variable, and s, t1, . . . tn P ∆d,V are simple differential pre-terms. By the induction hypothesis,
Subx,x psq “ 1 and srx{xs “ s, and for all 1 ď j ď n, Subx,x ptjq “ 1 and tjrx{xs “ tj . If
y “ x, then

Subx,x pτq “ Subx,x pDn
1λx.s ˚ pt1, . . . , tnqq “ Subx,x pt1q ^ ¨ ¨ ¨ ^ Subx,x ptnq

“ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,
(2.2.16)

τ rx{xs “ pDn
1λx.s ˚ pt1, . . . , tnqqrx{xs “ Dn

1λx.s ˚ pt1rx{xs, . . . , tnrx{xsq

“ Dn
1λx.s ˚ pt1, . . . , tnq “ τ.

(2.2.17)

If y ‰ x, then y R txu “ FV pxq, which implies that

Subx,x pτq “ Subx,x pDn
1λy.s ˚ pt1, . . . , tnqq “ Subx,x psq ^ Subx,x pt1q ^ ¨ ¨ ¨ ^ Subx,x ptnq

“ 1 ^ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,

τ rx{xs “ pDn
1λy.s ˚ pt1, . . . , tnqqrx{xs “ Dn

1λy.srx{xs ˚ pt1rx{xs, . . . , tnrx{xsq

“ Dn
1λy.s ˚ pt1, . . . , tnq “ τ.

3. Assume that τ “ sµ, where s P ∆d,V is a simple differential pre-term and µ P Rx∆d,Vy is
a complex differential pre-term. By the induction hypothesis, Subx,x psq “ Subx,x pµq “ 1,
srx{xs “ s, and µrx{xs “ µ, which implies that Subx,x pτq “ Subx,x psµq “ Subx,x psq ^

Subx,x pµq “ 1 ^ 1 “ 1 and τ rx{xs “ psµqrx{xs “ srx{xsµrx{xs “ sµ “ τ .

4. Assume that τ “ 0. Then, Subx,xpτq “ Subx,xp0q “ 1 and τ rx{xs “ 0rx{xs “ 0.
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5. Assume that τ “ r ¨ µ, where r P R is a scalar and µ P Rx∆d,Vy is a complex differential
pre-term. By the induction hypothesis, Subx,x pµq “ 1 and µrx{xs “ µ, which implies that
Subx,x pτq “ Subx,x pr ¨ µq “ Subx,x pµq “ 1 and τ rx{xs “ pr ¨ µqrx{xs “ r ¨ µrx{xs “ r ¨ µ “ τ .

6. Assume that τ “ µ ` ν, where µ, ν P Rx∆d,Vy are complex differential pre-terms. By the
induction hypothesis, Subx,x pµq “ Subx,x pνq “ 1, µrx{xs “ µ, and νrx{xs “ ν, which
implies that Subx,x pτq “ Subx,x pµ ` νq “ Subx,x pµq ^ Subx,x pνq “ 1 ^ 1 “ 1 and τ rx{xs “

pµ ` νqrx{xs “ µrx{xs ` νrx{xs “ µ ` ν “ τ .

This ccompletes the induction. ❏

Lemma 2.2.12

♡

Let τ P Rx∆d,Vy be a complex differential pre-term, let u, v P ∆d,V be simple differential
pre-terms, and x, y P V such that x ‰ y and Subx,u pτq “ Suby,v pτ ru{xsq “ Suby,v puq “ 1.
If x R FV pvq or y R FV pτq, then Suby,v pτq “ Subx,urv{ys pτ rv{ysq “ 1 and τ ru{xsrv{ys “

τ rv{ysrurv{ys{xs.

Proof. This follows by induction on τ .

1. Assume that τ “ x. Trivially, Suby,v pτq “ Suby,v pxq “ 1, and since x ‰ y, τ rv{ys “ xrv{ys “

x, so Subx,urv{ys pτ rv{ysq “ Subx,urv{ys pxq “ 1. Then,

τ ru{xsrv{ys “ xru{xsrv{ys “ urv{ys “ xrurv{ys{xs

“ xrv{ysrurv{ys{xs “ τ rv{ysrurv{ys{xs.
(2.2.18)

2. Assume that τ “ y. Then, Suby,v pτq “ Suby,v pyq “ 1, and since y P tyu “ FV pyq “

FV pτq, we must have that x R FV pvq “ FV pyrv{ysq “ FV pτ rv{ysq, so by Lemma 2.2.9,
Subx,urv{ys pτ rv{ysq “ 1 and

τ rv{ysrurv{ys{xs “ τ rv{ys “ yrv{ys “ yru{xsrv{ys “ τ ru{xsrv{ys. (2.2.19)

3. Assume that τ “ z, where z P V is a variable distinct form x and y. Then,

Suby,v pτq “ Suby,v pzq “ 1, (2.2.20)

Subx,urv{ys pτ rv{ysq “ Subx,urv{ys pzrv{ysq “ Subx,urv{ys pzq “ 1, (2.2.21)

τ ru{xsrv{ys “ zru{xsrv{ys “ zrv{ys “ z “ zrurv{ys{xs

“ zrv{ysrurv{ys{xs “ τ rv{ysrurv{ys{xs.
(2.2.22)

4. Assume that τ “ λx.s, where s P ∆d,V is a simple differential pre-term. Since τ ru{xs “

pλx.sqru{xs “ λx.s “ τ and Suby,v pτ ru{xsq “ 1, we have that Suby,vpτq “ 1, which implies
that v can be substituted for y in τ . Thus, τ rv{ys “ pλx.sqrv{ys “ λx.srv{ys, which tells us
that Subx,urv{ys pτ rv{ysq “ Subx,urv{ys pλx.srv{ysq “ 1. Putting this all together,

τ ru{xsrv{ys “ pλx.sqru{xsrv{ys “ pλx.sqrv{ys “ pλx.srv{ysq “ pλx.srv{ysqrurv{ys{xs

“ pλx.sqrv{ysrurv{ys{xs “ τ rv{ysrurv{ys{xs.

(2.2.23)
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5. Assume that τ “ λy.s, where s P ∆d,V is a simple differential pre-term. Then, Suby,v pτq “

Suby,v pλy.sq “ 1. Since y ‰ x and 1 “ Subx,u pτq “ Subx,u pλy.sq, which implies that
y R FV puq or x R FV psq. If x R FV psq, then Subx,urv,ys pτ rv{ysq “ Subx,urv,ys ppλy.sqrv{ysq “

Subx,urv,ys pλy.sq “ 1 and

τ ru{xsrv{ys “ pλy.sqru{xsrv{ys “ pλy.sru{xsqrv{ys “ λy.sru{xs “ λy.s

“ pλy.sqrurv{ys{xs “ pλy.sqrv{ysrurv{ys{xs “ τ rv{ysrurv{ys{xs.
(2.2.24)

If y R FV puq, then by Lemma 2.2.9, urv{xs “ u, which implies that y R FV puq “ FV purv{xsq,
whence Subx,urv,ys pτ rv{ysq “ Subx,urv,ys pλy.sq “ 1 and

τ ru{xsrv{ys “ λy.sru{xs “ pλy.sqru{xs “ pλy.sqrurv{ys{xs

“ pλy.sqrv{ysrurv{ys{xs “ τ rv{ysrurv{ys{xs.
(2.2.25)

6. Assume that τ “ λz.s, where z P V is a variable distinct from x and y and s P ∆d,V is
a simple differential pre-term. Let us first show that Suby,v pτq “ 1. Since z ‰ y and
1 “ Suby,v pτ ru{xsq “ Suby,v ppλz.sqru{xsq “ Suby,v pλz.sru{xsq, we have that z R FV pvq or
y R FV psru{xsq. If z P FV pvq, this implies that y R FV psru{xsq Ă pFV psq ´ txuq Y FV puq,
where we used Corollary 2.2.10 for the inclusion, so since y ‰ x, this tells us that y R FV psq.
Thus, z R FV pvq or y R FV psq, which implies that Suby,v pτq “ Suby,v pλz.sq “ 1. Now, let
us show that Subx,urv{ys pτ rv{ysq “ 1. Suppose that z P FV purv{ysq and x P FV pτ rv{ysq.
Further, suppose that x R FV pvq. By Corollary 2.2.10, FV pτ rv{ysq Ă pFV pτq ´ yq Y FV pvq

. Since x ‰ y and x R FV pvq, this implies that x P FV pτq. Instead, suppose that x P FV pvq.
Since x R FV pvq or y R FV pτq by hypothesis, this implies that y R FV pτq, so by Lemma
2.2.9, τ rv{ys “ τ . Hence x P FV pτ rv{ysq “ FV pτq. Therefore, regardless of whether x is in
FV pvq, we have that x P FV pτq “ FV pλz.sq “ FV psq ´ tzu, which implies that x P FV psq,
as z ‰ z. Since 1 “ Subx,u pτq “ Subx,u pλz sq by hypothesis and z ‰ x, we have that
z R FV puq or x R FV psq. Since we know that x P FV psq, this implies that z R FV puq.
Since z P FV purv{ysq, by Lemma 2.2.10, this implies that y P FV puq and z P FV pvq. Since
x P FV psq and y P FV puq, by Lemma 2.2.10, y P FV psru{xsq. Recall from earlier that
z R FV pvq or y R FV psru{xsq, so the prior sentence implies that z R FV pvq, contradicting
the fact that z P FV pvq. Hence, z R FV purv{ysq or x R FV pτ rv{ysq, which implies that
Subx,urv{ys pτ rv{ysq “ 1. Now, let us show that τ ru{xsrv{ys “ τ rv{ysrurv{ys{xs. Since 1 “

Subx,u pτq “ Subx,u pλz.sq, we must have that Subx,u psq “ 1, and since 1 “ Suby,v pτ ru{xsq “

Suby,v ppλz.sqru{xsq “ Suby,v pλz.sru{xsq, we must have that Suby,v psru{xsq “ 1, so by the
induction hypothesis, sru{xsrv{ys “ srv{ysrurv{ys{xs, which implies that

τ ru{xsrv{ys “ pλz.sqru{xsrv{ys “ λz.sru{xsrv{ys “ λz.srv{ysrurv{ys{xs

“ pλz.sqrv{ysrurv{ys{xs “ τ rv{ysrurv{ys{xs.
(2.2.26)

7. Assume that τ “ Di1,...,inz ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, z P V is
a variable, i1, . . . , in P N are positive integers, and t1, . . . , tn P ∆d,V are simple differential
pre-terms. By hypothesis,

1 “ Subx,upτq “ Subx,u pDi1,...,inz ˚ pt1, . . . , tnqq

“ Subx,u pzq ^ Subx,u pt1q ^ ¨ ¨ ¨ ^ Subx,u ptnq,
(2.2.27)

1 “ Subx,urv{yspτ rv{ysq “ Subx,urv{ysppDi1,...,inz ˚ pt1, . . . , tnqqrv{ysq

“ Subx,urv{ysppDi1,...,inzrv{ys ˚ pt1rv{ys, . . . , tnrv{ysqqq

“ Subx,urv{yspzrv{ysq ^ Subx,urv{yspt1rv{ysq ^ ¨ ¨ ¨ ^ Subx,urv{ysptnrv{ysq,

(2.2.28)
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which implies that Subx,u pzq “ Subx,urv{yspzrv{ysq “ Subx,u ptjq “ Subx,urv{ysptjrv{ysq “ 1
for all 1 ď j ď n, so by the induction hypothesis, Suby,vpzq “ Subx,urv{yspzrv{ysq “ 1 and
zru{xsrv{ys “ zrv{ysrurv{ys{xs, and for all 1 ď j ď n, Suby,vptjq “ Subx,urv{ysptjrv{ysq “ 1
and tjru{xsrv{ys “ tjrv{ysrurv{ys{xs. Hence,

Suby,v pτq “ Suby,v pDi1,...,inz ˚ pt1, . . . , tnqq

“ Suby,v pzq ^ Suby,v pt1q ^ ¨ ¨ ¨ ^ Suby,v ptnq “ 1 ^ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,
(2.2.29)

Subx,urv{ys pτ rv{ysq “ Subx,urv{ys ppDi1,...,inz ˚ pt1, . . . , tnqqrv{ysq

“ Subx,urv{ys pDi1,...,inzrv{ys ˚ pt1rv{ys, . . . , tnrv{ysqq

“ Subx,urv{ys pzrv{ysq ^ Subx,urv{ys pt1rv{ysq ^ ¨ ¨ ¨ ^ Subx,urv{ys ptnrv{ysq

“ 1 ^ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,

(2.2.30)

τ ru{xsrv{ys “ pDi1,...,inz ˚ pt1, . . . , tnqqru{xsrv{ys

“ pDi1,...,inzru{xsrv{ys ˚ pt1ru{xsrv{ys, . . . , tnru{xsrv{ysqq

“ pDi1,...,inzrv{ysrurv{ys{xs ˚ pt1rv{ysrurv{ys{xs, . . . , tnrv{ysrurv{ys{xsqq

“ pDi1,...,inz ˚ pt1, . . . , tnqqrv{ysrurv{ys{xs “ τ rv{ysrurv{ys{xs.

(2.2.31)

8. Assume that τ “ Dn
1λz.s ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, z P V is a

variable, and s, t1, . . . tn P ∆d,V are simple differential pre-terms. By hypothesis,

1 “ Subx,upτq “ Subx,u pDn
1λz.s ˚ pt1, . . . , tnqq

“ Subx,u pλz.sq ^ Subx,u pt1q ^ ¨ ¨ ¨ ^ Subx,u ptnq,
(2.2.32)

1 “ Subx,urv{yspτ rv{ysq “ Subx,urv{ysppDn
1λz.s ˚ pt1, . . . , tnqqrv{ysq

“ Subx,urv{ysppDn
1 pλz.sqrv{ys ˚ pt1rv{ys, . . . , tnrv{ysqqq

“ Subx,urv{ysppλz.sqrv{ysq ^ Subx,urv{yspt1rv{ysq ^ ¨ ¨ ¨ ^ Subx,urv{ysptnrv{ysq,

(2.2.33)

so Subx,u pλz.sq “ Subx,urv{ysppλz.sqrv{ysq “ Subx,u ptjq “ Subx,urv{ysptjrv{ysq “ 1 for all
1 ď j ď n, which implies that by the induction hypothesis, we have that Suby,vpλz.sq “

Subx,urv{ysppλz.sqrv{ysq “ 1 and pλz.sqru{xsrv{ys “ pλz.sqrv{ysrurv{ys{xs, and for all 1 ď j ď

n, Suby,vptjq “ Subx,urv{ysptjrv{ysq “ 1 and tjru{xsrv{ys “ tjrv{ysrurv{ys{xs. Hence,

Suby,v pτq “ Suby,v pDn
1 λz.s ˚ pt1, . . . , tnqq

“ Suby,v pλz.sq ^ Suby,v pt1q ^ ¨ ¨ ¨ ^ Suby,v ptnq “ 1 ^ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,
(2.2.34)

Subx,urv{ys pτ rv{ysq “ Subx,urv{ys ppDn
1 λz.s ˚ pt1, . . . , tnqqrv{ysq

“ Subx,urv{ys pDn
1 pλz.sqrv{ys ˚ pt1rv{ys, . . . , tnrv{ysqq

“ Subx,urv{ys ppλz.sqrv{ysq ^ Subx,urv{ys pt1rv{ysq ^ ¨ ¨ ¨ ^ Subx,urv{ys ptnrv{ysq

“ 1 ^ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,

(2.2.35)

τ ru{xsrv{ys “ pDn
1 λz.s ˚ pt1, . . . , tnqqru{xsrv{ys

“ pDn
1 pλz.sqru{xsrv{ys ˚ pt1ru{xsrv{ys, . . . , tnru{xsrv{ysqq

“ pDn
1 pλz.sqrv{ysrurv{ys{xs ˚ pt1rv{ysrurv{ys{xs, . . . , tnrv{ysrurv{ys{xsqq

“ pDn
1 λz.s ˚ pt1, . . . , tnqqrurv{ys{xs “ τ rv{ysrurv{ys{xs.

(2.2.36)

9. Assume that τ “ sµ, where s P ∆d,V is a simple differential pre-term and µ P Rx∆d,Vy is a
complex differential pre-term. By hypothesis,

1 “ Subx,u pτq “ Subx,u psµq “ Subx,u psq ^ Subx,u pµq, (2.2.37)

1 “ Suby,v pτ ru{xsq “ Suby,v ppsµqru{xsq “ Suby,v psru{xsµru{ssq

“ Suby,v psru{xsq ^ Suby,v pµru{ssq,
(2.2.38)
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so Subx,u psq “ Suby,v psru{xsq “ 1 and Subx,u pµq “ Suby,v pµru{ssq “ 1, which implies by the
induction hypothesis, Suby,v psq “ Subx,urv{ys psrv{ysq “ 1, sru{xsrv{ys “ srv{ysrurv{ys{xs,
Suby,v pµq “ Subx,urv{ys pµrv{ysq “ 1, and µru{xsrv{ys “ µrv{ysrurv{ys{xs. Hence,

Suby,v pτq “ Suby,v psµq “ Suby,v psq ^ Suby,v pµq “ 1 ^ 1 “ 1, (2.2.39)

Subx,urv{ys pτ rv{ysq “ Subx,urv{ys ppsµqrv{ysq “ Subx,urv{ys psrv{ysqµrv{ysq

“ Subx,urv{ys psrv{ysqq ^ Subx,urv{ys pµrv{ysq “ 1 ^ 1 “ 1,
(2.2.40)

τ ru{xsrv{ys “ psµqru{xsrv{ys “ sru{xsrv{ysµru{xsrv{ys

“ srv{ysrurv{ys{xsµrv{ysrurv{ys{xs “ psµqrv{ysrurv{ys{xs

“ τ rv{ysrurv{ys{xs.

(2.2.41)

10. Assume that τ “ 0. Then,

Suby,v pτq “ Suby,v p0q “ 1, (2.2.42)

Subx,urv{ys pτ rv{ysq “ Subx,urv{ys p0rv{ysq “ Subx,urv{ys p0q “ 1, (2.2.43)

τ ru{xsrv{ys “ 0ru{xsrv{ys “ 0 “ 0rv{ysrurv{ys{xs “ τ rv{ysrurv{ys{xs. (2.2.44)

11. Assume that τ “ r ¨ µ, where r P R is a scalar and µ P Rx∆d,Vy is a complex differential
pre-term. By hypothesis,

1 “ Subx,u pτq “ Subx,u pr ¨ µq “ Subx,u pµq, (2.2.45)

1 “ Suby,v pτ ru{xsq “ Suby,v ppr ¨ µqru{xsq “ Suby,v pr ¨ µru{ssq “ Suby,v pµru{ssq, (2.2.46)

which implies that Subx,u pµq “ Suby,v pµru{ssq “ 1, so by the induction hypothesis, we have
that Suby,v pµq “ Subx,urv{ys pµrv{ysq “ 1 and µru{xsrv{ys “ µrv{ysrurv{ys{xs. Hence,

Suby,v pτq “ Suby,v pr ¨ µq “ Suby,v pµq “ 1, (2.2.47)

Subx,urv{ys pτ rv{ysq “ Subx,urv{ys ppr ¨ µqrv{ysq “ Subx,urv{ys pr ¨ µrv{ysq

“ Subx,urv{ys pµrv{ysq “ 1,
(2.2.48)

τ ru{xsrv{ys “ pr ¨ µqru{xsrv{ys “ r ¨ µru{xsrv{ys “ r ¨ µrv{ysrurv{ys{xs

“ pr ¨ µqrv{ysrurv{ys{xs “ τ rv{ysrurv{ys{xs.
(2.2.49)

12. Assume that τ “ µ` ν, where µ, ν P Rx∆d,Vy are complex differential pre-terms. By hypoth-
esis,

1 “ Subx,u pτq “ Subx,u pµ ` νq “ Subx,u pµq ^ Subx,u pνq, (2.2.50)

1 “ Suby,v pτ ru{xsq “ Suby,v ppµ ` νqru{xsq “ Suby,v pµru{xs ` νru{ssq (2.2.51)

“ Suby,v pµru{xsq ^ Suby,v pνru{ssq, (2.2.52)

which implies that Subx,u pµq “ Suby,v pµru{xsq “ 1 and Subx,u pνq “ Suby,v pνru{ssq “

1, so by the induction hypothesis, Suby,v pµq “ Subx,urv{ys pmurv{ysq “ 1, µru{xsrv{ys “

µrv{ysrurv{ys{xs, Suby,v pνq “ Subx,urv{ys pνrv{ysq “ 1, and νru{xsrv{ys “ νrv{ysrurv{ys{xs.
Hence,

Suby,v pτq “ Suby,v pµ ` νq “ Suby,v pµq ^ Suby,v pνq “ 1 ^ 1 “ 1, (2.2.53)
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Subx,urv{ys pτ rv{ysq “ Subx,urv{ys ppµ ` νqrv{ysq “ Subx,urv{ys pµrv{ysq ` νrv{ysq

“ Subx,urv{ys pµrv{ysqq ^ Subx,urv{ys pνrv{ysq “ 1 ^ 1 “ 1,
(2.2.54)

τ ru{xsrv{ys “ pµ ` νqru{xsrv{ys “ µru{xsrv{ys ` νru{xsrv{ys

“ µrv{ysrurv{ys{xs ` νrv{ysrurv{ys{xs “ pµ ` νqrv{ysrurv{ys{xs

“ τ rv{ysrurv{ys{xs.

(2.2.55)

This completes the induction. ❏

Lemma 2.2.13

♡

Let τ P Rx∆d,Vy be a complex differential pre-term and let x, y P V be variables. If y can be
substituted for x in τ (i.e., Subx,y pτq “ 1) and y R FV pτq, then x can be substituted for y
in τ ry{xs (i.e., Suby,x pτ ry{xsq “ 1) and τ ry{xsrx{ys “ τ .

Proof. We start by proving that Suby,x pτ ry{xsq “ 1, which we can do via induction on τ .

1. Assume that τ “ Di1,...,inz ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, z P V is
a variable, i1, . . . , in P N are positive integers, and t1, . . . , tn P ∆d,V are simple differential
pre-terms. By hypothesis,

1 “ Subx,y pτq “ Subx,y pDi1,...,inz ˚ pt1, . . . , tnqq “ Subx,y pt1q ^ ¨ ¨ ¨ ^ Subx,y ptnq, (2.2.56)

y R FV pτq “ FV pDi1,...,inz ˚ pt1, . . . , tnqq “ tzu Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq, (2.2.57)

which implies that Subx,y ptjq “ 1 and y R FV ptjq for all 1 ď j ď n, so by the induction
hypothesis, Suby,x ptjry{xsq “ 1 for all 1 ď j ď n. Hence,

Suby,x pτ ry{xsq “ Suby,x ppDi1,...,inz ˚ pt1, . . . , tnqqry{xsq

“ Suby,x pDi1,...,inzry{xs ˚ pt1ry{xs, . . . , tnry{xsqq

“ Suby,x pt1ry{xsq ^ ¨ ¨ ¨ ^ Suby,x ptnry{xsq “ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,

(2.2.58)

where we used the fact that zry{xs is a variable for the third equality.

2. Assume that τ “ Dn
1λz.s ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, z P V is a

variable, and s, t1, . . . tn P ∆d,V are simple differential pre-terms. Then,

y R FV pτq “ FV pDn
1λz.s ˚ pt1, . . . , tnqq “ pFV psq ´ tzuq Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq, (2.2.59)

which implies that y R FV psq ´ tzu and y R FV ptjq for all 1 ď j ď n. Suppose that z “ x.
Then,

1 “ Subx,y pτq “ Subx,y pDn
1λx.s ˚ pt1, . . . , tnqq “ Subx,y pt1q ^ ¨ ¨ ¨ ^ Subx,y ptnq, (2.2.60)

which implies that Subx,y ptjq “ 1 for all 1 ď j ď n. By the induction hypothesis, this implies
that Suby,x ptjry{xsq “ 1 for all 1 ď j ď n. Suppose, also, that x ‰ y. Since y R FV psq ´ tzu

and y ‰ x “ z, y R FV psq, so by Lemma 2.2.9, Suby,x psq “ 1. Hence.

Suby,x pτ ry{xsq “ Suby,x ppDn
1λx.s ˚ pt1, . . . , tnqqry{xsq

“ Suby,x pDn
1 pλx.sqry{xs ˚ pt1ry{xs, . . . , tnry{xsqq

“ Suby,x pDn
1λx.s ˚ pt1ry{xs, . . . , tnry{xsqq

“ Suby,x psq ^ Suby,x pt1ry{xsq ^ ¨ ¨ ¨ ^ Suby,x ptnry{xsq

“ 1 ^ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,

(2.2.61)
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where we used the fact that y R FV psq for the fourth equality. Instead, suppose that x “ y.
Then,

Suby,x pτ ry{xsq “ Subx,x ppDn
1λx.s ˚ pt1, . . . , tnqqry{xsq

“ Subx,x pDn
1 pλx.sqry{xs ˚ pt1ry{xs, . . . , tnry{xsqq

“ Subx,x pDn
1λx.s ˚ pt1ry{xs, . . . , tnry{xsqq

“ Suby,x pt1ry{xsq ^ ¨ ¨ ¨ ^ Suby,x ptnry{xsq “ 1 ^ ¨ ¨ ¨ ^ 1 “ 1.

(2.2.62)

Now, suppose that z ‰ x. Then,

1 “ Subx,y pτq “ Subx,y pDn
1λz.s ˚ pt1, . . . , tnqq

“ Subx,y psq ^ Subx,y pt1q ^ ¨ ¨ ¨ ^ Subx,y ptnq,
(2.2.63)

which implies that Subx,y psq “ 1 and Subx,y ptjq “ 1 for all 1 ď j ď n. By the induction
hypothesis, this implies that Suby,x psry{xsq “ 1 and Suby,x ptjry{xsq “ 1 for all 1 ď j ď n. If
z “ y,

Suby,x pτ ry{xsq “ Subz,x ppDn
1λz.s ˚ pt1, . . . , tnqqry{xsq

“ Subz,x pDn
1 pλz.sqry{xs ˚ pt1ry{xs, . . . , tnry{xsqq

“ Subz,x pDn
1λz.sry{xs ˚ pt1ry{xs, . . . , tnry{xsqq

“ Suby,x pt1ry{xsq ^ ¨ ¨ ¨ ^ Suby,x ptnry{xsq “ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,

(2.2.64)

and if z ‰ y,

Suby,x pτ ry{xsq “ Suby,x ppDn
1λz.s ˚ pt1, . . . , tnqqry{xsq

“ Suby,x pDn
1 pλz.sqry{xs ˚ pt1ry{xs, . . . , tnry{xsqq

“ Suby,x pDn
1λz.sry{xs ˚ pt1ry{xs, . . . , tnry{xsqq

“ Suby,x psry{xsq ^ Suby,x pt1ry{xsq ^ ¨ ¨ ¨ ^ Suby,x ptnry{xsq

“ 1 ^ 1 ^ ¨ ¨ ¨ ^ 1 “ 1,

(2.2.65)

where we used the fact that z ‰ x for the fourth equality.

3. Assume that τ “ sµ, where s P ∆d,V is a simple differential pre-term and µ P Rx∆d,Vy is a
complex differential pre-term. By hypothesis,

1 “ Subx,y pτq “ Subx,y psµq “ Subx,y psq ^ Subx,y pµq, (2.2.66)

y R FV pτq “ FV psµq “ FV psq Y FV pµq, (2.2.67)

which implies that Subx,y psq, y R FV psq, Subx,y pµq “ 1, and y R FV pµq, so by the induction
hypothesis, Suby,x psry{xsq “ 1 and Suby,x pµry{xsq “ 1. Hence,

Suby,x pτ ry{xsq “ Suby,x ppsµqry{xsq “ Suby,x psry{xsµry{xsq

“ Suby,x psry{xsq ^ Suby,x pµry{xsq “ 1 ^ 1 “ 1.
(2.2.68)

4. Assume that τ “ 0. Then, Suby,x pτ ry{xsq “ Suby,x p0ry{xsq “ Suby,x p0q “ 1.

5. Assume that τ “ r ¨ µ, where r P R is a scalar and µ P Rx∆d,Vy is a complex differential
pre-term. By hypothesis, 1 “ Subx,y pτq “ Subx,y pr ¨ µq “ Subx,y pµq and y R FV pτq “

FV pr ¨ µq “ FV pµq, so by the induction hypothesis, Suby,x pµry{xsq “ 1, which implies that

Suby,x pτ ry{xsq “ Suby,x ppr ¨ µqry{xsq “ Suby,x r ¨ µry{xsq “ Suby,x µry{xsq “ 1. (2.2.69)
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6. Assume that τ “ µ` ν, where µ, ν P Rx∆d,Vy are complex differential pre-terms. By hypoth-
esis,

1 “ Subx,y pτq “ Subx,y pµ ` νq “ Subx,y pµq ^ Subx,y pνq, (2.2.70)

y R FV pτq “ FV pµ ` νq “ FV pµq Y FV pνq, (2.2.71)

which implies that Subx,y pµq, y R FV pµq, Subx,y pνq “ 1, and y R FV pνq, so by the induction
hypothesis, Suby,x pµry{xsq “ 1 and Suby,x pνry{xsq “ 1. Hence,

Suby,x pτ ry{xsq “ Suby,x ppµ ` νqry{xsq “ Suby,x pµry{xs ` νry{xsq

“ Suby,x pµry{xsq ^ Suby,x pνry{xsq “ 1 ^ 1 “ 1.
(2.2.72)

This completes the induction. Hence, Suby,x pτ ry{xsq “ 1. Since Subx,y pτq “ Suby,x pτ ry{xsq “

Suby,xpyq “ 1 and y R FV pτq, by Lemma 2.2.12, we have that Suby,x pτq “ Subx,yrx{ys pτ rx{ysq “ 1
and τ ry{xsrx{ys “ τ rx{ysryrx{ys{xs “ τ rx{ysrx{xs. By Lemma 2.2.11, τ rx{ysrx{xs “ τ rx{ys, and
since y R FV τ , by Lemma 2.2.9, τ rx{ys “ τ . Hence, τ ry{xsrx{ys “ τ . ❏

We have proven a lot about differential pre-terms, but it is now time that we start laying the
groundwork to define differential terms. Remember the set of differential terms is supposed to be
the set of differential pre-terms quotiented by some relation, which we will call α-equivalence or
α-conversion. But how should we define α-equivalence? To answer this, we need to understand
how differential terms should differ from differential pre-terms. The idea is that a differential term
should capture some expression relating to analytic functions that, unlike differential pre-terms, is
invariant under minor syntactic changes that do not alter the meaning of the analytic functions
the differential term represent. That is, α-equivalence should equate differential pre-terms that
express the same underlying analytic function. For example, λx.x and λy.y are two differential
pre-terms that represent a function that takes in a number and returns the inputted number. That
is, both differential terms represent the identity function; the fact that the former differential term
has x as a bound variable and the latter has a bound variable has y has a bound variable doesn’t
change that. Hence, λx.x and λy.y are related by α-conversion. More generally, relabeling any
bound variable in a differential pre-term that does not result in variable capture should result in
an α-equivalent differential pre-term. Also, given a variable f P V and simple differential pre-terms
t1, t2 P ∆d,V representing analytic functions of type R2 Ñ R, the differential pre-termsD1,2f ˚pt1, t2q

and D2,1f ˚ pt2, t1q represent the same underlying analytic function pBx1Bx2fqpx1, x2q ¨ t1px1, x2q ¨

t2px1, x2q “ pBx2Bx1fqpx1, x2q ¨ t2px1, x2q ¨ t1px1, x2q, where we used the Schwartz Lemma for the
equality. Hence, we should have that D1,2f ˚ pt1, t2q and D2,1f ˚ pt2, t1q are related by α-conversion.
With this intuition, we now can define α-conversion precisely.

Definition 2.2.14. α-Conversion for Differential Pre-Terms

The relation “d,α is the smallest (with respect to inclusion) transitive and reflexive relation
on the set Rx∆d,Vy of complex differential pre-terms satisfying the following properties:

(i) If n P N0 is a nonnegative integer, x, y P V are variables, and s, t1, . . . , tn P ∆d,V are
simple differential pre-terms such that y R FV psq and y can be substituted for x in s
(i.e., Subx,y psq “ 1), then Dn

1λx.s ˚ pt1, . . . , tnq “d,α Dn
1λy.sry{xs ˚ pt1, . . . , tnq.

(ii) If n P N0 is a nonnegative integer, i1, . . . , in P N are positive integers, x P V is a variable,
and t1, . . . , tn, v1, . . . , vn P ∆d,V are simple differential pre-terms such that tj “d,α vj for
all 1 ď j ď n, then Di1,...,inx ˚ pt1, . . . , tnq “d,α Di1,...,inx ˚ pv1, . . . , vnq.
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♣

(iii) If n P N0 is a nonnegative integer, x P V is a variable, and s, t1, . . . , tn, u, v1, . . . , vn P

∆d,V are simple differential pre-terms such that s “d,α u and tj “d,α vj for all 1 ď j ď n,
then Dn

1λx.s ˚ pt1, . . . , tnq “d,α Dn
1λx.u ˚ pv1, . . . , vnq.

(iv) If s, u P ∆d,V are simple differential pre-terms such that s “d,α u and τ, σ P Rx∆d,Vy

are complex differential pre-terms such that τ “d,α σ, then sτ “d,α uσ.

(v) If r P R is a scalar and τ, σ P Rx∆d,Vy are complex differential pre-terms such that
τ “d,α σ, then r ¨ τ “d,α r ¨ σ.

(vi) If µ, ν, σ, τ P Rx∆d,Vy are complex differential pre-terms such that τ “d,α µ and σ “d,α

ν, then τ ` σ “d,α µ ` ν.

(vii) If n P N0 is a nonnegative integer, i1, . . . , in P N are positive integers, t1, . . . , tn P ∆d,V
are simple differential pre-terms, x P V is a variable, and f P Sn is some permutation,
then Di1,...,inx ˚ pt1, . . . , tnq “d,α Di1,...,inx ˚ ptfp1q, . . . , tfpnqq.

(viii) If n P N0 is a nonnegative integer, x P V is a variable, s, t1, . . . , tn P ∆d,V are simple
differential pre-terms, and f P Sn is some permutation, then Dn

1λx.s ˚ pt1, . . . , tnq “d,α

Dn
1λx.s ˚ ptfp1q, . . . , tfpnqq.

(ix) If σ, τ P Rx∆d,Vy are complex differential pre-terms, then σ ` τ “d,α τ ` σ.

(x) If ρ, τ, σ P Rx∆d,Vy are complex differential pre-terms, then pρ`σq ` τ “d,α ρ` pσ ` τq

and ρ ` pσ ` τq “d,α pρ ` σq ` τ .

(xi) If τ P Rx∆d,Vy is a complex differential pre-term, then τ ` 0 “d,α τ and τ “d,α τ ` 0.

(xii) If r1, r2 P R are scalars and τ P Rx∆d,Vy is a complex differential pre-term, then
r1 ¨ τ ` r2 ¨ τ “d,α pr1 ` r2q ¨ τ and pr1 ` r2q ¨ τ “d,α r1 ¨ τ ` r2 ¨ τ .

(xiii) If r P R is a scalar and τ, σ P Rx∆d,Vy are complex differential pre-term, then r ¨ τ ` r ¨

σ “d,α r ¨ pτ ` σq and r ¨ pτ ` σq “d,α r ¨ τ ` r ¨ σ.

(xiv) If r1, r2 P R are scalars and τ P Rx∆d,Vy is a complex differential pre-term, then
r1 ¨ pr2 ¨ τq “d,α pr1 ¨ r2q ¨ τ and pr1 ¨ r2q ¨ τ “d,α r1 ¨ pr2 ¨ τq.

(xv) If τ P Rx∆d,Vy is a complex differential pre-term, then 1 ¨ τ “d,α τ and τ “d,α 1 ¨ τ .

(xvi) If r P R is a scalar, r ¨ 0 “d,α 0 and 0 “d,α r ¨ 0.

(xvii) If r1, r2 P R are scalars and τ P Rx∆d,Vy is a complex differential pre-term, then
pr1 ¨ r2q ¨ τ “d,α pr2 ¨ r1q ¨ τ .

In order to quotient differential-pre terms by α-conversion, α-conversion cannot be just any
relation on differential-pre terms; it needs to be an equivalence relation, and showing that α-
conversion is an equivalence relation is exactly what we do in the next lemma.

Lemma 2.2.15

♡The relation “d,α is an equivalence relation.

Proof. By construction, “d,α is transitive and reflexive, so all that remains is to show symmetry.
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That is, σ “d,α τ given complex differential pre-terms σ, τ P Rx∆d,Vy such that τ “d,α σ. This can
be shown via induction on τ “d,α σ. The only interesting case is when τ “d,α σ because there exist
a nonnegative integer n P N0, variables x, y P V, simple differential pre-terms s, t1, . . . , tn P ∆d,V
such that y R FV psq, Subx,y psq “ 1, τ “ Dn

1λx.s˚ pt1, . . . , tnq and σ “ Dn
1λy.sry{xs ˚ pt1, . . . , tnq. If

x P FV pyq “ tyu, then x “ y ‰ FV psq, so by Lemma 2.2.10, x R FV psry{xsq. Since Subx,y psq “ 1
and x R FV psry{xsq, by Lemma 2.2.13, x can be substituted for y in sry{xs (i.e., Suby,x psry{xsq “ 1)
and sry{xsrx{ys “ s. This implies that σ “ Dn

1λy.sry{xs ˚ pt1, . . . , tnq “d,α Dn
1λx.sry{xsrx{ys ˚

pt1, . . . , tnq “n
1 λx.s ˚ pt1, . . . , tnq “ τ . ❏

Now, we prove some important properties about α-equivalence.

Lemma 2.2.16

♡If τ, σ P Rx∆d,Vy are complex differential pre-terms such that τ “d,α σ, then FV pτq “ FV pσq.

Proof. This follows by induction on τ “d,α σ.

1. Assume that τ “d,α σ because of transitivity. That is, there exist ρ P Rx∆d,Vy such that
τ “d,α ρ and ρ “d,α σ. Then, by the induction hypothesis, FV pτq “ FV pρq and FV pρq “

FV pσq, so FV pτq “ FV pσq.

2. Assume that τ “d,α σ because of reflexivity. That is, τ “ σ. Then, trivially, FV pτq “ FV pσq.
Assume now that τ “d,α σ because of symmetry. Then, σ “d,α τ , so by the induction
hypothesis, FV pσq “ FV pτq.

3. Assume that τ “d,α σ because there exist a nonnegative integer n P N0, positive integers
i1, . . . , in P N, simple differential pre-terms t1, . . . , tn, v1, . . . , vn P ∆d,V , and a variable x P V,
such that tj “d,α vj for all 1 ď j ď n, τ “ Di1,...,inx ˚ pt1, . . . , tnq, σ “ Di1,...,inx ˚ pv1, . . . , vnq.
By the induction hypothesis, FV ptjq “ FV pvjq for all 1 ď j ď n. Hence,

FV pτq “ FV pDi1,...,inx ˚ pt1, . . . , tnqq “ txu Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq

“ txu Y FV pv1q Y ¨ ¨ ¨ Y FV pvnq “ FV pDi1,...,inx ˚ pv1, . . . , vnqq “ FV pσq.
(2.2.73)

4. Assume that τ “ σ because there exist a nonnegative integer n P N0, variables x, y P V,
and simple differential pre-terms s, t1, . . . , tn P ∆d,V such that y R FV psq, Subx,y psq “ 1,
τ “ Dn

1λx.s ˚ pt1, . . . , tnq, and σ “ Dn
1λy.sry{xs ˚ pt1, . . . , tnq. Then,

FV pτq “ FV pDn
1λx.s ˚ pt1, . . . , tnqq “ pFV psq ´ txuq Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq

“ pFV psry{xsq ´ tyuq Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq

“ FV pDn
1λy.sry{xs ˚ pt1, . . . , tnqq “ FV pσq,

(2.2.74)

where we used Lemma 2.2.10 for the third equality.

5. Assume that τ “d,α σ because there exist a nonnegative integer n P N0, a variable x P V, and
simple differential pre-terms s, t1, . . . , tn, u, v1, . . . , vn P ∆d,V such that s “d,α u, tj “d,α vj
for all 1 ď j ď n, τ “ Dn

1λx.s ˚ pt1, . . . , tnq, and σ “ Dn
1λx.u ˚ pv1, . . . , vnq. By the induction

hypothesis, FV psq “ FV puq and FV ptjq “ FV pvjq for all 1 ď j ď n, so

FV pτq “ FV pDn
1λx.s ˚ pt1, . . . , tnqq “ pFV psq ´ txuq Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq

“ pFV puq ´ txuq Y FV pv1q Y ¨ ¨ ¨ Y FV pvnq

“ FV pDn
1λx.u ˚ pv1, . . . , vnqq “ FV pσq.

(2.2.75)
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6. Assume that τ “d,α σ because there exist simple differential pre-terms s, u P ∆d,V and complex
differential pre-terms µ, ν P Rx∆d,Vy such that s “d,α u, µ “d,α ν, τ “ sµ, and σ “ uσ. By
the induction hypothesis, FV psq “ FV puq and FV pµq “ FV pνq, so

FV pτq “ FV psµq “ FV psq Y FV pµq “ FV puq Y FV pνq “ FV puνq “ FV pσq. (2.2.76)

7. Assume that τ “d,α σ because there exist a scalar r P R and complex differential pre-terms
µ, ν P Rx∆d,Vy such that µ “d,α ν, τ “ r ¨ µ, and σ “ r ¨ ν. By the induction hypothesis,
FV pµq “ FV pνq, so

FV pτq “ FV pr ¨ µq “ FV pµq “ FV pνq “ FV pr ¨ νq “ FV pσq. (2.2.77)

8. Assume that τ “d,α σ because there exist complex differential pre-terms µ, ν, α, β P Rx∆d,Vy

such that µ “d,α ν, α “d,α β, τ “ µ ` α, and σ “ ν ` β. By the induction hypothesis,
FV pµq “ FV pνq and FV pαq “ FV pβq, so

FV pτq “ FV pµ ` αq “ FV pµq Y FV pαq

“ FV pνq ` FV pβq “ FV pν ` βq “ FV pσq.
(2.2.78)

9. Assume that τ “d,α σ because there exist a nonnegative integer n P N0, positive integers
i1, . . . , in P N, simple differential pre-terms t1, . . . , tn P ∆d,V , a variable x P V, and a per-
mutation f P Sn such that τ “ Di1,...,inx ˚ pt1, . . . , tnq and σ “ Di1,...,inx ˚ ptfp1q, . . . , tfpnqq.
Then,

FV pτq “ FV pDi1,...,inx ˚ pt1, . . . , tnqq “ txu Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq

“ txu Y FV ptfp1qq Y ¨ ¨ ¨ Y FV ptfpnqq

“ FV pDi1,...,inx ˚ ptfp1q, . . . , tfpnqqq “ FV pσq.

(2.2.79)

10. Assume that τ “d,α σ because there exist a nonnegative integer n P N0, a variable x P V,
simple differential pre-terms s, t1, . . . , tn P ∆d,V , and a permutation f P Sn such that τ “

Dn
1λx.s ˚ pt1, . . . , tnq and σ “ Dn

1λx.s ˚ ptfp1q, . . . , tfpnqq. Then,

FV pτq “ FV pDn
1λx.s ˚ pt1, . . . , tnqq “ pFV psq ´ txuq Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq

“ pFV psq ´ txuq Y FV ptfp1qq Y ¨ ¨ ¨ Y FV ptfpnqq

“ FV pDn
1λx.s ˚ ptfp1q, . . . , tfpnqqq “ FV pσq.

(2.2.80)

11. Assume that τ “d,α σ because there exist complex differential pre-terms µ, ν P Rx∆d,Vy such
that τ “ µ ` ν and σ “ ν ` µ. Then,

FV pτq “ FV pµ ` νq “ FV pµq Y FV pνq

“ FV pνq Y FV pµq “ FV pν ` µq “ FV pσq.
(2.2.81)

12. Assume that τ “d,α σ because there exist complex differential pre-terms µ, ν, ξ P Rx∆d,Vy

such that τ “ pµ ` νq ` ξ and σ “ µ ` pν ` ξq. Then,

FV pτq “ FV ppµ ` νq ` ξq “ FV pµ ` νq Y FV pξq “ FV pµq Y FV pνq Y FV pξq

“ FV pµq ` FV pν ` ξq “ FV pµ ` pν ` ξqq “ FV pσq.
(2.2.82)
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13. Assume that τ “d,α σ because there exists a complex differential pre-term µ P Rx∆d,Vy such
that τ “ µ ` 0 and σ “ µ. Then,

FV pτq “ FV pµ ` 0q “ FV pµq ` FV p0q “ FV pσq ` H “ FV pσq. (2.2.83)

14. Assume that τ “d,α σ because there exist scalars r1, r2 P R and a complex differential pre-
term µ P Rx∆d,Vy such that τ “ r1 ¨ µ ` r2 ¨ µ and σ “ pr1 ` r2q ¨ µ. Then,

FV pτq “ FV pr1 ¨ µ ` r2 ¨ µq “ FV pr1 ¨ µq Y FV pr2 ¨ µq

“ FV pµq Y FV pµq “ FV pµq “ FV ppr1 ` r2q ¨ µq “ FV pσq.
(2.2.84)

15. Assume that τ “d,α σ because there exist a scalar r P R and complex differential pre-terms
µ, ν P Rx∆d,Vy such that τ “ r ¨ µ ` r ¨ ν and σ “ r ¨ pµ ` νq. Then,

FV pτq “ FV pr ¨ µ ` r ¨ νq “ FV pr ¨ µq Y FV pr ¨ νq “ FV pµq Y FV pνq

“ FV pµ ` νq “ FV pr ¨ pµ ` νqq “ FV pσq.
(2.2.85)

16. Assume that τ “d,α σ because there exist scalars r1, r2 P R and a complex differential pre-
term µ P Rx∆d,Vy such that τ “ r1 ¨ pr2 ¨ µq and σ “ pr1 ¨ r2q ¨ µ. Then,

FV pτq “ FV pr1 ¨ pr2 ¨ µqq “ FV pr2 ¨ µq “ FV pµq “ FV ppr1 ¨ r2q ¨ µq “ FV pσq. (2.2.86)

17. Assume that τ “d,α σ because there exists a complex differential pre-term µ P Rx∆d,Vy such
that τ “ 1 ¨ µ and σ “ µ. Then,

FV pτq “ FV p1 ¨ µq “ FV pµq “ FV pσq. (2.2.87)

18. Assume that τ “d,α σ because there exists a scalar r P R such that τ “ r ¨0 and σ “ 0. Then,

FV pτq “ FV pr ¨ 0q “ FV p0q “ FV pσq. (2.2.88)

19. Assume that τ “d,α σ because there exist scalars r1, r2 P R and a complex differential pre-
term µ P Rx∆d,Vy such that τ “ pr1 ¨ r2q ¨ µ and σ “ pr2 ¨ r1q ¨ µ. Then,

FV pτq “ FV ppr1 ¨ r2q ¨ µq “ FV pµq “ FV ppr2 ¨ r1q ¨ µq “ FV pσq. (2.2.89)

This completes the induction. ❏

Lemma 2.2.17

♡

If τ, τ 1 P Rx∆d,Vy are complex differential pre-terms, t, t1 P ∆d,V are simple differential pre-
terms, and x P V is a variable such that τ “d,α τ 1, t “d,α t1, and Subx,t pτq “ Subx,t1 pτ 1q “ 1,
then τ rt{xs “ τ 1rt1{xs.

Proof. This follows by induction on τ “d,α τ 1. There are only two interesting cases. The first
interesting case is when τ “d,α τ 1 by reflexivity. That is, τ “ τ 1. We proceed by induction on τ .
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1. Assume that τ “ Di1,...,iny ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, i1, . . . , in P

N are positive integers, t1, . . . , tn P ∆d,V are simple differential pre-terms, and y P V is a
variable. If y “ x, then yrt{xs “ xrt{xs “ t “d,α t1 “ xrt1{xs “ yrt1{xs, and if y ‰ x,
then yrt{xs “ y “ yrt1{xs, which implies by the reflexivity of “d,α that yrt{xs “d,α yrt1{xs.
Also, since 1 “ Subx,t pτq “ Subx,t pDi1,...,iny ˚ pt1, . . . , tnqq “ Subx,tpt1q Y ¨ ¨ ¨ Y Subx,tptnq,
Subx,tptjq “ 1 for all 1 ď j ď n. Similarly, since 1 “ Subx,t1 pτ 1q “ Subx,t1 pτq, Subx,t1ptjq “ 1
for all 1 ď j ď n. Hence, by the induction hypothesis, tjrt{xs “d,α tjrt

1{xs. Since yrt{xs “d,α

yrt1{xs and tjrt{xs “d,α tjrt
1{xs for all 1 ď j ď n, τ rt{xs “ pDi1,...,iny ˚ pt1, . . . , tnqqrt{xs “

Di1,...,inyrt{xs ˚ pt1rt{xs, . . . , tnrt{xsq “d,α Di1,...,inyrt1{xs ˚ pt1rt1{xs, . . . , tnrt1{xsq “ pDi1,...,iny ˚

pt1, . . . , tnqqrt1{xs “ τ rt1{xs “ τ 1rt1{xs.

2. Assume that τ “ Dn
1λx.s˚pt1, . . . , tnq, where n P N0 is a nonnegative integer and s, t1, . . . , tn P

∆d,V are simple differential pre-terms. Since 1 “ Subx,t pτq “ Subx,t pDn
1λx.s ˚ pt1, . . . , tnqq “

Subx,t pt1q Y ¨ ¨ ¨ Y Subx,t ptnq, Subx,t ptjq “ 1 for all 1 ď j ď n. Similarly, Subx,t1 ptjq “ 1
for all 1 ď j ď n. By the induction hypothesis, this implies that tjrt{xs “d,α tjrt

1{xs.
Therefore, since s “d,α s and tjrt{xs “d,α tjrt

1{xs for all 1 ď j ď n, τ rt{xs “ pDn
1λx.s ˚

pt1, . . . , tnqqrt{xs “ Dn
1λx.s ˚ pt1rt{xs, . . . , tnrt{xsq “d,α Dn

1λx.s ˚ pt1rt1{xs, . . . , tnrt1{xsq “

pDn
1λx.s ˚ pt1, . . . , tnqqrt1{xs “ τ rt1{xs “ τ 1rt1{xs.

3. Assume now that τ “ Dn
1λy.s ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, y P V is

a variable, and s, t1, . . . , tn P ∆d,V are simple differential pre-terms. Since 1 “ Subx,t pτq “

Subx,t pDn
1λx.s ˚ pt1, . . . , tnqq “ Subx,t psq Y Subx,t pt1q Y ¨ ¨ ¨ Y Subx,t ptnq, Subx,t psq “ 1 and

Subx,t ptjq “ 1 for all 1 ď j ď n. Similarly, Subx,t1 psq “ 1 and Subx,t1 ptjq “ 1 for all 1 ď j ď

n. By the induction hypothesis, srt{xs “d,α rt1{xs and tjrt{xs “d,α tjrt
1{xs for all 1 ď j ď n,

whence τ rt{xs “ pDn
1λy.srt{xs ˚ pt1, . . . , tnqqrt{xs “ Dn

1λy.srt{xs ˚ pt1rt{xs, . . . , tnrt{xsq “d,α

Dn
1λy.srt1{xs ˚ pt1rt1{xs, . . . , tnrt1{xsq “ pDn

1λy.s ˚ pt1, . . . , tnqqrt1{xs “ τ rt1{xs “ τ 1rt1{xs.

4. Assume now that τ “ sµ, where s P ∆d,V is a simple differential pre-term and µ P Rx∆d,Vy

is a complex differential pre-term. Since Subx,t pτq “ Subx,t psµq “ Subx,t psq ^ Subx,t pµq,
Subx,t psq “ Subx,t pµq “ 1. Similarly, Subx,t1 psq “ Subx,t1 pµq “ 1. Therefore, by the induc-
tion hypothesis, srt{xs “ srt1{xs and µrt{xs “ µrt1{xs, so τ rt{xs “ psµqrt{xs “ srt{xsµrt{xs “

srt1{xsµrt1{xs “ psµqrt1{xs “ τ rt1{xs “ τ 1rt1{xs.

5. Assume now that τ “ 0. Then, τ rt{xs “ 0rt{xs “ 0 “ 0rt1{xs “ τ rt1{xs “ τ 1rt1{xs.

6. Assume now that τ “ r ¨ µ, where r P R is a scalar and µ P Rx∆d,Vy is a complex differential
pre-term. Since 1 “ Subx,t pτq “ Subx,t pr ¨ µq “ Subx,t pµq and Subx,t1 pτ 1q “ Subx,t1 pτq “

Subx,t1 pr ¨ µq “ Subx,t pµq, by the induction hypothesis, µrt{xs “d,α µrt1{xs, so τ rt{xs “

pr ¨ µqrt{xs “ r ¨ µrt{xs “d,α r ¨ µrt1{xs “ pr ¨ µqrt1{xs “ τ rt1{xs “ τ 1rt1{xs.

7. Assume now that τ “ µ ` ν, where µ, ν P Rx∆d,Vy are complex differential pre-terms. Since
Subx,t pτq “ Subx,t pµ ` νq “ Subx,t pµq ^ Subx,t pνq, Subx,t pµq “ Subx,t pνq “ 1. Similarly,
Subx,t1 pµq “ Subx,t1 pνq “ 1. Therefore, by the induction hypothesis, µrt{xs “ µrt1{xs and
νrt{xs “ νrt1{xs, so τ rt{xs “ pµ`νqrt{xs “ µrt{xs`νrt{xs “ µrt1{xs`νrt1{xs “ pµ`νqrt1{xs “

τ rt1{xs “ τ 1rt1{xs.

This completes the induction for the reflexivity case.

The second interesting case is when τ “d,α τ 1 because there exist a nonnegative integer n P N0,
variables z, y P V, and simple differential pre-terms s, t1, . . . , tn P ∆d,V such that y R FV psq,
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Subz,y psq “ 1, τ “ Dn
1λz.s ˚ pt1, . . . , tnq, and τ 1 “ Dn

1λy.sry{zs ˚ pt1, . . . , tnq. Since

1 “ Subx,t pτq “ Subx,t pDn
1λz.s ˚ pt1, . . . , tnqq

“ Subx,t pλz.sq ^ Subx,t pt1q ^ ¨ ¨ ¨ ^ Subx,t ptnq,
(2.2.90)

so
Subx,t pλz.sq “ Subx,t pt1q “ ¨ ¨ ¨ “ Subx,t ptnq “ 1, (2.2.91)

and since Subx,t1 pτ 1q “ 1, by an identical argument,

Subx,t1 pλy.sry{zsq “ Subx,t1 pt1q “ ¨ ¨ ¨ “ Subx,t1 ptnq “ 1. (2.2.92)

Because tj “d,α tj for all 1 ď j ď n, by the induction hypothesis, this implies that tjrt{xs “d,α

tjrt
1{xs for all 1 ď j ď n. Suppose that x “ z. Since y R FV psq and Subz,y psq “ 1, λz.s “d,α

λy.sry{zs, so by Lemma 2.2.16, FV pλy.sry{zsq “ FV pλz.sq “ FV psq ´ tzu “ FV psq ´ txu, which
implies that z R FV pλy.sry{zsq, so by Lemma 2.2.9, this implies that pλy.sry{zsqrt1{xs “ λy.sry{zs.
Hence,

τ rt{xs “ pDn
1λx.s ˚ pt1, . . . , tnqqrt{zs “ Dn

1λx.s ˚ pt1rt{xs, . . . , tnrt{xsq

“ Dn
1λz.s ˚ pt1rt{xs, . . . , tnrt{xsq “d,α Dn

1λz.s ˚ pt1rt1{xs, . . . , tnrt1{xsq

“d,α Dn
1λy.sry{zs ˚ pt1rt1{xs, . . . , tnrt1{xsq

“ Dn
1λpy.sry{zsqrt1{xs ˚ pt1rt1{xs, . . . , tnrt1{xsq

“ pDn
1λy.sry{zs ˚ pt1, . . . , tnqqrt1{xs “ τ 1rt1{xs,

(2.2.93)

where we used the fact that y R FV psq and Subz,y psq “ 1 for the second α-conversion. A similar
argument can be made when x “ y. Now, suppose that x is distinct form both z and y. Since
Subx,t pλz.sq “ 1, x R FV psq or z R FV ptq. Let us first assume that x R FV psq. Since x ‰ y and
x R FV psq, by Lemma 2.2.10, x R FV psry{zsq. Since x R FV psq and x R FV psry{zsq, by Lemma
2.2.9, srt{xs “ s and sry{zsrt1{xs “ sry{zs. Hence,

τ rt{xs “ pDn
1λx.s ˚ pt1, . . . , tnqqrt{xs “ Dn

1λx.srt{xs ˚ pt1rt{xs, . . . , tnrt{xsq

“ Dn
1λx.s ˚ pt1rt{xs, . . . , tnrt{xsq “d,α Dn

1λx.s ˚ pt1rt1{xs, . . . , tnrt1{xsq

“d,α Dn
1λy.sry{zs ˚ pt1rt1{xs, . . . , tnrt1{xsq

“ Dn
1λy.sry{zsrt1{xs ˚ pt1rt1{xs, . . . , tnrt1{xsq

“ pDn
1λy.sry{zs ˚ pt1, . . . , tnqqrt1{xs “ τ 1rt1{xs,

(2.2.94)

where we used the fact that y R FV psq and Subz,y psq “ 1 for the second α-conversion. In-
stead, assume that x P FV psq. Then, z R FV ptq. Since t “d,α t1 and z R FV ptq, by Lemma
2.2.16, z R FV pt1q. Also, since Subx,t pλz.sq “ Subx,t1 pλy.sry{zsq “ 1 and x R z, y, Subx,t psq “

Subx,t1 psry{zsq “ 1. Because z ‰ x, Subz,y psq “ Subx,t1 psry{zsq “ Subx,t1 pyq “ 1, and z R FV pt1q,
by Lemma 2.2.12, 1 “ Subz,yrt1{xs psrt1{xsq “ Subz,y psrt1{xsq and sry{zsrt1{xs “ srt1{xsryrρ{xs{zs “

srt1{xsry{zs. Since Subz,y psrt1{xsq “ 1 and z R FV psrt1{xsry{zsq, by Lemma 2.2.13, Suby,z psrt1{xsry{zsq “

1 and srt1{xsry{zsrz{ys “ srt1{xs.

τ 1rt1{xs “ pDn
1λy.sry{zs ˚ pt1, . . . , tnqqrt1{xs

“ Dn
1λy.sry{zsrt1{xs ˚ pt1rt1{xs, . . . , tnrt1{xsq

“ Dn
1λy.srt1{xsry{zs ˚ pt1rt1{xs, . . . , tnrt1{xsq

“d,α Dn
1λz.srt1{xsry{zsrz{ys ˚ pt1rt1{xs, . . . , tnrt1{xsq

“ Dn
1λz.srt1{xs ˚ pt1rt1{xs, . . . , tnrt1{xsq

“ pDn
1λz.s ˚ pt1, . . . , tnqqrt1{xs “ τ rt1{xs “d,α τ rt{xs.

(2.2.95)
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where we used the fact that z R FV psrt1{xsry{zsq and Suby,z psrt1{xsry{zsq “ 1 for the first α-
conversion, we used the fact that Subx,t1pτq (as z R FV t1) for the , and the inductive hypothesis for
the second α-conversion. Since “d,α is symmetric by Lemma 2.2.15, τ rt{xs “d,α τ 1rt1{xs. ❏

Lemma 2.2.18

♡

Let V Ă V be a subset of variables, and define the function BV : Rx∆d,Vy Ñ Rx∆d,Vy by:

BV pDi1,...,inx ˚ pt1, . . . , tnqq “ Di1,...,inx ˚ pBV pt1q, . . . ,BV ptnqq, (2.2.96a)

BV pDn
1λx.s ˚ pt1, . . . , tnqq “ Dn

1λy.BV Ytyu psry{xsq ˚ pBV pt1q, . . . ,BV ptnqq, (2.2.96b)

BV psµq “ BV psqBV pµq, (2.2.96c)

BV p0q “ 0, (2.2.96d)

BV pr ¨ µq “ r ¨ BV pµq, (2.2.96e)

BV pµ ` νq “ BV pµq ` BV pνq, (2.2.96f)

where x P V is a variable, r P R is a scalar, n P N0 is a nonnegative integer, i1, . . . , in P N
are positive integers, s, t1, . . . , tn P ∆d,V are simple differential pre-terms, µ, ν P Rx∆d,Vy are
complex differential pre-terms, and y P V is a variable such that y R V YVar psq. Then, given
a complex differential pre-term τ P Rx∆d,Vy, τ “d,α BV pτq and V X BV pBV pτqq “ H.

Proof. This follows by induction on τ .

1. Assume that τ “ Di1,...,inx ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, i1, . . . , in P N
are positive integers, t1, . . . , tn P ∆d,V are simple differential pre-terms, and x P V is a
variable. For each 1 ď j ď n, by the induction hypothesis on tj , tj “d,α BV ptjq and
V X BV pBV ptjqq “ H. Hence,

τ “ Di1,...,inx ˚ pt1, . . . , tnq “d,α Di1,...,inx ˚ pBV pt1q, . . . ,BV ptnqq

“ BV pDi1,...,inx ˚ pt1, . . . , tnqq “ B pτq,
(2.2.97)

V X BV pBV pτqq “ V X BV pBV pDi1,...,inx ˚ pt1, . . . , tnqqq

“ V X BV pDi1,...,inx ˚ pBV pt1q, . . . ,BV ptnqqq

“ V X pBV pBV pt1qq Y ¨ ¨ ¨ Y BV pBV ptnqqq

“ pV X BV pBV pt1qqq Y ¨ ¨ ¨ Y pV X BV pBV ptnqqq

“ H Y ¨ ¨ ¨ Y H “ H.

(2.2.98)

2. Assume now that τ “ Dn
1λx.s ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, x P V is a

variable, and s, t1, . . . , tn P ∆d,V are simple differential pre-terms. Since y R Var psq, it is clear
that y can be substituted for x in s (i.e., Subx,y psq “ 1). Because s R Var psq Ą FV psq and
Subx,y psq “ 1,

τ “ Dn
1λx.s ˚ pt1, . . . , tnq “d,α Dn

1λy.sry{xs ˚ pt1, . . . , tnq. (2.2.99)

By the induction hypothesis on sry{xs, we have that sry{xs “d,α BV Ytyu psry{xsq and pV Y

tyuq X BV pBV Ytyu psry{xsqq “ H, and for each 1 ď j ď n, by the induction hypothesis on tj ,
we have that tj “d,α BV ptjq and V X BV pBV ptjqq “ H. Hence,

τ “d,α Dn
1λy.sry{xs ˚ pt1, . . . , tnq

“d,α Dn
1λy.BV Ytyu psry{xsq ˚ pBV pt1q, . . . ,BV ptnqq

“ BV pDn
1λx.s ˚ pt1, . . . , tnqq “ B pτq,

(2.2.100)



26 CHAPTER 2. DIFFERENTIAL λ-CALCULUS

V X BV pBV pτqq “ V X BV pBV pDn
1λx.s ˚ pt1, . . . , tnqqq

“ V X BV pDn
1λy.BV Ytyu psry{xsq ˚ pBV pt1q, . . . ,BV ptnqqq

“ V X ptyu Y BV pBV Ytyu psry{xsqq Y BV pBV pt1qq

Y ¨ ¨ ¨ Y BV pBV ptnqqq

“ pV X tyuq Y pV X BV pBV Ytyu psry{xsqqq Y pV X BV pBV pt1qqq

Y ¨ ¨ ¨ Y pV X BV pBV ptnqqq

“ H Y H Y H Y ¨ ¨ ¨ Y H “ H.

(2.2.101)

3. Assume now that τ “ sµ, where s P ∆d,V is a simple differential pre-term and µ P Rx∆d,Vy

is a complex differential pre-term. By the induction hypothesis on s, s “d,α BV psq and
V X BV pBV psqq “ H, and by the induction hypothesis on µ, µ “d,α BV pµq and V X

BV pBV pµqq “ H. Hence,

τ “ sµ “d,α BV psqBV pµq “ BV psµq “ B pτq, (2.2.102)

V X BV pBV pτqq “ V X BV pBV psµqq “ V X BV pBV psqBV pµqq

“ V X pBV pBV psqq Y BV pBV pµqqq

“ pV X BV pBV psqqq Y pV X BV pBV pµqqq

“ H Y H “ H.

(2.2.103)

4. Assume now that τ “ 0. Then, τ “ 0 “ BV p0q “ BV pτq, so by the reflexivity of “d,α,
τ “d,α BV pτq. Also, V X BV pBV pτqq “ V X BV pBV p0qq “ V X BV p0q “ V X H “ H.

5. Assume now that τ “ r ¨ µ, where r P R is a scalar and µ P Rx∆d,Vy is a complex differential
pre-term. By the induction hypothesis on µ, µ “d,α BV pµq and V XBV pBV pµqq “ H. Hence,
τ “ r ¨ µ “ r ¨ BV pµq “ BV pr ¨ µq “ BV pτq and V Y BV pBV pτqq “ V Y BV pBV pr ¨ µqq “

V Y BV pr ¨ BV pµqq “ V Y BV pBV pµqq “ H.

6. Assume now that τ “ µ` ν, where µ, ν P Rx∆d,Vy are complex differential pre-terms. By the
induction hypothesis on µ, µ “d,α BV pµq and V X BV pBV pµqq “ H, and by the induction
hypothesis on ν, ν “d,α BV pνq and V X BV pBV pνqq “ H. Hence,

τ “ µ ` ν “d,α BV pµq ` BV pνq “ BV pµ ` νq “ B pτq, (2.2.104)

V X BV pBV pτqq “ V X BV pBV pµ ` νqq “ V X BV pBV pµq ` BV pνqq

“ V X pBV pBV pµqq Y BV pBV pνqqq

“ pV X BV pBV pµqqq Y pV X BV pBV pνqqq

“ H Y H “ H.

(2.2.105)

This completes the induction. ❏

Lemma 2.2.19

Let τ P Rx∆d,Vy be a complex differential pre-term.

(i) Given a simple differential pre-term u P ∆d,V and a variable x P V, there exists a complex
differential pre-term τ 1 P Rx∆d,Vy such that τ “d,α τ 1 and u can be substituted for x
into τ 1 (i.e., Subx,u pτ 1q “ 1).
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♡

(ii) Given simple differential pre-terms u, v P ∆d,V and variables x, y P V, there exist a
complex differential pre-term τ 1 P ∆d,V and a simple differential pre-terms u1 P ∆d,V
such that τ “d,α τ 1, u “d,α u1, u1 can be substituted for x in τ 1 (i.e., Subx,u1 pτ 1q “ 1),
and v can be substituted for y in τ 1ru1{xs (i.e., Suby,v pτ 1ru1{xsq “ 1).

Proof of Part (i). Let τ 1 “ BFV puqpτq. By Lemma 2.2.18, τ “d,α τ 1 and FV puq X BV pτ 1q “ H.
Since FV puq X BV pτ 1q “ H, trivially, u can be substituted for x in τ 1 (i.e., Subx,u pτ 1q “ 1). ❏

Proof of Part (ii). Let V “ FV puq Y FV pvq be a subset of variables, and let τ 1 “ BV pτq and
u1 “ BV puq. By Lemma 2.2.18, τ “d,α τ 1 and V X BV pτ 1q “ H. Similarly, by Lemma 2.2.18,
u “d,α u1 and V X BV pu1q “ H. Since u “d,α u1, by Lemma 2.2.16, FV puq “ FV pu1q. Therefore,
FV pu1q X BV pτ 1q “ FV puq X BV pτ 1q Ă pFV puq Y FV pvqq X BV pτ 1q “ V X BV pτ 1q “ H, which
implies that u1 can be substituted for x in τ 1 (i.e., Subx,u pτ 1q “ 1). Also, FV pvq X BV pτ 1ru1{xsq Ă

pFV puqYFV pvqqXpBV pτ 1qYBV pu1qq “ V XpBV pτ 1qYBV pu1qq “ pV XBV pτ 1qqYpV XBV pu1qq “

H Y H “ H, which implies that v can be substituted for y in τ 1ru1{xs (i.e., Subx,u pτ 1q “ 1). ❏

Lemma 2.2.20

♡

Let v P ∆d,V be a simple differential pre-term.

(i) If Dn
1λx.s ˚ pt1, . . . , tnq “d,α v, where n P N0 is a nonnegative integer, x P V are

variables, and s, t1, . . . , tn P ∆d,V are simple differential pre-terms, then v “ Dn
1λy.u ˚

pt1
fp1q

, . . . , t1
fpnq

q, where y P V is a variable, u, t1
1, . . . , t

1
n P ∆d,V are simple differential

pre-terms, and f P Sn such that tj “d,α t1
j for all 1 ď j ď n and there exists a simple

differential pre-term s1 P ∆d,V such that s “d,α s1, y can be substituted for x in s1 (i.e.,
Subx,y ps1q “ 1), and s1ry{xs “d,α u.

(ii) If Di1,...,inx ˚ pt1, . . . , tnq “d,α v, where n P N0 is a nonnegative integer, i1, . . . , in P N
are positive integers, t1, . . . , tn P ∆d,V are simple differential pre-terms, and x P V is a
variable, then v “ Di1,...,inx ˚ pt1

fp1q
, . . . , t1

fpnq
q, where t1, . . . , tn P Rx∆d,Vy are complex

differential pre-terms and f P Sn is a permutation such that tj “d,α t1
j for all 1 ď j ď n.

(iii) If sµ “d,α v, where s P ∆d,V is a simple differential pre-term and µ is a complex
differential pre-term, then v “ s1µ1, where s1 P ∆d,V is a simple differential pre-term
and µ1 P Rx∆d,Vy is a complex differential pre-term such that s “d,α s1 and µ “d,α µ1.

Proof. Part (i) follows by induction on Dn
1λx.s ˚ pt1, . . . , tnq “d,α v. The only interesting case is

when this α-equivalence holds because of transitivity. That is, there exists a simple differential w P

∆d,V such thatDn
1λx.s˚pt1, . . . , tnq “d,α w and w “d,α v. By the induction hypothesis on the former

α-equivalence, there exist a variable y P V, simple differential pre-terms u, s1, t1
1, . . . , t

1
n P ∆d,V , and a

permutation f P Sn such that w “ Dn
1λy.u ˚ pt1

fp1q
, . . . , t1

fpnq
q, tj “d,α t1

j for all 1 ď j ď n, s “d,α s1,

Subx,y ps1q “ 1, s1ry{xs “d,α u. Since w “d,α v, this implies thatDn
1λy.u˚pt1

fp1q
, . . . , t1

fpnq
q “ v, so by

the induction hypothesis, there exist a variable z P V, simple differential pre-terms u1, s2, t2
1, . . . , t

2
n P

∆d,V , and a permutation f 1 P Sn such that v “ Dn
1λz.u

1 ˚ pt2
f 1pfp1qq

, . . . , t2
f 1pfpnqq

q, t1
j “d,α t2

j for all

1 ď j ď n, u “d,α s2, Suby,z ps2q “ 1, s2rz{ys “d,α u1. Since Sn is closed under composition,
f 1 ˝ f P Sn. In addition, for each 1 ď j ď n, tj “d,α t1

j and t1
j “d,α t2

j , so by the transitivity of “d,α,
tj “d,α t2

j . Finally, by Lemma 2.2.19(ii), there exists a simple differential pre-term s3 P ∆d,V such
that s “d,α s3, Subx,y ps3q “ 1, and Suby,z ps3ry{xsq “ 1. Since s “d,α s3 and s “d,α s1, s3 “d,α s1,
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so since Subx,y ps3q “ 1 and Subx,y ps1q “ 1, by Lemma 2.2.17, s3ry{xs “d,α s1ry{xs “d,α u “d,α s2.
Thus, since s3ry{xs “d,α s2, Suby,z ps3ry{xsq “ 1, and Suby,z ps2q “ 1, by Lemma 2.2.17 again,
s3ry{xsrz{ys “d,α s1rz{ys “d,α u1. Now, let us show that Subx,zps3q “ 1 and s3ry{xsrz{ys “

s3rz{xs. Since Dn
1λx.s ˚ pt1, . . . , tnq “d,α v “ Dn

1λz.u
1 ˚ pt2

f 1pfp1qq
, . . . , t2

f 1pfpnqq
q, by the definition

of “d,α, it must be the case that y R FV psq or y ‰ x. Also, since s “d,α s3, by Lemma 2.2.16,
FV psq “ FV ps3q. Hence, y R FV ps3q or x “ y. Suppose that x “ y. Then, by Lemma 2.2.11,
s3ry{xs “ s3rx{xs “ s3, so 1 “ Suby,zps3ry{zsq “ Subx,zps3q and s3ry{xsrz{ys “ s3rz{xs. Instead,
suppose that x ‰ y. Then, y R FV ps3q. Since Subx,y ps3q “ Suby,z ps3ry{xsq “ Suby,z pyq “ 1, x ‰

y, y R FV ps3q, by Lemma 2.2.12, 1 “ Subx,yrz{ys ps3rz{ysq “ Subx,z ps3rz{ysq and s3ry{xsrz{ys “

s3rz{ysryrz{ys{xs “ s3rz{ysrz{xs. Since y R FV ps3q, by Lemma 2.2.9, s3rz{ys “ s3, so 1 “

Subx,z ps3rz{ysq “ Subx,z ps3q and s3rz{ysrz{xs “ s3rz{xs. Hence, in either case, Subx,z ps3q “ 1
and s3ry{xsrz{ys “ s3rz{xs. Since s3ry{xsrz{ys “d,α u1, this implies that s3rz{xs “d,α u1. In
summary, v “ Dn

1λz.u
1 ˚ pt2

pf 1˝fqp1qq
, . . . , t2

pf 1˝fqpnqq
q, where f 1 ˝ f P Sn, tj “d,α t2

j for all 1 ď j ď n,

Subx,z ps3q “ 1, and s3rz{xs “d,α u1. This completes the proof in the case of transitivity.

The proof of parts (ii)-(iii) is similar. The details are left to the reader. ❏

Lemma 2.2.21

♡

(i) If τ P Rx∆d,Vy is a complex differential pre-term, then there exist a nonnegative integer
n P N0, scalars a1, . . . , an P R, and distinct simple differential pre-terms u1, ¨ ¨ ¨ , un P

∆d,V such that τ “d,α a1 ¨ u1 ` ¨ ¨ ¨ ` an ¨ un.

(ii) If n,m P N0 are nonnegative integers, a1, . . . , an, b1, . . . , bm P R are scalars, u1, ¨ ¨ ¨ , un P

∆d,V are distinct simple differential pre-terms, and v1, ¨ ¨ ¨ , vn P ∆d,V are (possible
different) distinct simple differential pre-terms such that a1 ¨ u1 ` ¨ ¨ ¨ ` an ¨ un “d,α

b1 ¨ v1 ` ¨ ¨ ¨ ` bm ¨ vm, then n “ m and there exists a permutation f P Sn such that
bj “d,α afpjq and vj “d,α ufpjq for all 1 ď j ď n “ m.

Proof of Part (i). This follows by induction on τ .

1. Assume that τ “ s, where s P ∆d,V is a simple differential pre-term. Let n “ 1, a1 “ 1, and
u1 “ s. Then, τ “ s “d,α 1 ¨ s “ a1 ¨ u1.

2. Assume that τ “ 0. Let n “ 0. Then, the result is trivial.

3. Assume now that τ “ r ¨ µ, where r P R is a scalar and µ P Rx∆d,Vy is a complex differential
pre-term. By the induction hypothesis on µ, there exists a nonnegative integer n P N0,
scalars b1, . . . , bn P R, and distinct simple differential pre-terms u1, ¨ ¨ ¨ , un P ∆d,V such that
µ “d,α b1 ¨u1`¨ ¨ ¨`bn ¨un. For each 1 ď j ď n, let aj “ r ¨bj . Then, τ “ r ¨µ “ r ¨pa1 ¨u1`¨ ¨ ¨`

an ¨unq “d,α r ¨pb1 ¨u1q`¨ ¨ ¨`r ¨pbn ¨unq “d,α pr ¨b1q¨u1`¨ ¨ ¨`pr ¨bnq¨un “ a1 ¨u1`¨ ¨ ¨`an ¨un.

4. Assume now that τ “ µ ` ν, where µ, ν P Rx∆d,Vy are complex differential pre-terms. By
the induction hypothesis on µ, there exists a nonnegative integer ℓ P N0, scalars b1, . . . , bℓ P

R, and distinct simple differential pre-terms v1, . . . , vℓ P ∆d,V such that µ “d,α b1 ¨ v1 `

¨ ¨ ¨ ` bℓ ¨ vℓ. By the induction hypothesis on ν, there exists a nonnegative integer m P N0,
scalars c1, . . . , cm P R, and distinct simple differential pre-terms w1, . . . , wm P ∆d,V such that
ν “d,α c1 ¨ w1 ` ¨ ¨ ¨ ` cm ¨ wm. Let J “ tj P t1, . . . , ℓu : Di P t1, . . . ,mu s.t. vj “ wiu, let
f : J Ñ t1, . . . ,mu be the unique injective function such that vj “ wfpjq for each j P J , and
let g : t1, . . . ,m ´ |J |u Ñ t1, . . . ,mu ´ fpJq be the unique order-preserving bijection. Let
n “ ℓ`m´|J |. For each 1 ď j ď ℓ, let uj “ vj , and if j R J , aj “ bj , otherwise aj “ bj `cfpjq.
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For each 1 ď j ď m ´ |J |, let aℓ`j “ cgpjq and uℓ`j “ vgpjq. Then, a1, . . . an are distinct
simple differential terms and

τ “ µ ` ν “

˜

ℓ
ÿ

j“1

bj ¨ vj

¸

`

˜

m
ÿ

j“1

cj ¨ wj

¸

“d,α

ℓ
ÿ

j“1,jRJ

bj ¨ vj `
ÿ

jPJ

bj ¨ vj `
ÿ

jPfpJq

cj ¨ wj `

m
ÿ

j“1,jRfpJq

cj ¨ wj

“

ℓ
ÿ

j“1,jRJ

bj ¨ vj `
ÿ

jPJ

bj ¨ vj `
ÿ

jPJ

cfpjq ¨ wfpjq `

m´|J |
ÿ

j“1

cgpjq ¨ wgpjq

“

ℓ
ÿ

j“1,jRJ

bj ¨ vj `
ÿ

jPJ

bj ¨ vj `
ÿ

jPJ

cfpjq ¨ vj `

m´|J |
ÿ

j“1

cgpjq ¨ wgpjq

“d,α

ℓ
ÿ

j“1,jRJ

bj ¨ vj `
ÿ

jPJ

pbj ¨ vj ` cfpjq ¨ vjq `

m´|J |
ÿ

j“1

cgpjq ¨ wgpjq

“d,α

ℓ
ÿ

j“1,jRJ

bj ¨ vj `
ÿ

jPJ

pbj ` cfpjqq ¨ vj `

m´|J |
ÿ

j“1

cgpjq ¨ wgpjq

“

ℓ
ÿ

j“1,jRJ

aj ¨ uj `
ÿ

jPJ

aj ¨ uj `

m´|J |
ÿ

j“1

aℓ`j ¨ uℓ`j

“ a1 ¨ u1 ` ¨ ¨ ¨ ` an ¨ un.

(2.2.106)

This completes the induction. ❏

Proof of Part (ii). Trivial. The proof is left to the reader. ❏

With all these properties of α-conversion for differential pre-terms defined, we can finally define
differential terms, the main element we work with in differential λ-calculus. Differential terms,
as we indicated above, are just differential pre-terms where we identify differential pre-terms by
α-equivalence.

Definition 2.2.22. Differential Terms

♣

The set of simple differential terms is the set of simple differential pre-terms ∆d,V quotiented
by α-equivalence “d,α. That is,

Λd,V :“ trssd,α : s P ∆d,Vu, (2.2.107)

where rssd,α :“ tt P ∆d,V : s “d,α tu. Similarly, the set of complex differential terms is the set
of complex differential pre-terms Rx∆d,Vy quotiented by α-equivalence “d,α. That is,

RxΛd,Vy :“ trτ sd,α : τ P Rx∆d,Vyu, (2.2.108)

where rssd,α :“ tσ P Rx∆d,Vy : τ “d,α σu.

We can now lift the notion of free variables and substitution from complex differential pre-terms
to complex differential terms.
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Definition 2.2.23. Free Variables for Differential Terms

♣

Define the function FV: RxΛd,Vy Ñ V˚ that takes a complex differential term to a finite
subset of variables by

FV prτ 1sd,αq “ FV pτ 1q, (2.2.109)

where τ 1 P Rx∆d,Vy is a complex differential pre-term. Note that FV is well-defined by
Lemma 2.2.16. The image of a complex differential term τ P RxΛd,Vy under FV will be
called the free variables of τ , and if FV pτq “ H, then τ is said to be closed.

Definition 2.2.24. Substitution for Differential Terms

♣

For a complex differential term τ P RxΛd,Vy and a simple differential term t P Λd,V , the
substitution τ rt{xs of t for x in τ is defined by

τ rt{xs “ rτ 1rt1{xssd,α, (2.2.110)

where τ 1 P Rx∆d,Vy is a complex differential pre-term and t1 P ∆d,V is a simple differential pre-
term such that τ “ rτ 1sd,α, t “ rt1sd,α, and t1 can be substituted for x in τ 1 (i.e., Subx,t1 pτ 1q “

1). The existence of such a τ 1 P Rx∆d,Vy and t1 P ∆d,V is guaranteed by Lemma 2.2.19(i),
and any such choice of τ 1 P Rx∆d,Vy and t1 P ∆d,V yields the same result by Lemma 2.2.17.

The differential pre-term operations can themselves be lifted to differential terms.

Notation 2.2.25. Operations on Simple Differential Terms

♠

Let n P N0 be a nonnegative integer, i1, . . . , in P N be positive integers, let s, t1, . . . , tn P Λd,V
be simple differential terms, let τ P RxΛd,Vy be a complex differential term, and let x P V be
a variable. Then, Di1,...,inx ˚ pt1, . . . , tnq, Dn

1λx.s ˚ pt1, . . . , tnq, and sτ are the unique simple
differential terms such that

Di1,...,inx ˚ pt1, . . . , tnq :“ rDi1,...,inx ˚ pt1
1, . . . , t

1
nqsd,α, (2.2.111a)

Dn
1λx.s ˚ pt1, . . . , tnq :“ rDn

1λx.s
1 ˚ pt1

1, . . . , t
1
nqsd,α, (2.2.111b)

sτ :“ rs1τ 1sd,α, (2.2.111c)

where s, t1, . . . , tn P ∆d,V are simple differential pre-terms and τ P Rx∆d,Vy is a complex
differential pre-term such that s “ rsisd,α, tj “ rt1

jsd,α for all 1 ď j ď n, and τ “ rτ 1sd,α. The
uniqueness follows from Definition 2.2.14(ii)-(iv).

Notation 2.2.26. Operations on Complex Differential Terms

♠

Let r P R be a scalar and τ, σ P RxΛd,Vy be complex differential terms. Then, 0, r ¨ τ , and
τ ` σ are the unique complex differential terms such that

0 – r0sd,α, (2.2.112a)

r ¨ τ “ rr ¨ τ 1sd,α, (2.2.112b)

τ ` σ “ rτ 1 ` σ1sd,α, (2.2.112c)

where τ 1, σ1 P Rx∆d,Vy are complex differential pre-terms such that τ “ rτ 1sd,α and σ “

rσ1sd,α. The uniqueness follows from Definition 2.2.14(v)-(vi).
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Using this notation, we can show that the equations defining free variables and substitution for
differential pre-terms also hold for differential terms.

Lemma 2.2.27

♡

Let n P N0 be a nonnegative integer, let i1, . . . , in P N be positive integers, let r1, . . . , rn P R
be scalars, let s, t1, . . . , tn P Λd,V be simple differential terms, let τ P RxΛd,Vy be a complex
differential term, and let x P V be a variable. Then, the following equations regarding free
variables of differential terms are valid:

FV pDi1,...,inx ˚ pt1, . . . , tnqq “ txu Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq, (2.2.113a)

FV pDn
1λx.s ˚ pt1, . . . , tnqq “ pFV psq ´ txuq Y FV pt1q Y ¨ ¨ ¨ Y FV ptnq, (2.2.113b)

FV psτq “ FV psq Y FV pτq, (2.2.113c)

FV pr1 ¨ t1 ` ¨ ¨ ¨ ` rn ¨ tnq “ FV pt1q Y ¨ ¨ ¨ Y FV ptnq. (2.2.113d)

Proof. This is an immediate result of Notation 2.2.25-2.2.26 and Definitions 2.2.5, 2.2.23. ❏

Lemma 2.2.28

♡

Let n P N0 be a nonnegative integer, let i1, . . . , in P N be positive integers, let r1, . . . , rn P

R be scalars, let s, t, t1, . . . , tn P Λd,V be simple differential terms, let τ P RxΛd,Vy be a
complex differential term, and let x, y P V be distinct variables. Then, the following equations
regarding substitution of differential terms are valid:

pDi1,...,inx ˚ pt1, . . . , tnqqrt{xs “ Di1,...,int ˚ pt1rt{xs, . . . , tnrt{xsq, (2.2.114a)

pDi1,...,iny ˚ pt1, . . . , tnqqrt{xs “ Di1,...,iny ˚ pt1rt{xs, . . . , tnrt{xsq, (2.2.114b)

pDn
1λx.s ˚ pt1, . . . , tnqqrt{xs “ Dn

1λx.s ˚ pt1rt{xs, . . . , tnrt{xsq, (2.2.114c)

pDn
1λy.s ˚ pt1, . . . , tnqqrt{xs “ Dn

1λy.srt{xs ˚ pt1rt{xs, . . . , tnrt{xsq if y R FV ptq, (2.2.114d)

psµqrt{xs “ srt{xsµrt{xs, (2.2.114e)

pr1 ¨ t1 ` ¨ ¨ ¨ ` rn ¨ tnqrt{xs “ r1 ¨ t1rt{xs ` ¨ ¨ ¨ rn ¨ tnrt{xs. (2.2.114f)

Proof. This is an immediate result of Notation 2.2.25-2.2.26 and Definitions 2.2.8, 2.2.24. ❏

The next lemma lifts a few properties of differential pre-terms to the level of differential terms.

Lemma 2.2.29

Let n P N0 be a nonnegative integer, i1, . . . , in P N be positive integers, x, y P V be vari-
ables, u, v, s, s1, t1, . . . , tn, t

1
1, . . . , t

1
n P Λd,V be simple differential terms, and τ, τ 1 P RxΛd,Vy

be complex differential terms. Then, the following statements are true:

(i) If x R FV pτq, then τ ru{xs “ τ .

(ii) y P FV pτ ru{xsq if and only if either y P FV pτq and x ‰ y or y P FV puq and x P FV pτq.

(iii) τ rx{xs “ τ .

(iv) If y ‰ x R FV pvq, then τ ru{xsrv{ys “ τ rv{ysrurv{ys{xs.

(v) If y R FV pτq, then τ ry{xsru{ys “ τ ru{xs.

(vi) If y R FV psq, then Dn
1λx.s ˚ pt1, . . . , tnq “ Dn

1λy.sry{xs ˚ pt1, . . . , tnq.
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♡

(vii) Dn
1λx.s ˚ pt1, . . . , tnq “ Dn

1λy.s
1 ˚ pt1

1, . . . , t
1
nq if and only if there exists a permutation

f P Sn such that t1
j “ fptjq for all 1 ď j ď n, sry{xs “ s1, and s1rx{ys “ s.

(viii) Di1,...,inx ˚ pt1, . . . , tnq “ Di1,...,inx ˚ pt1
1, . . . , t

1
nq if and only if there exists a permutation

f P Sn such that t1
j “ fptjq for all 1 ď j ď n.

(ix) sτ “ s1τ 1 if and only if s “ s1 and τ “ τ 1.

(x) Summation makes the set of complex differential terms RxΛd,Vy into a commutative
monoid with 0 as the unit.

(xi) RxΛd,Vy is a left-R-module on the commutative monoid pRxΛd,Vy,`, 0q.

(xii) There exists a unique nonnegative integer n P N0, unique scalars r1, . . . , rn P R, and
unique distinct simple differential terms s1, ¨ ¨ ¨ , sn P Λd,V such that τ “ r1 ¨ s1 ` ¨ ¨ ¨ `

rn ¨ sn.

Note that we define the support supp pτq of τ to be this unique set of distinct simple
differential terms. That is, supp pτq “ ts1, . . . , snu.

Proof. Parts (i)-(v) follow from Lemmas 2.2.9-2.2.12 and Lemma 2.2.19. Part (vi) follows from
Definition 2.2.14(i) and Lemma 2.2.19(i). The “if” part of Parts (vii)-(ix) follows from Definition
2.2.14(ii)-(iv). The “only if” part of Parts (vii)-(ix) follows from Lemma 2.2.20. Part (x) follows
from Definition 2.2.14(ix)-(xi). Part (xi) follows from Definition 2.2.14(xii)-(xv). Part (xi) follows
from Lemma 2.2.21. ❏

From now on, expressions involving abstractions, applications, differentiation, scaling, sums,
and variables are always understood as differential terms, as defined in Notation 2.2.25-2.2.26. In
particular, with the present machinery at hand, we can formulate definitions and write proofs by
induction on the structure of differential terms, rather than first introducing the relevant notions
for differential pre-terms and then lifting.

2.3 Defining the Partial Derivative

In this section, we are going to define two closely related concepts: linearization and partial differ-
entiation. The reason we need both of these notions when they appear so similar is hard to see at
first, so for now we will just focus on talking about linearization. Given differential terms f and
g representing analytic functions of type Rm Ñ R, intuitively, the linearization Dif ˚ g of f with
respect to the ith argument times g is a function whose type is the same as f and is given by

x1, . . . , xn ÞÑ pBxifqpx1, . . . , xmq ¨ gpx1, . . . , xmq. (2.3.1)

Using this informal definition of linearization and the correspondence between differential terms and
analytic function as laid out in section 2.1, one arrives to the following definition of linearization.

Definition 2.3.1. Linearization for Differential Terms

Let σ, τ P Rx∆d,Vy be complex differential terms and i P N be a positive integer. The
linearization Diτ ˚ σ of τ with respect to the ith argument times σ is defined by:

DipDi1,...,inx ˚ pt1, . . . , tnqq ˚ t “ Di,i1,...,inx ˚ pt, t1, . . . , tnq (2.3.2a)
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♣

DipD
n
1λx.s ˚ pt1, . . . , tnqq ˚ t “

#

Dn`1
1 λx.s ˚ pt, t1, . . . , tnq if i “ 1,

Dn
1λx.pDi´1s ˚ tq ˚ pt1, . . . , tnq if i ą 1 ^ x R FV pσq,

(2.3.2b)

Dipsµq ˚ t “ pDi`1s ˚ tqµ, (2.3.2c)

Di

˜

m
ÿ

j“1

aj ¨ sk

¸

˚

n
ÿ

k“1

bk ¨ tk “

m
ÿ

j“1

n
ÿ

k“1

paj ¨ bkq ¨ Disj ˚ tk. (2.3.2d)

where m,n P N0 are nonnegative integers, a1, . . . , an, b1, . . . , bn P R are scalars, i1, . . . , in P N
are positive integers, s, t, s1, . . . , sn, t1, . . . , tn P Λd,V are simple differential terms, and x P V
is a variable.

Since differential λ-calculus is a calculus representing analytic functions and partial derivatives
commute when applied to analytic functions, the order in which we perform linearization should
not matter, and that is exactly what we prove in the next lemma.

Lemma 2.3.2

♡

Given positive integers i, j P N and simple differential terms s, u, v P Λd,V ,

DipDjs ˚ uq ˚ v “ DjpDis ˚ vq ˚ u. (2.3.3)

Proof. This follows by induction on s.

1. We prove this via induction on s. Let us assume that s “ Di1,...,inx ˚ pt1, . . . , tnq, where
i1, . . . , in P N are nonnegative integers, x P V is a variable, and t1, . . . , tn P Λd,V are simple
differential terms. Then,

DipDjs ˚ uq ˚ v “ DipDjpDi1,...,inx ˚ pt1, . . . , tnqq ˚ uq ˚ v

“ DipDj,i1,...,inx ˚ pu, t1, . . . , tnqq ˚ v

“ Di,j,i1,...,inx ˚ pv, u, t1, . . . , tnq

“ Dj,i,i1,...,inx ˚ pu, v, t1, . . . , tnq

“ DjpDi,i1,...,inx ˚ pv, t1, . . . , tnqq ˚ u

“ DjpDipDi1,...,inx ˚ pt1, . . . , tnqq ˚ vq ˚ u

“ DjpDis ˚ vq ˚ u.

(2.3.4)

2. Assume that s “ Dn
1λx.t ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, x P V is a

variable, and t, t1, . . . , tn P Λd,V are simple differential terms. Further, suppose that i “ j “ 1.
Then,

DipDjs ˚ uq ˚ v “ D1pD1pDn
1λx.t ˚ pt1, . . . , tnqq ˚ uq ˚ v

“ D1pDn`1
1 λx.t ˚ pu, t1, . . . , tnqq ˚ v

“ Dn`2
1 λx.t ˚ pv, u, t1, . . . , tnq

“ Dn`2
1 λx.t ˚ pu, v, t1, . . . , tnq

“ D1pDn`1
1 λx.t ˚ pv, t1, . . . , tnqq ˚ u

“ D1pD1pDn
1λx.t ˚ pt1, . . . , tnqq ˚ vq ˚ u

“ DipDjs ˚ vq ˚ u.

(2.3.5)
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Instead, suppose that i, j ą 1. By the induction hypothesis, Di´1pDj´1t˚uq˚v “ Dj´1pDi´1t˚
vq ˚ u. Hence,

DipDjs ˚ uq ˚ v “ DipDjpD
n
1λx.t ˚ pt1, . . . , tnqq ˚ uq ˚ v

“ DipD
n
1λx.pDj´1t ˚ uq ˚ pt1, . . . , tnqq ˚ v

“ Dn
1λx.pDi´1pDj´1t ˚ uq ˚ vq ˚ pt1, . . . , tnq

“ Dn
1λx.pDj´1pDi´1t ˚ vq ˚ uq ˚ pt1, . . . , tnq

“ DjpD
n
1λx.pDi´1t ˚ bq ˚ pt1, . . . , tnqq ˚ u

“ DjpDipD
n
1λx.t ˚ pt1, . . . , tnqq ˚ vq ˚ u

“ DipDjs ˚ vq ˚ u.

(2.3.6)

Now, suppose that i “ 1 ă j. Then,

DipDjs ˚ uq ˚ v “ D1pDjpD
n
1λx.t ˚ pt1, . . . , tnqq ˚ uq ˚ v

“ D1pDn
1λx.pDj´1t ˚ uq ˚ pt1, . . . , tnqq ˚ v

“ Dn`1
1 λx.pDj´1t ˚ uq ˚ pv, t1, . . . , tnq

“ DjpD
n`1
1 λx.t ˚ pv, t1, . . . , tnqq ˚ u

“ DjpD1pDn
1λx.t ˚ pt1, . . . , tnqq ˚ vq ˚ u

“ DipDjs ˚ vq ˚ u.

(2.3.7)

Finally, suppose j “ 1 ă i. Then,

DipDjs ˚ uq ˚ v “ DipD1pDn
1λx.t ˚ pt1, . . . , tnqq ˚ uq ˚ v

“ DipD
n`1
1 λx.t ˚ pu, t1, . . . , tnqq ˚ v

“ Dn`1
1 λx.pDi´1t ˚ vq ˚ pu, t1, . . . , tnq

“ D1pDn
1λx.pDi´1t ˚ vq ˚ pt1, . . . , tnqq ˚ u

“ D1pDipD
n
1λx.t ˚ pt1, . . . , tnqq ˚ vq ˚ u

“ DipDjs ˚ vq ˚ u.

(2.3.8)

3. Assume that s “ tµ, where t P Λd,V is a simple differential term and µ P RxΛd,Vy is a complex
differential term. By the induction hypothesis, Di`1pDj`1a ˚ uq ˚ v “ Dj`1pDi`1a ˚ vq ˚ u.
Hence,

DipDjs ˚ uq ˚ v “ DipDjtµ ˚ uq ˚ v

“ DipDj`1t ˚ uqµ ˚ v

“ pDi`1pDj`1t ˚ uq ˚ vqµ

“ pDj`1pDi`1t ˚ vq ˚ uqµ

“ DjpDi`1t ˚ vqµ ˚ u

“ DjpDitµ ˚ vq ˚ u

“ DjpDis ˚ vq ˚ u.

(2.3.9)

This completes the induction. ❏
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Corollary 2.3.3

♡

Given nonnegative integers i, j P N and complex differential terms τ, σ, ρ P RxΛd,Vy,

DipDjτ ˚ σq ˚ ρ “ DjpDiτ ˚ ρq ˚ σ. (2.3.10)

Proof. By Lemma 2.2.29(xii), there exist unique nonnegative integers ℓ,m, n P N0, scalars a1, . . . , aℓ,
b1 . . . , bm, c1, . . . , cn P R, and simple differential terms s1, . . . , sℓ, u1, . . . , um, v1, . . . , vn P Λd,V such

that τ “
řℓ

x“1 rx ¨ sx, σ “
řm

y“1 ay ¨ uy, and ρ “
řn

z“1 bz ¨ vz. Then,

DipDjτ ˚ σq ˚ ρ “ Di

˜

Dj

˜

ℓ
ÿ

x“1

rx ¨ sx

¸

˚

˜

m
ÿ

y“1

ay ¨ uy

¸¸

˚

˜

n
ÿ

z“1

bz ¨ vz

¸

“

ℓ
ÿ

x“1

m
ÿ

y“1

n
ÿ

z“1

prx ¨ ay ¨ bzq ¨ DipDjsx ˚ uyq ˚ vz

“

ℓ
ÿ

x“1

m
ÿ

y“1

n
ÿ

z“1

prx ¨ ay ¨ bzq ¨ DjpDisx ˚ vzq ˚ uy

“

ℓ
ÿ

x“1

n
ÿ

z“1

m
ÿ

y“1

prx ¨ az ¨ byq ¨ DjpDisx ˚ vzq ˚ uy

“ Di

˜

Dj

˜

ℓ
ÿ

x“1

rx ¨ sx

¸

˚

˜

m
ÿ

z“1

bz ¨ vz

¸¸

˚

˜

n
ÿ

z“1

ay ¨ uy

¸

“ DjpDiτ ˚ ρq ˚ σ,

(2.3.11)

where we used Lemma 2.3.2 for the third equality and (2.3.2d) for the second and fifth equality. ❏

At this point, a differentiated variable is built exclusively from a variable and simple differential
terms, a differentiated abstraction is built built exclusively from simple differential terms, and an
application is built from a simple differential term and a complex differential term. However, we
will find it essential, especially in the context of defining β-reduction for differential λ-calculus, to
consider generalized versions of these two notions built completely from complex differential terms,
using the linearity suggested by (2.1.1) and (2.1.2).

Notation 2.3.4

Let n P N0 be a nonnegative integer, i1, . . . , in P N be positive integers, let σ, τ1, . . . , τn P

RxΛd,Vy be complex differential terms, and let x P V be a variable. Then, the complex
differentiated variable Di1,...,inσ˚pτ1, . . . , τnq, the complex differentiated abstraction Dn

1λx.σ˚

pτ1, . . . , tnq, and the complex differentiated application στ are the complex differential terms
given by

Di1,...,inσ ˚ pτ1, . . . , τnq – Di1p¨ ¨ ¨ pDinσ ˚ τ1q ¨ ¨ ¨ q ˚ τ1, (2.3.12a)

Dn
1λx.σ ˚ pτ1, . . . , τnq –

m
ÿ

j“1

rj ¨ D1p¨ ¨ ¨ pD1λx.sj ˚ τ1q ¨ ¨ ¨ q ˚ τ1, (2.3.12b)

στ –

m
ÿ

j“1

rj ¨ sjτ, (2.3.12c)

where m P N0 is the nonnegative integer, r1, ¨ ¨ ¨ , rn P R are the scalars, and s1, ¨ ¨ ¨ , sn P Λd,V
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♠

are the simple differential terms such that σ “ r1 ¨ s1 ` ¨ ¨ ¨ ` rn ¨ sn, which we know exist and
are unique by Lemma 2.2.29(xii).

The fact that notion of a complex differentiated variable, complex differentiated abstraction,
and complex application, as defined in Notation 2.3.4, reduce to the origin definition of a differen-
tiated variable, differentiated abstraction, and complex application, as defined in Notation 2.2.25,
is immediate. With this generalization of differentiated variable, differentiated abstraction, and
abstraction, we can generalize out usual notion of substitution of a simple differential term for a
variable in a complex differential term to a complex differential term for a variable in a complex
differential term.

Definition 2.3.5. Complex Substitution for Differential Terms

♣

Given a variable x P V and complex differential terms τ, ρ P RxΛd,Vy, the substitution τ rρ{xs

of ρ for x in τ is defined by:

pDi1,...,inx ˚ pτ1, . . . , τnqqrρ{xs “ Di1,...,inρ ˚ pτ1rρ{xs, . . . , τnrρ{xsq, (2.3.13a)

pDi1,...,iny ˚ pτ1, . . . , τnqqrρ{xs “ Di1,...,iny ˚ pτ1rρ{xs, . . . , τnrρ{xsq, (2.3.13b)

pDn
1λx.s ˚ pτ1, . . . , τnqqrρ{xs “ Dn

1λx.s ˚ pτ1rρ{xs, . . . , τnrρ{xsq, (2.3.13c)

pDn
1λy.s ˚ pτ1, . . . , τnqqrρ{xs “ Dn

1λy.σrρ{xs ˚ pτ1rρ{xs, . . . , τnrρ{xsq if y R FV pρq, (2.3.13d)

pσµqrt{xs “ σrρ{xsµrρ{xs, (2.3.13e)

pr1 ¨ τ1 ` ¨ ¨ ¨ rn ¨ tnqrρ{xs “ r1 ¨ τ1rρ{xs ` ¨ ¨ ¨ rn ¨ τnrρ{xs. (2.3.13f)

where y P V is a variable distinct from x, r1, . . . , rn P R are scalars, n P N0 is a nonneg-
ative integer, i1, . . . , in P N are positive integers, and µ, τ1, . . . , τn P RxΛd,Vy are complex
differential terms.

Again, the fact that the substitution of a complex differential term for a variable in a complex
differential term reduces, as defined in Definition 2.3.5, the substation of a simple differential term
for a variable in a complex differential term, as defined in 2.2.24, is immediate. Now, we show that
linearization (i.e., D) commutes with substitution.

Lemma 2.3.6

♡

If i P N is a positive integer and τ, σ, ρ P RxΛd,Vy are complex differential terms, we have
that

pDiτ ˚ σqrρ{xs “ Ditrρ{xs ˚ σrρ{xs. (2.3.14)

Proof. This follows by induction on τ .

1. Assume that τ “ Di1,...,inx ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, i1, . . . , in P N
are positive integers, and t1, . . . , tn P Λd,V are simple differential terms. Then,

Diτ ˚ σqrρ{xs “ pDipDi1,...,inx ˚ pt1, . . . , tnqq ˚ σqrρ{xs

“ pDi,i1,...,inx ˚ pu, t1, . . . , tnqqrρ{xs

“ Di,i1,...,inv ˚ purρ{xs, t1rρ{xs, . . . , tnrρ{xsq

“ DipDi1,...,inv ˚ pt1rρ{xs, . . . , tnrρ{xsqq ˚ σrρ{xs

“ DipDi1,...,inx ˚ pt1, . . . , tnqqrρ{xs ˚ σrρ{xs

“ Diτ rρ{xs ˚ σrρ{xs.

(2.3.15)
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2. Assume that τ “ Di1,...,iny ˚ pt1, . . . , tnq, where i1, . . . , in P N are positive integers, y P V is a
variable such that y ‰ x, and t1, . . . , tn P Λd,V are simple differential terms. Then,

pDiτ ˚ σqrρ{xs “ pDipDi1,...,iny ˚ pt1, . . . , tnqq ˚ σqrρ{xs

“ pDi,i1,...,inx ˚ pu, t1, . . . , tnqqrρ{xs

“ Di,i1,...,iny ˚ purρ{xs, t1rρ{xs, . . . , tnrρ{xsq

“ DipDi1,...,iny ˚ pt1rρ{xs, . . . , tnrρ{xsqq ˚ σrρ{xs

“ DipDi1,...,iny ˚ pt1, . . . , tnqqrρ{xs ˚ σrρ{xs

“ Diτ rρ{xs ˚ σrρ{xs.

(2.3.16)

3. Assume that τ “ Dn
1λy.s ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, y P V is a

variable such that y is a fresh variable, and s, t1, . . . , tn P Λd,V are simple differential terms.
Further, suppose that i “ 1. Then,

pDiτ ˚ σqrρ{xs “ pD1pDn
1λy.s ˚ pt1, . . . , tnqq ˚ σqrρ{xs

“ pDn`1
1 λy.s ˚ pu, t1, . . . , tnqqrρ{xs

“ Dn`1
1 λy.srρ{xs ˚ purρ{xs, t1rρ{xs, . . . , tnrρ{xsq

“ D1pDn
1λy.srρ{xs ˚ pt1rρ{xs, . . . , tnrρ{xsqq ˚ σrρ{xs

“ D1ppDn
1λy.s ˚ pt1, . . . , tnqqrρ{xsq ˚ σrρ{xs

“ Diτ rρ{xs ˚ σrρ{xs.

(2.3.17)

Instead, suppose that i ą 1. By the induction hypothesis, pDi´1s ˚ σqrρ{xs “ Di´1srρ{xs ˚

σrρ{xs. Hence,

pDiτ ˚ σqrρ{xs “ pDipD
n
1λy.s ˚ pt1, . . . , tnqq ˚ σqrρ{xs

“ pDn
1λy.pDi´1s ˚ σq ˚ pt1, . . . , tnqqrρ{xs

“ Dn
1λy.pDi´1s ˚ σqrρ{xs ˚ pt1rρ{xs, . . . , tnrρ{xsq

“ Dn
1λy.pDi´1srρ{xs ˚ σrρ{xsq ˚ pt1rρ{xs, . . . , tnrρ{xsq

“ DipD
n
1λy.srρ{xs ˚ pt1rρ{xs, . . . , tnrρ{xsqq ˚ σrρ{xs

“ DippDn
1λy.s ˚ pt1, . . . , tnqqrρ{xsq ˚ σrρ{xs

“ Diτ rρ{xs ˚ σrρ{xs.

(2.3.18)

4. Assume that τ “ sµ, where s P Λd,V is a simple differential term and µ P RxΛd,Vy is a complex
differential terms. By the induction hypothesis, pDi`1s˚σqrρ{xs “ Di`1srρ{xs˚σrρ{xs. Hence,

pDiτ ˚ σqrρ{xs “ pDisµ ˚ σqrρ{xs

“ ppDi`1s ˚ σqµqrρ{xs

“ pDi`1s ˚ σqrρ{xsbrρ{xs

“ pDi`1srρ{xs ˚ σrρ{xsqµrρ{xs

“ Disrρ{xsµrρ{xs ˚ σrρ{xs

“ Dipsµqrρ{xs ˚ σrρ{xs

“ Diτ rρ{xs ˚ σrρ{xs.

(2.3.19)

5. Assume that τ “
řn

j“1 rj ¨ sj , where n P N0 is a nonnegative integer, r1, . . . , rn P R are
scalars, and s1, . . . , sn P Λd,V are simple differential terms. By the induction hypothesis,
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pDisj ˚ σqrρ{xs “ Disjrρ{xs ˚ σrρ{xs for each 1 ď j ď n. Hence,

Diτ ˚ σqrρ{xs “

˜

Di

˜

n
ÿ

j“1

rj ¨ sj

¸

˚ σ

¸

rρ{xs

“

˜

n
ÿ

j“1

rj ¨ pDisj ˚ σq

¸

rρ{xs

“

n
ÿ

j“1

rj ¨ pDisj ˚ σqrρ{xs

“

n
ÿ

j“1

rj ¨ pDisjrρ{xs ˚ σrρ{xsq

“ Di

˜

n
ÿ

j“1

rj ¨ sjrρ{xs

¸

˚ σrρ{xs

“ Di

˜

n
ÿ

j“1

rj ¨ sj

¸

rρ{xs ˚ σrρ{xs

“ Diτ rρ{xs ˚ σrρ{xs

(2.3.20)

This completes the induction. ❏

With this lemma, we can lift many of the properties of substitution of a simple differential term
for a variable in a complex differential term to substitution of a complex differential term for a
variable in a complex differential term.

Lemma 2.3.7

♡

Let x, y P V be variables and τ, σ, ρ P RxΛd,Vy be complex differential terms. Then, the
following statements are true:

(i) If x R FV pτq, then τ rσ{xs “ τ .

(ii) y P FV pτ rσ{xsq if and only if either y P FV pτq and x ‰ y or y P FV puq and x P FV pτq.

(iii) If y ‰ x R FV pρq, then τ rσ{xsrρ{ys “ τ rρ{ysrσrρ{ys{xs.

(iv) If y R FV pτq, then τ ry{xsrσ{ys “ τ rσ{xs.

Proof. This follows from Lemma 2.2.29(i), (ii), (iv), and (v), Notation 2.3.4, Definition 2.3.5, and
Lemma 2.3.6. ❏

We are ready to define partial differentiation for differential terms. Given differential terms f
and g representing analytic functions of type Rm Ñ R, intuitively, the partial derivative Bxf ˚ g of
f with respect to the x times g is a function whose type is the same as f and is equivalent to the
function given by

x1, . . . , xn ÞÑ pBxfqpx1, . . . , xmq ¨ gpx1, . . . , xmq (2.3.21)

after evaluation. This makes sense. But there is something strange about this definition. It seems
as though the informal definition for partial differentiation is almost word for word the informal
definition of linearization. That is correct. In fact, the only difference in the two informal definitions
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is the appearance of the phrase “equivalent to [. . . ] after evaluation” in the informal definition for
partial differentiation, a phrase that does not appear in the informal definition for linearization.
This phrase is key. The difference between linearization and partial differentiation that lineation
of a differential term represents preforming partial differentiation on that differential term purely
syntactically by taking on or modifying a symbol, while partial differentiation of a differential term
returns a differential term whose underlying analytic function is the underlying analytic function
of the linearization after we apply simple differentiation rules like Leibnitz rule and the chain rule.
In this way, linearization is syntactic and partial differentiation is computational. We see a similar
dynamic between two notions in ordinary λ-calculus: the notions of application and substitution.
Given a variable x and two ordinary λ-terms M and N , the application pλx.MqN represents the
term where we input N into the function λx.M , but we do not actually replace every instance of
x in M with the term N , as opposed to the substitution M rN{xs where we are actually modifying
M by replacing every instance of x in M with N . In this way, application and substation, just like
linearization and partial differentiation, represent the same concept from a birds eye view, but the
former is symbolic and the latter is computational. Without further ado, we now define partial
differentiation.

Definition 2.3.8. Partial Derivative of Differential Pre-Terms

♣

Given a variable x P V and complex differential term σ, τ P Rx∆d,Vy, the partial derivative
Bxτ ˚ σ of τ with respect to x times σ is defined by:

BxpDi1,...,inx ˚ pt1, . . . , tnqq ˚ σ “ Di1,...,inσ ˚ pt1, . . . , tnq

`

n
ÿ

j“1

Di1,...,iny ˚ pt1, . . . , Bxtj ˚ σ, . . . , tnq,
(2.3.22a)

BxpDi1,...,iny ˚ pt1, . . . , tnqq ˚ σ “

n
ÿ

j“1

Di1,...,iny ˚ pt1, . . . , Bxtj ˚ σ, . . . , tnq, (2.3.22b)

BxpDn
1λx.s ˚ pt1, . . . , tnqq ˚ σ “

n
ÿ

j“1

Dn
1λx.s ˚ pt1, . . . , Bxtj ˚ σ, . . . , tnq, (2.3.22c)

BxpDn
1λy.s ˚ pt1, . . . , tnqq ˚ σ “ Dn

1λy.pBxs ˚ σq ˚ pt1, . . . , tnq if y R FV pσq

`

n
ÿ

j“1

Dn
1λy.s ˚ pt1, . . . , Bxtj ˚ σ, . . . , tnq,

(2.3.22d)

Bxpsµq ˚ σ “ pBxs ˚ σqµ ` pD1s ˚ pBxµ ˚ σqqµ, (2.3.22e)

Bx

˜

m
ÿ

j“1

aj ¨ sk

¸

˚ σ “

m
ÿ

j“1

aj ¨ Bxsj ˚ σ. (2.3.22f)

where n P N0 are nonnegative integers, a1, . . . , an P R are scalars, i1, . . . , in P N are positive
integers, s, s1, . . . , sn, t1, . . . , tn P Λd,V are simple differential terms, and y P V is a variable
distinct from x.

To simplify notation, we are going to introduce a symbol that behaves a lot like the very familiar
Kronecker Delta symbol.
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Notation 2.3.9. Kronecker Delta

♠

Given variables x, y P V and a complex differential term τ P RxΛd,Vy, we define the complex
differential term δx,yτ by

δx,yτ –

#

τ, if x “ y

0, if x ‰ y

+

. (2.3.23)

Now, we prove some important properties of the partial derivative.

Lemma 2.3.10

♡

If i P N is a positive integer and τ, σ, ρ P RxΛd,Vy are complex differential terms, we have
that

BxpDiτ ˚ σq ˚ ρ “ DipBxτ ˚ ρq ˚ σ ` Diτ ˚ pBxσ ˚ ρq. (2.3.24)

Proof. We prove this via induction on τ .

1. Assume that τ “ Di1,...,iny ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, i1, . . . , in P N
are positive integers, y P V is a variable, and t1, . . . , tn P Λd,V are simple differential terms.
Then,

BxpDiτ ˚ σq ˚ ρ “ BxpDipDi1,...,iny ˚ pt1, . . . , tnqq ˚ σq ˚ ρ

“ BxpDi,i1,...,iny ˚ pu, t1, . . . , tnqq ˚ ρ

“ δx, yDi,i1,...,inρ ˚ pu, t1, . . . , tnq

` Di,i1,...,iny ˚ pBxσ ˚ ρ, t1, . . . , tnq

`

n
ÿ

j“1

Di,i1,...,iny ˚ pu, t1, . . . , Bxuj ˚ ρ, . . . , tnq

“ Dipδx, yDi1,...,inρ ˚ pt1, . . . , tnqq ˚ σ

` DipDi1,...,iny ˚ pt1, . . . , tnqq ˚ pBxσ ˚ ρq

`

n
ÿ

j“1

DipDi1,...,iny ˚ pt1, . . . , Bxuj ˚ ρ, . . . , tnqq ˚ σ

“ Di

ˆ

δx, yDi1,...,inρ ˚ pt1, . . . , tnq

`

n
ÿ

j“1

Di1,...,iny ˚ pt1, . . . , Bxuj ˚ ρ, . . . , tnq

˙

˚ σ

` DipDi1,...,iny ˚ pt1, . . . , tnqq ˚ pBxσ ˚ ρq

“ DipBxpDi1,...,iny ˚ pt1, . . . , tnqq ˚ ρq ˚ σ

` DipDi1,...,iny ˚ pt1, . . . , tnqq ˚ pBxσ ˚ ρq

“ DipBτ ˚ ρq ˚ σ ` Diτ ˚ pBxσ ˚ ρq.

(2.3.25)

2. Assume that τ “ Dn
1λy.s ˚ pt1, . . . , tnq, where n P N is a nonnegative integer, y P V is a

variable such that y ‰ x and y R FV puq, and t, t1, . . . , tn P Λd,V are simple differential terms.
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Further, suppose that i “ 1. Then,

BxpDiτ ˚ σq ˚ ρ “ BxpD1pDn
1λy.s ˚ pt1, . . . , tnqq ˚ σq ˚ ρ

“ BxpDn`1
1 λy.s ˚ pu, t1, . . . , tnqq ˚ ρ

“ Dn`1
1 λy.pBxs ˚ ρq ˚ pu, t1, . . . , tnq

` Dn`1
1 λy.s ˚ pBxσ ˚ ρ, t1, . . . , tnq

`

n
ÿ

i“1

Dn`1
1 λy.s ˚ pu, t1, . . . , Bxui ˚ ρ, tnq

“ D1pDn
1λy.pBxs ˚ ρq ˚ pt1, . . . , tnqq ˚ σ

` D1pDn
1λy.s ˚ pt1, . . . , tnqq ˚ pBxσ ˚ ρq

`

n
ÿ

i“1

D1pDn
1λy.s ˚ pt1, . . . , Bxui ˚ ρ, tnqq ˚ σ

“ D1pDn
1λy.pBxs ˚ ρq ˚ pt1, . . . , tnqq ˚ σ

`

n
ÿ

i“1

D1pDn
1λy.s ˚ pt1, . . . , Bxui ˚ ρ, tnqq ˚ σ

` D1pDn
1λy.s ˚ pt1, . . . , tnqq ˚ pBxσ ˚ ρq

“ D1

ˆ

Dn
1λy.pBxs ˚ ρq ˚ pt1, . . . , tnq

`

n
ÿ

i“1

Dn
1λy.s ˚ pt1, . . . , Bxui ˚ ρ, tnq

˙

˚ σ

` D1pDn
1λy.s ˚ pt1, . . . , tnqq ˚ pBxσ ˚ ρq

“ D1pBxpDn
1λy.s ˚ pt1, . . . , tnqq ˚ ρq ˚ σ

` D1pDn
1λy.s ˚ pt1, . . . , tnqq ˚ pBxσ ˚ ρq

“ DipBxτ ˚ ρq ˚ σ ` Diτ ˚ pBxσ ˚ ρq.

(2.3.26)

Instead, let us assume that i ą 1. By the induction hypothesis, BxpDi´1s˚σq ˚ρ “ Di´1pBxs˚

ρq ˚ σ ` Di´1s ˚ pBxσ ˚ ρq. Hence,

BxpDiτ ˚ σq ˚ ρ “ BxpDipD
n
1λy.s ˚ pt1, . . . , tnqq ˚ σq ˚ ρ

“ BxpDn
1λy.pDi´1s ˚ σq ˚ pt1, . . . , tnqq ˚ ρ

“ Dn
1λy.pBxpDi´1s ˚ σq ˚ ρq ˚ pt1, . . . , tnq

`

n
ÿ

i“1

Dn
1λy.pDi´1s ˚ σq ˚ pt1, . . . , Bxui ˚ ρ, . . . , tnq

“ Dn
1λy.pDi´1pBxs ˚ ρq ˚ σ ` Di´1s ˚ pBxσ ˚ ρqq ˚ pt1, . . . , tnq (2.3.27)

`

n
ÿ

i“1

Dn
1λy.pDi´1s ˚ σq ˚ pt1, . . . , Bxui ˚ ρ, . . . , tnq

“ Dn
1λy.pDi´1pBxs ˚ ρq ˚ σq ˚ pt1, . . . , tnq

` Dn
1λy.pDi´1s ˚ pBxσ ˚ ρqq ˚ pt1, . . . , tnq

`

n
ÿ

i“1

Dn
1λy.pDi´1s ˚ σq ˚ pt1, . . . , Bxui ˚ ρ, . . . , tnq
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“ DipD
n
1λy.pBxs ˚ ρq ˚ pt1, . . . , tnqq ˚ σ

` DipD
n
1λy.s ˚ pt1, . . . , tnqq ˚ pBxσ ˚ ρq

`

n
ÿ

i“1

DipD
n
1λy.s ˚ pt1, . . . , Bxui ˚ ρ, . . . , tnqq ˚ σ

“ DipD
n
1λy.pBxs ˚ ρq ˚ pt1, . . . , tnqq ˚ σ

`

n
ÿ

i“1

DipD
n
1λy.s ˚ pt1, . . . , Bxui ˚ ρ, . . . , tnqq ˚ σ

` DipD
n
1λy.s ˚ pt1, . . . , tnqq ˚ pBxσ ˚ ρq

“ Di

ˆ

Dn
1λy.pBxs ˚ ρq ˚ pt1, . . . , tnq

`

n
ÿ

i“1

Dn
1λy.s ˚ pt1, . . . , Bxui ˚ ρ, . . . , tnq

˙

˚ σ

` DipD
n
1λy.s ˚ pt1, . . . , tnqq ˚ pBxσ ˚ ρq

“ DipBxpDn
1λy.s ˚ pt1, . . . , tnqq ˚ ρq ˚ σ

` DipD
n
1λy.s ˚ pt1, . . . , tnqq ˚ pBxσ ˚ ρq

“ DipBxτ ˚ ρq ˚ σ ` Diτ ˚ pBxσ ˚ ρq.

3. Assume that τ “ sµ, where s P Λd,V is a simple differential term and µ P RxΛd,Vy are complex
differential terms. By the induction hypothesis, BxpDi`1s˚σq ˚ρ “ Di`1pBxs˚ρq ˚σ`Di`1s˚

pBxσ ˚ ρq. Hence,

BxpDiτ ˚ σq ˚ ρ “ BxpDipsµq ˚ σq ˚ ρ

“ BxppDi`1s ˚ σqµq ˚ ρ

“ pBxpDi`1s ˚ σq ˚ ρqµ ` pD1pDi`1s ˚ σq ˚ pBxµ ˚ ρqqµ

“ pDi`1pBxs ˚ ρq ˚ σ ` Di`1s ˚ pBxσ ˚ ρqqµ

` pD1pDi`1s ˚ σq ˚ pBxµ ˚ ρqqµ

“ pDi`1pBxs ˚ ρq ˚ σqµ ` pDi`1s ˚ pBxσ ˚ ρqqµ

` pD1pDi`1s ˚ σq ˚ pBxµ ˚ ρqqµ

“ pDi`1pBxs ˚ ρq ˚ σqµ ` pDi`1s ˚ pBxσ ˚ ρqqµ

` pDi`1pD1s ˚ pBxµ ˚ ρqq ˚ σqµ

“ pDi`1pBxs ˚ ρq ˚ σqµ ` pDi`1pD1s ˚ pBxµ ˚ ρqq ˚ σqµ

` pDi`1s ˚ pBxσ ˚ ρqqµ

“ pDi`1pBxs ˚ ρ ` D1s ˚ pBxµ ˚ ρqq ˚ σqµ ` pDi`1s ˚ pBxσ ˚ ρqqµ

“ DipBxs ˚ ρ ` D1s ˚ pBxµ ˚ ρqqµq ˚ σ ` Dipaqµ ˚ pBxσ ˚ ρq

“ DippBxs ˚ ρqµ ` pD1s ˚ pBxµ ˚ ρqqµq ˚ σ ` Dipaqµ ˚ pBxσ ˚ ρq

“ DipBxpaqµ ˚ ρq ˚ σ ` Dipaqµ ˚ pBxσ ˚ ρq

“ DipBxτ ˚ ρq ˚ σ ` Diτ ˚ pBxσ ˚ ρq

(2.3.28)

4. Assume that τ “
řn

j“1 rj ¨ sj , where n P N0 is a nonnegative integer, r1, . . . , rn P R are
scalars, and s1, . . . , sn P Λd,V are simple differential terms. By the induction hypothesis,
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BxpDisj ˚ σq ˚ ρ “ DipBxsj ˚ ρq ˚ σ ` Disj ˚ pBxσ ˚ ρq for each 1 ď j ď n. Hence,

BxpDiτ ˚ σq ˚ ρ “ Bx

˜

Di

˜

n
ÿ

j“1

rj ¨ sj

¸

˚ σ

¸

˚ ρ

“ Bx

˜

n
ÿ

j“1

rj ¨ pDisj ˚ σq

¸

˚ ρ

“

n
ÿ

j“1

rj ¨ pBxpDisj ˚ σq ˚ ρq

“

n
ÿ

j“1

rj ¨ pDipBxsj ˚ ρq ˚ σ ` Disj ˚ pBxσ ˚ ρqq

“

n
ÿ

j“1

rj ¨ pDipBxsj ˚ ρq ˚ σq `

n
ÿ

j“1

rj ¨ pDisj ˚ pBxσ ˚ ρqq

“ Di

˜

Bx

˜

n
ÿ

j“1

rj ¨ sj

¸

˚ ρ

¸

˚ σq ` Di

˜

n
ÿ

j“1

rj ¨ sj

¸

˚ pBxσ ˚ ρq

“ DipBxτ ˚ ρq ˚ σ ` Diτ ˚ pBxσ ˚ ρq

(2.3.29)

This completes the induction. ❏

Lemma 2.3.11

♡Let τ, σ P RxΛd,Vy be complex differential terms. If x R FV pτq, then Bxτ ˚ σ “ 0.

Proof. We prove this via induction on τ .

1. Assume that τ “ Di1,...,iny ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, i1, . . . , in P N
are positive integers, y P V is a variable such that x ‰ y, and t1, . . . , tn are simple differential
terms. By the induction hypothesis, Bxtj ˚ σ “ 0 for all 1 ď j ď n. Hence,

Bxt ˚ σ “ BxpDi1,...,iny ˚ pt1, . . . , tnqq ˚ σ

“ δx,yDi1,...,inσ ˚ pt1, . . . , tnq `

n
ÿ

i“1

Di1,...,iny ˚ pt1, . . . , Bxtj ˚ σ, . . . , tnq

“ 0 `

n
ÿ

i“1

Di1,...,iny ˚ pt1, . . . , 0, . . . , tnq “ 0 `

n
ÿ

i“1

0 “ 0.

(2.3.30)

2. Assume that τ “ Dn
1 pλy.sq ˚ pt1, . . . , tnq, where n P N , y is a variable, and s, t1, . . . , tn are

simple differential terms. By the induction hypothesis, Bxs ˚ σ “ 0 and Bxtj ˚ σ “ 0 for all
1 ď j ď n. Hence

Bxt ˚ σ “ BxpDn
1 pλy.sq ˚ pt1, . . . , tnqq ˚ σ

“ Dn
1 pλy.pBxs ˚ σqq ˚ pt1, . . . , tnq `

n
ÿ

i“1

Dn
1 pλy.sq ˚ pt1, . . . , Bxtj ˚ σ, . . . , tnq (2.3.31)

“ Dn
1 pλy.0q ˚ pt1, . . . , tnq `

n
ÿ

i“1

Dn
1 pλy.sq ˚ pt1, . . . , 0, . . . , tnq “ 0 `

n
ÿ

i“1

0 “ 0.
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3. Assume that τ “ sµ, where s P Λd,V is a simple differential term and µ P RxΛd,Vy is a complex
differential term. By the induction hypothesis, Bxs ˚ σ “ 0 and Bxµ ˚ σ “ 0. Hence,

Bxt ˚ σ “ Bxsµ ˚ σ “ pBxs ˚ σqµ ` pD1s ˚ pBxµ ˚ σqqµ

“ 0µ ` pD1s ˚ 0qµ “ 0 ` 0 “ 0.
(2.3.32)

4. Assume that τ “
řn

j“1 rj ¨sj , where n P N0 is a nonnegative integer, r1, . . . , rn P R are scalars,
and s1, . . . , sn P Λd,V are simple differential terms. By the induction hypothesis, Bxsj “ 0 for
each 1 ď j ď n. Hence,

Bx

˜

n
ÿ

j“1

rj ¨ sj

¸

˚ σ “

n
ÿ

j“1

rj ¨ pBxsj ˚ σq “

n
ÿ

j“1

rj ¨ 0 “ 0. (2.3.33)

This completes the induction. ❏

Lemma 2.3.12

♡

Let τ P RxΛd,Vy be a complex differential term, let x P V be a variable, let m P N0 be
a nonnegative integer, let r1, . . . , rm P R be scalars, and let s1, . . . , sm P Λd,V be simple
differential terms. Then,

Bxτ ˚

˜

m
ÿ

k“1

rk ¨ sk

¸

“

m
ÿ

k“1

rk ¨ pBxτ ˚ skq. (2.3.34)

Proof. We prove this by induction on τ .

1. Assume that τ “ Di1,...,iny ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, i1, . . . , in P N,
y P V is a variable, and t1, . . . , tn P Λd,V are simple differential terms. By the induction
hypothesis, Bxtj ˚ p

řm
k“1 rk ¨ skq “

řm
k“1 rk ¨ Bxtj ˚ sk for all 1 ď j ď n. Hence,

Bxτ ˚

˜

m
ÿ

k“1

rk ¨ sk

¸

“ BxpDi1,...,iny ˚ pt1, . . . , tnqq ˚

˜

m
ÿ

k“1

rk ¨ sk

¸

“ δx,yDi1,...,in

˜

m
ÿ

k“1

rk ¨ sk

¸

˚ pt1, . . . , tnq

`

n
ÿ

j“1

Di1,...,iny ˚

˜

t1, . . . , Bxtj ˚

˜

m
ÿ

k“1

rk ¨ sk

¸

, . . . , tn

¸

“ δx,yDi1,...,in

˜

m
ÿ

k“1

rk ¨ sk

¸

˚ pt1, . . . , tnq (2.3.35)

`

n
ÿ

j“1

Di1,...,iny ˚

˜

t1, . . . ,
m
ÿ

k“1

rk ¨ Bxtj ˚ sk, . . . , tn

¸

“

m
ÿ

k“1

rk ¨

ˆ

δx,yDi1,...,insk ˚ pt1, . . . , tnq

`

n
ÿ

j“1

Di1,...,iny ˚ pt1, . . . , Bxtj ˚ sk, . . . , tnq

˙
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“

m
ÿ

k“1

rk ¨ BxpDi1,...,iny ˚ pt1, . . . , tnqq ˚ sk

“

m
ÿ

k“1

rk ¨ Bxτ ˚ sk.

2. Assume that τ “ Dn
1λy.s˚pt1, . . . , tnq, where n P N0, y P V is a variable, and s, t1, . . . , tn P Λd,V

are simple differential terms. By the induction hypothesis, Bxs ˚ p
řm

k“1 rk ¨ skq “
řm

k“1 rk ¨

Bxs ˚ sk and Bxtj ˚ p
řm

k“1 rk ¨ skq “
řm

k“1 rk ¨ Bxtj ˚ sk for all 1 ď j ď n. Hence,

Bxτ ˚

˜

m
ÿ

k“1

rk ¨ sk

¸

“ BxpDn
1λy.s ˚ pt1, . . . , tnqq ˚

˜

m
ÿ

k“1

rk ¨ sk

¸

“ Dn
1λy.

˜

Bxs ˚

˜

m
ÿ

k“1

rk ¨ sk

¸¸

˚ pt1, . . . , tnq

`

n
ÿ

j“1

Dn
1λy.s ˚

˜

t1, . . . , Bxtj ˚

˜

m
ÿ

k“1

rk ¨ sk

¸

, . . . , tn

¸

“ Dn
1λy.

˜

m
ÿ

k“1

rk ¨ Bxs ˚ sk

¸

˚ pt1, . . . , tnq

`

n
ÿ

j“1

Dn
1λy.s ˚

˜

t1, . . . ,
m
ÿ

k“1

rk ¨ Bxtj ˚ sk, . . . , tn

¸

“

m
ÿ

k“1

rk ¨ pDn
1λy.pBxs ˚ skq ˚ pt1, . . . , tnq

`

n
ÿ

j“1

Dn
1λy.s ˚ pt1, . . . , Bxtj ˚ sk, . . . , tnqq

“

m
ÿ

k“1

rk ¨ BxpDn
1λy.s ˚ pt1, . . . , tnqq ˚ sk

“

m
ÿ

k“1

rk ¨ Bxτ ˚ sk.

(2.3.36)

3. Assume that τ “ sµ, where s P Λd,V is a simple differential term and µ P RxΛd,Vy is a complex
differential term. By the induction hypothesis, Bxs ˚ p

řm
k“1 rk ¨ skq “

řm
k“1 rk ¨ Bxs ˚ sk and

Bxµ ˚ p
řm

k“1 rk ¨ skq “
řm

k“1 rk ¨ Bxµ ˚ sk. Hence,

Bxpsµq ˚

˜

m
ÿ

k“1

rk ¨ sk

¸

“

˜

Bxs ˚

˜

m
ÿ

k“1

rk ¨ sk

¸¸

µ

`

˜

D1s ˚

˜

Bxµ ˚

˜

m
ÿ

k“1

rk ¨ sk

¸¸¸

µ (2.3.37)

“

˜

m
ÿ

k“1

rk ¨ Bxs ˚ sk

¸

µ

`

˜

D1s ˚

˜

m
ÿ

k“1

rk ¨ Bxµ ˚ sk

¸¸

µ
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“

m
ÿ

k“1

rk ¨ ppBxs ˚ skqµ ` pD1s ˚ pBxµ ˚ skqqµq

“

m
ÿ

k“1

rk ¨ Bxpsµq ˚ sk

“

m
ÿ

k“1

rk ¨ Bxτ ˚ sk.

4. Assume that τ “
řn

j“1 aj ¨ tj , where n P N0 is a nonnegative integer, a1, . . . , an P R are
scalars, and t1, . . . , tn P Λd,V are simple differential terms. By the induction hypothesis,
Bxtk ˚ p

řm
k“1 rk ¨ skq “

řm
k“1 rk ¨ Bxtj ˚ sk for each 1 ď j ď n. Hence,

Bxτ ˚

˜

m
ÿ

k“1

rk ¨ sk

¸

“ Bx

˜

n
ÿ

j“1

aj ¨ tj

¸

˚

˜

m
ÿ

k“1

rk ¨ sk

¸

“

n
ÿ

j“1

aj ¨ Bxtj ˚

˜

m
ÿ

k“1

rk ¨ sk

¸

“

n
ÿ

j“1

aj ¨

m
ÿ

k“1

rk ¨ Bxtj ˚ sk

“

m
ÿ

k“1

rk ¨ Bx

˜

n
ÿ

j“1

aj ¨ tj

¸

˚ sk

“

m
ÿ

k“1

rk ¨ Bxτ ˚ sk.

(2.3.38)

This completes the induction. ❏

Lemma 2.3.13

♡

Let x, y P V be variables and τ, σ, ρ P RxΛd,Vy be complex differential terms such that
y R FV pσq. Then,

BxpByτ ˚ ρq ˚ σ “ BypBxτ ˚ σq ˚ ρ ` Byτ ˚ pBxρ ˚ σq. (2.3.39)

Proof. This is Lemma 4 in [8]. ❏

Corollary 2.3.14. Synthetic Schwarz lemma

♡

Let x, y P V be variables and τ, σ, ρ P RxΛd,Vy be complex differential terms such that
y R FV pσq and x R FV pρq. Then,

BxpByτ ˚ ρq ˚ σ “ BypBxτ ˚ σq ˚ ρ. (2.3.40)

Proof. Since x R FV pρq, by Lemma 2.3.11, Bxρ ˚ σ “ 0. By Lemma 2.3.13, BxpByτ ˚ ρq ˚ σ “

BypBxτ ˚σq ˚ ρ` Byτ ˚ pBxρ ˚σq “ BypBxτ ˚σq ˚ ρ` Byτ ˚ 0 “ BypBxτ ˚σq ˚ ρ` 0 “ BypBxτ ˚σq ˚ ρ. ❏
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Lemma 2.3.15

♡

Let n P N0 be a nonnegative number, let i1, . . . , in P N be positive integers, and let
τ1, σ1, . . . , σn P RxΛd,Vy. Then,

BxpDi1,...,inτ ˚ pσ1, . . . , σnqq ˚ σ “ Di1,...,inpBxτ ˚ σq ˚ pσ1, . . . , σnq

`

n
ÿ

j“1

Di1,...,inτ ˚ pσ1, . . . , Bxσj ˚ σ, . . . , σnq.
(2.3.41)

Proof. This follows immediately by induction on n using Notation 2.3.4 and Lemma 2.3.10. ❏

Lemma 2.3.16

♡

Let x, y P V be variables, τ, σ, ρ P Rx∆d,Vy are complex differential terms such that x ‰ y
and y is not free in σ and ρ. Then,

Bxτ rρ{ys ˚ σ “ pBxτ ˚ σqrρ{ys ` pByτ ˚ pBxρ ˚ σqqrρ{ys. (2.3.42)

Proof. We prove this via induction on τ .

1. Assume that τ “ Di1,...,inz ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, i1, . . . , in P N,
z P V is a variable, and t1, . . . , tn P Λd,V are simple differential terms. As we can see,

pBxτ ˚ σqrρ{ys “ pBxpDi1,...,inz ˚ pt1, . . . , tnqq ˚ σqrρ{ys

“ pδx,zDi1,...,inσ ˚ pt1, . . . , tnq

`

n
ÿ

j“1

Di1,...,inz ˚ pt1, . . . , Bxtj ˚ σ, . . . , tnqqrρ{ys

“ δx,zDi1,...,inσrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inzrρ{ys ˚ pt1rρ{ys, . . . , pBxtj ˚ σqrρ{ys, . . . , tnrρ{ysq

(2.3.43)

and

pByτ ˚ pBxρ ˚ σqqrρ{ys “ pBypDi1,...,inz ˚ pt1, . . . , tnqq ˚ pBxρ ˚ σqqrρ{ys

“ pδy,zDi1,...,inpBxρ ˚ σq ˚ pt1, . . . , tnq

`

n
ÿ

j“1

Di1,...,inz ˚ pt1, . . . , Bxtj ˚ pBxρ ˚ σq, . . . , tnqrρ{ys

“ δy,zDi1,...,inpBxρ ˚ σqrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inzrρ{ys ˚ pt1rρ{ys,

. . . , pBxtj ˚ pBxρ ˚ σqqrρ{ys, . . . , tnrρ{ysq.

(2.3.44)

By the induction hypothesis, Bxtjrρ{ys ˚ σ “ pBxtj ˚ σqrρ{ys ` pBytj ˚ pBxρ ˚ σqqrρ{ys for all
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1 ď j ď n. Hence,

pBxτ ˚ σqrρ{ys

`pByτ ˚ pBxρ ˚ σqqrρ{ys “ δx,zDi1,...,inσrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inzrρ{ys ˚ pt1rρ{ys,

. . . , pBxtj ˚ σqrρ{ys, . . . , tnrρ{ysq

` δy,zDi1,...,inpBxρ ˚ σqrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inzrρ{ys ˚ pt1rρ{ys,

. . . , pBxtj ˚ pBxρ ˚ σqqrρ{ys, . . . , tnrρ{ysq

“ δx,zDi1,...,inσrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

` δy,zDi1,...,inpBxρ ˚ σqrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inzrρ{ys ˚ pt1rρ{ys,

. . . , pBxtj ˚ σqrρ{ys ` pBxtj ˚ pBxρ ˚ σqqrρ{ys, . . . , tnrρ{ysq

“ δx,zDi1,...,inσrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

` δy,zDi1,...,inpBxρ ˚ σqrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inzrρ{ys ˚ pt1rρ{ys, . . . , Bxtjrρ{ys ˚ σ, . . . , tnrρ{ysq

“ δx,zDi1,...,inσ ˚ pt1rρ{ys, . . . , tnrρ{ysq

` δy,zDi1,...,inpBxρ ˚ σq ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inzrρ{ys ˚ pt1rρ{ys, . . . , Bxtjrρ{ys ˚ σ, . . . , tnrρ{ysq,

(2.3.45)

where we used the fact that y is not free in σ or ρ for the last equality. If z ‰ y, then

Bxτ rρ{ys ˚ σ “ BxpDi1,...,inz ˚ pt1, . . . , tnqqrρ{ys ˚ σ

“ BxpDi1,...,inzrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysqq ˚ σ

“ BxpDi1,...,inz ˚ pt1rρ{ys, . . . , tnrρ{ysqq ˚ σ

“ δx,zDi1,...,inσ ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inzrρ{ys ˚ pt1rρ{ys, . . . , Bxtjrρ{ys ˚ σ, . . . , tnrρ{ysq

“ δx,zDi1,...,inσ ˚ pt1rρ{ys, . . . , tnrρ{ysq

` δy,zDi1,...,inpBxρ ˚ σq ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inzrρ{ys ˚ pt1rρ{ys, . . . , Bxtjrρ{ys ˚ σ, . . . , tnrρ{ysq

“ δx,zDi1,...,inσ ˚ pt1rρ{ys, . . . , tnrρ{ysq

` δy,zDi1,...,inpBxρ ˚ σq ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inzrρ{ys ˚ pt1rρ{ys, . . . , Bxtjrρ{ys ˚ σ, . . . , tnrρ{ysq

“ pBxτ ˚ σqrρ{ys ` pByτ ˚ pBxρ ˚ σqqrρ{ys,

(2.3.46)
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and if z “ y, then

Bxτ rρ{ys ˚ σ “ BxpDi1,...,inz ˚ pt1, . . . , tnqqrρ{ys ˚ σ

“ BxpDi1,...,inzrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysqq ˚ σ

“ BxpDi1,...,inyrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysqq ˚ σ

“ BxpDi1,...,inρ ˚ pt1rρ{ys, . . . , tnrρ{ysqq ˚ σ

“ Di1,...,inpBxρ ˚ σq ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inρ ˚ pt1rρ{ys, . . . , Bxtjrρ{ys ˚ σ, . . . , tnrρ{ysq

“ δx,zDi1,...,inσ ˚ pt1rρ{ys, . . . , tnrρ{ysq

` δy,zDi1,...,inpBxρ ˚ σq ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inyrρ{ys ˚ pt1rρ{ys, . . . , Bxtjrρ{ys ˚ σ, . . . , tnrρ{ysq

“ δx,zDi1,...,inσ ˚ pt1rρ{ys, . . . , tnrρ{ysq

` δy,zDi1,...,inpBxρ ˚ σq ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inzrρ{ys ˚ pt1rρ{ys, . . . , Bxtjrρ{ys ˚ σ, . . . , tnrρ{ysq

“ pBxτ ˚ σqrρ{ys ` pByτ ˚ pBxρ ˚ σqqrρ{ys,

(2.3.47)

where we used Lemma 2.3.15 for the fifth equality.

2. Assume that τ “ Dn
1λz.s ˚ pt1, . . . , tnq, where n P N0, z is a fresh variable, and s, t1, . . . , tn P

Λd,V are simple differential terms. By the induction hypothesis, Bxsrρ{ys˚σ “ pBxs˚σqrρ{ys`

pBys˚pBxρ˚σqqrρ{ys and Bxtjrρ{ys˚σ “ pBxtj ˚σqrρ{ys`pBytj ˚pBxρ˚σqqrρ{ys for all 1 ď j ď n.
Hence,

Bxτ rρ{ys ˚ σ “ BxpDn
1λz.s ˚ pt1, . . . , tnqqrρ{ys ˚ σ

“ BxpDn
1λz.srρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysqq ˚ σ

“ Dn
1λz.pBxsrρ{ys ˚ σq ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Dn
1λz.srρ{ys ˚ pt1rρ{ys, . . . , Bxtjrρ{ys ˚ σ, . . . , tnrρ{ysq

“ Dn
1λz.ppBxs ˚ σqrρ{ys ` pBys ˚ pBxρ ˚ σqqrρ{ysq ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Dn
1λz.srρ{ys ˚ pt1rρ{ys, . . . , pBxtj ˚ σqrρ{ys

` pBytj ˚ pBxρ ˚ σqqrρ{ys, . . . , tnrρ{ysq (2.3.48)

“ Dn
1λz.pBxs ˚ σqrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

` Dn
1λz.pBys ˚ pBxρ ˚ σqqrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Dn
1λz.srρ{ys ˚ pt1rρ{ys, . . . , pBxtj ˚ σqrρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Dn
1λz.srρ{ys ˚ pt1rρ{ys, . . . , pBytj ˚ pBxρ ˚ σqqrρ{ys, . . . , tnrρ{ysq
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“ Dn
1λz.pBxs ˚ σqrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Dn
1λz.srρ{ys ˚ pt1rρ{ys, . . . , pBxtj ˚ σqrρ{ys, . . . , tnrρ{ysq

` Dn
1λz.pBys ˚ pBxρ ˚ σqqrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Dn
1λz.srρ{ys ˚ pt1rρ{ys, . . . , pBytj ˚ pBxρ ˚ σqqrρ{ys, . . . , tnrρ{ysq

“ pDn
1λz.pBxs ˚ σq ˚ pt1, . . . , tnqqrρ{ys

`

n
ÿ

j“1

pDn
1λz.s ˚ pt1, . . . , Bxtj ˚ σ, . . . , tnqqrρ{ys

` pDn
1λz.pBys ˚ pBxρ ˚ σqq ˚ pt1, . . . , tnqqrρ{ys

`

n
ÿ

j“1

pDn
1λz.s ˚ pt1, . . . , pBytj ˚ pBxρ ˚ σqq, . . . , tnqqrρ{ys

“ pDn
1λz.pBxs ˚ σq ˚ pt1, . . . , tnq

`

n
ÿ

j“1

Dn
1λz.s ˚ pt1, . . . , Bxtj ˚ σ, . . . , tnqqrρ{ys

` pDn
1λz.pBys ˚ pBxρ ˚ σqq ˚ pt1, . . . , tnq

`

n
ÿ

j“1

Dn
1λz.s ˚ pt1, . . . , pBytj ˚ pBxρ ˚ σqq, . . . , tnqqrρ{ys

“ pBxpDn
1λz.s ˚ pt1, . . . , tnqq ˚ σqrρ{ys

` pBypDn
1λz.s ˚ pt1, . . . , tnqq ˚ pBxρ ˚ σqqrρ{ys

“ pBxτ ˚ σqrρ{ys ` pByτ ˚ pBxρ ˚ σqqrρ{ys.

3. Assume that τ “ sµ, where s P Λd,V is a simple differential term and µ P RxΛd,Vy is a complex
differential term. By the induction hypothesis, Bxsrρ{ys ˚ σ “ pBxs ˚ σqrρ{ys ` pBys ˚ pBxρ ˚

σqqrρ{ys and Bxµrρ{ys ˚ σ “ pBxµ ˚ σqrρ{ys ` pByµ ˚ pBxρ ˚ σqqrρ{ys. Hence,

Bxτ rρ{ys ˚ σ “ Bxpsµqrρ{ys ˚ σ

“ Bxpsrρ{ysqµrρ{ys ˚ σ

“ pBxsrρ{ys ˚ σqµrρ{ys ` pD1srρ{ys ˚ pBxµrρ{ys ˚ σqqµrρ{ys

“ ppBxs ˚ σqrρ{ys ` pBys ˚ pBxρ ˚ σqqrρ{ysqµrρ{ys

` pD1srρ{ys ˚ ppBxµ ˚ σqrρ{ys ` pByµ ˚ pBxρ ˚ σqqrρ{ysqqµrρ{ys

“ ppBxs ˚ σqrρ{ysqµrρ{ys ` ppBys ˚ pBxρ ˚ σqqrρ{ysqµrρ{ys

` pD1srρ{ys ˚ ppBxµ ˚ σqrρ{ysqqµrρ{ys

` pD1srρ{ys ˚ ppByµ ˚ pBxρ ˚ σqqrρ{ysqqµrρ{ys (2.3.49)

“ ppBxs ˚ σqµqrρ{ys ` ppBys ˚ pBxρ ˚ σqqµqrρ{ys

` ppD1s ˚ pBxµ ˚ σqqµqrρ{ys ` ppD1s ˚ pByµ ˚ pBxρ ˚ σqqqµqrρ{ys

“ ppBxs ˚ σqµqrρ{ys ` ppD1s ˚ pBxµ ˚ σqqµqrρ{ys

` ppBys ˚ pBxρ ˚ σqqµqrρ{ys ` ppD1s ˚ pByµ ˚ pBxρ ˚ σqqqµqrρ{ys

“ ppBxs ˚ σqµ ` pD1s ˚ pBxµ ˚ σqqµqrρ{ys
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` ppBys ˚ pBxρ ˚ σqqµ ` pD1s ˚ pByµ ˚ pBxρ ˚ σqqqµqrρ{ys

“ pBxpsµq ˚ σqrρ{ys ` pBypsµq ˚ pBxρ ˚ σqqrρ{ys

“ pBxτ ˚ σqrρ{ys ` pByτ ˚ pBxρ ˚ σqqrρ{ys.

4. Assume that τ “
řn

j“1 rj ¨ sj , where n P N0 is a nonnegative integer, r1, . . . , rn P R are
scalars, and s1, . . . , sn P Λd,V are simple differential terms. By the induction hypothesis,
Bxsjrρ{ys ˚ σ “ pBxsj ˚ σqrρ{ys ` pBysj ˚ pBxρ ˚ σqqrρ{ys for each 1 ď j ď n. Hence,

Bxτ rρ{ys ˚ σ “ Bx

˜

n
ÿ

j“1

rj ¨ sj

¸

rρ{ys ˚ σ

“ Bx

˜

n
ÿ

j“1

rj ¨ sjrρ{ys

¸

˚ σ

“

n
ÿ

j“1

rj ¨ Bxsjrρ{ys ˚ σ

“

n
ÿ

j“1

rj ¨ ppBxsj ˚ σqrρ{ys ` pBysj ˚ pBxρ ˚ σqqrρ{ysq

“

n
ÿ

j“1

rj ¨ pBxsj ˚ σqrρ{ys `

n
ÿ

j“1

rj ¨ pBysj ˚ pBxρ ˚ σqqrρ{ys

“

˜

Bx

˜

n
ÿ

j“1

rj ¨ sj

¸

˚ σ

¸

rρ{ys

`

˜

By

˜

n
ÿ

j“1

rj ¨ sj

¸

˚ pBxρ ˚ σq

¸

rρ{ys

“ pBxτ ˚ σqrρ{ys ` pByτ ˚ pBxρ ˚ σqqrρ{ys.

(2.3.50)

This completes the induction. ❏

Corollary 2.3.17

♡

Let τ, σ, ρ P RxΛd,Vy are complex differential terms and x, y P V are variables such that x ‰ y,
y is not free in the terms σ and ρ, and x is not free in ρ. Then,

Bxτ rρ{ys ˚ σ “ pBxτ ˚ σqrρ{ys. (2.3.51)

Proof. As we can see, Bxτ rρ{ys ˚σ “ pBxτ ˚σqrρ{ys ` pByτ ˚ pBxρ˚σqqrρ{ys “ pBxτ ˚σqrρ{ys ` pByτ ˚

0qrρ{ys “ pBxτ ˚ σqrρ{ys ` 0 “ pBxτ ˚ σqrρ{ys, where we used Lemma 2.3.16 for the first equality
and Lemma 2.3.11 for the second equality. ❏

Lemma 2.3.18

♡

Let τ, σ, ρ P RxΛd,Vy be complex differential terms and x, y P V be variables such that x ‰ y,
x R FV pρq, and y R FV pτq. Then,

pBxτ ˚ σqrρ{ys “ Bxτ ˚ pσrρ{ysq. (2.3.52)

Proof. We prove this by induction on τ .



52 CHAPTER 2. DIFFERENTIAL λ-CALCULUS

1. Assume that τ “ Di1,...,inz ˚ pt1, . . . , tnq, where i1, . . . , in P N, z P V is a variable, and
t1, . . . , tn P Λd,V are simple differential terms. Since y R fvpτq “ FV pDi1,...,inz ˚ pt1, . . . , tnqq “

FV pzq`FV pt1q`. . .`FV ptnq, for all 1 ď j ď n, we have that y R FV ptjq, so by the induction
hypothesis, pBxtj ˚ σqrρ{ys “ Bxtj ˚ σrρ{ys. Hence,

pBxτ ˚ σqrρ{ys “ pBxpDi1,...,inz ˚ pt1, . . . , tnqq ˚ σqrρ{ys

“

˜

δx,zDi1,...,inσ ˚ pt1, . . . , tnq `

n
ÿ

j“1

Di1,...,inz ˚ pt1, . . . , Bxtj ˚ σ, . . . , tnq

¸

rρ{ys

“ δx,zDi1,...,inσrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Di1,...,inzrρ{ys ˚ pt1rρ{ys, . . . , pBxtj ˚ σqrρ{ys, . . . , tnrρ{ysq

“ δx,zDi1,...,inσrρ{ys ˚ pt1, . . . , tnq

`

n
ÿ

j“1

Di1,...,inz ˚ pt1, . . . , pBxtj ˚ σqrρ{ys, . . . , tnq

“ δx,zDi1,...,inσrρ{ys ˚ pt1, . . . , tnq

`

n
ÿ

j“1

Di1,...,inz ˚ pt1, . . . , Bxtj ˚ σrρ{ys, . . . , tnq

“ BxpDi1,...,inz ˚ pt1, . . . , tnqq ˚ σrρ{ys

“ Bxτ ˚ σrρ{ys,

(2.3.53)

where we used the fact that y R FV pzq and y R FV ptjq for all 1 ď j ď n in the fourth equality.

2. Assume that τ “ Dn
1λz.s˚pt1, . . . , tnq such that n P N0, z is a fresh variable, and s, t1, . . . , tn P

Λd,V are simple differential terms. Since y R fvpτq “ FV pDn
1λz.s ˚ pt1, . . . , tnqq “ FV pλs.zq`

FV pt1q ` . . . ` FV ptnq “ FV psq ´ tzu ` FV pt1q ` . . . ` FV ptnq, we have that y R FV psq
and y R FV ptjq for all 1 ď j ď n, so by the induction hypothesis, pBxs ˚ σqrρ{ys “ Bxs ˚

σrρ{ysandpBxtj ˚ σqrρ{ys “ Bxtj ˚ σrρ{ys for all 1 ď j ď n. Hence,

pBxτ ˚ σqrρ{ys “ pBxpDn
1 λz.s ˚ pt1, . . . , tnqq ˚ σqrρ{ys

“

˜

Dn
1 λz.pBxs ˚ σq ˚ pt1, . . . , tnq `

n
ÿ

j“1

Dn
1 λz.s ˚ pt1, . . . , Bxtj ˚ σ, . . . , tnq

¸

rρ{ys

“ Dn
1 λz.pBxs ˚ σqrρ{ys ˚ pt1rρ{ys, . . . , tnrρ{ysq

`

n
ÿ

j“1

Dn
1 λz.srρ{ys ˚ pt1rρ{ys, . . . , pBxtj ˚ σqrρ{ys, . . . , tnrρ{ysq

“ Dn
1 λz.pBxs ˚ σqrρ{ys ˚ pt1, . . . , tnq

`

n
ÿ

j“1

Dn
1 λz.s ˚ pt1, . . . , pBxtj ˚ σqrρ{ys, . . . , tnq

“ Dn
1 λz.pBxs ˚ σrρ{ysq ˚ pt1, . . . , tnq

`

n
ÿ

j“1

Dn
1 λz.s ˚ pt1, . . . , Bxtj ˚ σrρ{ys, . . . , tnq

“ BxpDn
1 λz.s ˚ pt1, . . . , tnqq ˚ σrρ{ys

“ Bxτ ˚ σrρ{ys.

(2.3.54)

3. Assume that τ “ sµ, where s P Λd,V is a simple differential term and µ P RxΛd,Vy is a
complex differential term. Since y R FV psµq “ FV psq `FV pµq, we know that y R FV psq and
y R FV pµq, so by the induction hypothesis, pBxs˚σqrρ{ys “ Bxs˚pσrρ{ysq and pBxµ˚σqrρ{ys “



2.3. DEFINING THE PARTIAL DERIVATIVE 53

Bxµ ˚ pσrρ{ysq. Hence,

pBxsµ ˚ σqrρ{ys “ ppBxs ˚ σqµ ` pD1s ˚ pBxµ ˚ σqqµqrρ{ys

“ ppBxs ˚ σqrρ{ysqµrρ{ys ` pD1srρ{ys ˚ pBxµ ˚ σqrρ{ysqµrρ{ys

“ ppBxs ˚ σqrρ{ysqµ ` pD1s ˚ pBxµ ˚ σqrρ{ysqµ

“ pBxs ˚ σrρ{ysqµ ` pD1s ˚ pBxµ ˚ σrρ{ysqqµ

“ Bxsµ ˚ σrρ{ys

“ Bxτ ˚ σrρ{ys.

(2.3.55)

4. Assume that τ “
řn

j“1 rj ¨sj , where n P N0 is a nonnegative integer, r1, . . . , rn P R are scalars,
and s1, . . . , sn P Λd,V are simple differential terms. Since y R fvpτq “ FV p

řn
j“1 rj ¨ sjq “

Yn
j“1 FV psjq, by the induction hypothesis, pBxsj ˚σqrρ{ys “ Bxsj ˚pσrρ{ysq for each 1 ď j ď n.

Hence,

pBxτ ˚ σqrρ{ys “

˜

Bx

˜

n
ÿ

j“1

rj ¨ sj

¸

˚ σ

¸

rρ{ys

“

˜

n
ÿ

j“1

rj ¨ Bxsj ˚ σ

¸

rρ{ys

“

n
ÿ

j“1

rj ¨ pBxsj ˚ σqrρ{ys

“

n
ÿ

j“1

rj ¨ Bxsj ˚ σrρ{ys

“ Bx

˜

n
ÿ

j“1

rj ¨ sj

¸

˚ σrρ{ys

“ Bxτ ˚ σrρ{ys.

(2.3.56)

This completes the induction. ❏

Corollary 2.3.19. Synthetic Chain Rule

♡

Let τ, σ, ρ P RxΛd,Vy be complex differential terms and x, y P V be variables such that x ‰ y
and x R FV pρq. Then,

pBxτ ˚ σqrρ{ys “ Bxτ rρ{ys ˚ pσrρ{ysq. (2.3.57)

Proof. Take any variable z P V such that z is distinct from x and y and is not free in σ and ρ. Let
τ 1 – τ rz{ys. Since z R FV pτq, by Lemma 2.3.7(iv), τ 1ry{zs “ τ rz{ysry{zs “ τ ry{ys, and by Lemma
2.2.29(iii), τ ry{ys “ τ . That is, τ “ τ 1ry{zs. Hence,

Bxτ ˚ σ “ Bxτ
1ry{zs ˚ σ

Bxτ ˚ σ “ pBxτ
1 ˚ σqry{zs

pBxτ ˚ σqrρ{ys “ pBxτ
1 ˚ σqry{zsrρ{ys

“ pBxτ
1 ˚ σqrρ{ysryrρ{ys{zs (2.3.58)

“ pBxτ
1 ˚ σqrρ{ysrρ{zs
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“ pBxτ
1 ˚ σrρ{ysqrρ{zs

“ Bxτ
1rρ{zs ˚ σrρ{ys

“ Bxτ rz{ysrρ{zs ˚ σrρ{ys

“ Bxτ rρ{ys ˚ σrρ{ys,

where the second equality follows from the fact that x, y, z are distinct variables, z R FV pσq, and
Corollary 2.3.17; the fourth equality follows from the fact that y ‰ z R FV pρq and Lemma 2.3.7(iv);
the sixth equality follows from the fact that y R FV pτ 1q “ FV τ rz{ys Ă pFV pτq ´ tyuq Y tzu and
Lemma 2.3.18; the seventh equality follows from the fact that x and z are distinct and not free in
ρ, z R FV pσrρ{ysq Ă pFV pσq ´ tyuq Y FV pρq, and Corollary 2.3.17 again; and the ninth equality
follows from the fact that z R FV pτq and Lemma 2.3.7(iv). ❏

Lemma 2.3.20

♡

Let k P N0 be a nonnegative integer, i P N be a positive integer, x1, . . . , xk P V be variables,
and τ, σ, ρ1, . . . , ρk P RxΛd,Vy be complex differential terms. Then,

BkpDiτ ˚ σq

Bx1 . . . Bxk
˚ pρ1, . . . , ρkq “

k
ÿ

r“0

k
ÿ

j1,...,jk“1
j1ă...ăjr

jr`1ă...ăjk

Diτk,j1,...,jr ˚ σk,jr`1,...,jk , (2.3.59)

where

τk,j1,...,jr “
Brτ

Bxj1 . . . Bxjr
˚ pρj1 , . . . , ρjrq, (2.3.60a)

σk,jr`1,...,jk “
Bk´rσ

Bxjr`1 . . . Bxjk
˚ pρjr`1 , . . . , ρjkq. (2.3.60b)

Proof. We prove this via induction on k. When k “ 0, this is trivial. Assume that k “ n ` 1,
where n P N is a nonnegative integer. Then,

BkpDiτ ˚ σq

Bx1 . . . Bxk
˚ pρ1, . . . , ρkq “

Bn`1pDiτ ˚ σq

Bx1 . . . BxnBxn`1
˚ pρ1, . . . , ρn, ρn`1q

“ Bxn`1

ˆ

BnpDiτ ˚ σq

Bx1 . . . Bxn
˚ pρ1, . . . , ρnq

˙

˚ ρn`1

“ Bxn`1

¨

˚

˚

˚

˚

˝

n
ÿ

r“0

n
ÿ

j1,...,jn“1
j1ă...ăjr

jr`1ă...ăjn

Diτn,j1,...,jr ˚ σn,jr`1,...,jn

˛

‹

‹

‹

‹

‚

˚ ρn`1 (2.3.61)

“

n
ÿ

r“0

n
ÿ

j1,...,jn“1
j1ă...ăjr

jr`1ă...ăjn

Bxn`1pDiτn,j1,...,jr ˚ σn,jr`1,...,jnq ˚ ρn`1

“

n
ÿ

r“0

n
ÿ

j1,...,jn“1
j1ă...ăjr

jr`1ă...ăjn

´

DipBxn`1τn,j1,...,jr ˚ ρn`1q ˚ σn,jr`1,...,jn
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` Diτn,j1,...,jr ˚ pBxn`1σn,jr`1,...,jn ˚ ρn`1q

¯

“

n
ÿ

r“0

n
ÿ

j1,...,jn“1
j1ă...ăjr

jr`1ă...ăjn

´

Diτn`1,j1,...,jr,n`1 ˚ σn`1,jr`1,...,jn

` Diτn`1,j1,...,jr ˚ σn`1,jr`1,...,jn,n`1

¯

“

n`1
ÿ

r“0

n`1
ÿ

j1,...,jn,jn`1“1
j1ă...ăjr

jr`1ă...ăjn`1

Diτn`1,j1,...,jr ˚ σn`1,jr`1,...,jn`1

“

k
ÿ

r“0

k
ÿ

j1,...,jk“1
j1ă...ăjr

jr`1ă...ăjk

Diτk,j1,...,jr ˚ σk,jr`1,...,jk ,

where we used the induction hypothesis on n for the third equality and Lemma 2.3.10 for the fifth
equality. ❏

Lemma 2.3.21

♡

Let k P N0 be a nonnegative integer, let x1, . . . , xn P V be variables, let s P Λd,V be a simple
differential term, and let τ, σ1, . . . , σk P RxΛd,Vy be complex differential terms. Then,

Bkpsτq

Bx1 . . . Bxk
˚ pσ1, . . . , σkq “

n
ÿ

q“1

ÿ

0“r0ă...ărq`1“n

n
ÿ

j1,...,jn“1
@1ďiăqpjri´1`1ă...ărji q

pDq
1s

1 ˚ pτ1, . . . , τnqqτ, (2.3.62)

where

s1 “
Br1τ

Bxj1 . . . Bxjr1
˚ pσj1 , . . . , σjrq, (2.3.63a)

τi “
Bri`1´riσ

Bxjri`1 . . . Bxjri`1

˚ pσjri`1 , . . . , σjri`1
q @1 ď j ď q. (2.3.63b)

Proof. By induction on k. The detailes are left to the reader. ❏

2.4 Defining Differential Reduction

In this section, we are doing to talk about a relation on differential terms called β-reduction, which
we represent some notion of evaluating a differential term. The idea is that a differential term should
be related via β-reduction to a differential term that is the result of performing a “single step” of
evaluation on the original differential term. But before we can define β-reduction for differential
terms, we need to define two types of relations that behave nicely with the structure of differential
λ-calculus: linear relations, which behave nicely with linear combinations, and contextual relations,
which behave nicely with linear combinations, abstraction, application, and linearization.
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Definition 2.4.1. Linear Relations

♣

Let ÑR be a relation from complex differential terms to complex differential terms such that
the following two properties hold:

(i) 0 ÑR 0

(ii) Given scalars r1, r2 P R and σ, σ1, τ, τ 1 P RxΛd,Vy complex differential terms such that
σ ÑR σ1 and τ ÑR τ 1, r1σ ` r2τ ÑR r1σ

1 ` r2τ
1.

Then, ÑR is a linear relation.

Definition 2.4.2. Contextual Relations

♣

Let ÑR be a reflexive, linear relation from complex differential terms to complex differential
terms such that

λx.σ ÑR λx.σ1 (2.4.1a)

στ ÑR σ1τ 1 (2.4.1b)

Diσ ˚ τ ÑR Diσ
1 ˚ τ 1 (2.4.1c)

when x P V is a variable, i P N is a positive integer, and σ, σ1, τ, τ 1 P RxΛd,Vy are complex
differential terms such that σ ÑR σ1 and τ ÑR τ 1. Then, ÑR is a contextual relation.

Since contextual relations behave nicely with linear combinations, abstraction, application, and
linearization, it is not too hard to see that contextual relations also behave nicely with partial
differentiation and substitution.

Lemma 2.4.3

♡

Let ÑR be a contextual relation from complex differential terms to complex differential terms,
σ, τ, τ 1 P RxΛd,Vy are complex differential terms such that τ ÑR τ 1. Then, Bxσ˚τ ÑR Bxσ˚τ 1.

Proof. We prove this by induction on σ.

1. Assume that σ “ Di1,...,iny ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, i1, . . . , in P N
are positive integers, y P V is a variable, and t1, . . . , tn P Λd,V are terms. By the induction
hypothesis, Bxtj ˚ τ ÑR Bxtj ˚ τ 1 for all 1 ď j ď n. Hence,

Bxσ ˚ τ “ BxpDi1,...,iny ˚ pt1, . . . , tnqq ˚ τ

“ δx, yDi1,...,inτ ˚ pt1, . . . , tnq `

n
ÿ

i“1

Di1,...,iny ˚ pt1, . . . , Bxtj ˚ τ, tnq

“ Di1p. . . pDinτ ˚ tnq . . .q ˚ t1

`

n
ÿ

i“1

Di1p. . . p. . . pDiny ˚ tnq . . .q ˚ pBxtj ˚ τq . . .q ˚ t1 (2.4.2)

ÑR Di1p. . . pDinτ
1 ˚ tnq . . .q ˚ t1

`

n
ÿ

i“1

Di1p. . . p. . . pDiny ˚ tnq . . .q ˚ pBxtj ˚ τ 1q . . .q ˚ t1

“ ¨ ¨ ¨ “ Bxσ ˚ u1.
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2. Assume that σ “ Dn
1λz.s ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, z P V is a

fresh variable and s, t1, . . . , tn are simple differential terms. By the induction hypothesis,
Bxs ˚ τ ÑR Bxs ˚ τ 1 and Bxtj ˚ τ ÑR Bxtj ˚ τ 1 for all 1 ď j ď n. Hence,

Bxσ ˚ τ “ BxpDn
1λz.s ˚ pt1, . . . , tnqq ˚ τ

“ Dn
1λz.pBxs ˚ τq ˚ pt1, . . . , tnq `

n
ÿ

i“1

Dn
1λz.s ˚ pt1, . . . , Bxtj ˚ τ, . . . , tnq

“ D1p. . . pD1λz.pBxs ˚ τq ˚ t1q . . .q ˚ tn

`

n
ÿ

i“1

D1p. . . pD1p. . . pD1λz.s ˚ t1q . . .q ˚ pBxtj ˚ τqq . . .q ˚ tn

ÑR D1p. . . pD1λz.pBxs ˚ τ 1q ˚ t1q . . .q ˚ tn

`

n
ÿ

i“1

D1p. . . pD1p. . . pD1λz.s ˚ t1q . . .q ˚ pBxtj ˚ τ 1qq . . .q ˚ tn

“ ¨ ¨ ¨ “ Bxσ ˚ τ 1.

(2.4.3)

3. Assume that σ “ sµ, where s P Λd,V is a simple differential terms and µ P RxΛd,Vy is a complex
differential terms. By the induction hypothesis, Bxs ˚ τ ÑR Bxs ˚ τ 1 and Bxµ ˚ τ ÑR Bxµ ˚ τ 1.
Hence,

Bxσ ˚ τ “ Bxsµ ˚ τ “ pBxs ˚ τqµ ` pD1s ˚ pBxµ ˚ τqqµ

ÑR pBxs ˚ τ 1qµ ` pD1s ˚ pBxµ ˚ τ 1qqµ “ ¨ ¨ ¨ “ Bxσ ˚ τ 1.
(2.4.4)

4. Assume that τ “
řn

j“1 rj ¨ sj , where n P N0 is a nonnegative integer, r1, . . . , rn P R are
scalars, and s1, . . . , sn P Λd,V are simple differential terms. By the induction hypothesis,
Bxsj ˚ τ ÑR Bxsj ˚ τ 1 for each 1 ď j ď n. Hence,

Bxσ “ Bx

˜

n
ÿ

j“1

rj ¨ sj

¸

˚ τ “

n
ÿ

j“1

rj ¨ Bxsj ˚ τ ÑR

n
ÿ

j“1

rj ¨ Bxsj ˚ τ 1 “ ¨ ¨ ¨ “ Bxσ ˚ τ 1. (2.4.5)

This completes the induction. ❏

Lemma 2.4.4

♡

Let ÑR be a contextual relation from complex differential terms to complex differential terms,
σ, τ, τ 1 P RxΛd,Vy be complex differential termssuch that τ ÑR τ 1. Then, σrτ{xs ÑR σrτ 1{xs.

Proof. We prove this via induction on σ.

1. Assume that σ “ Di1,...,inx ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, i1, . . . , in P N
are positive integers and t1, . . . , tn P Λd,V are simple differential terms. By the induction
hypothesis, tjrτ{xs “ tjrτ

1{xs for all 1 ď j ď n. Hence,

σrτ{xs “ pDi1,...,inx ˚ pt1, . . . , tnqqrτ{xs “ Di1,...,inτ ˚ pt1rτ{xs, . . . , tnrτ{xsq

“ D1p. . . pD1τ ˚ t1rτ{xsq . . .q ˚ tnrτ{xs

ÑR D1p. . . pD1τ
1 ˚ t1rτ{xsq . . .q ˚ tnrτ 1{xs “ ¨ ¨ ¨ “ σrτ 1{xsq.

(2.4.6)
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2. Assume that σ “ Di1,...,iny ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, i1, . . . , in P N
are positive integers, y P V is a variable such that y ‰ x, and t1, . . . , tn P Λd,V are simple
differential terms. By the induction hypothesis, tjrτ{xs “ tjrτ

1{xs for all 1 ď j ď n. Hence,

σrτ{xs “ pDi1,...,iny ˚ pt1, . . . , tnqqrτ{xs “ Di1,...,iny ˚ pt1rτ{xs, . . . , tnrτ{xsq

“ D1p. . . pD1y ˚ t1rτ{xsq . . .q ˚ tnrτ{xs

ÑR D1p. . . pD1y ˚ t1rτ{xsq . . .q ˚ tnrτ 1{xs “ ¨ ¨ ¨ “ σrτ 1{xs.

(2.4.7)

3. Assume that σ “ Dn
1λz.s ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, z P V is a

fresh variable and s, t1, . . . , tn are simple differential terms. By the induction hypothesis,
srτ{xs ÑR srτ 1{xs and tjrτ{xs ÑR tjrτ

1{xs for all 1 ď j ď n. Hence,

σrτ{xs “ pDn
1λz.s ˚ pt1, . . . , tnqqrτ{xs “ Dn

1λz.srτ{xs ˚ pt1rτ{xs, . . . , tnrτ{xsq

“ D1p. . . pD1λz.srτ{xs ˚ t1rτ{xsq . . .q ˚ tnrτ{xs

ÑR D1p. . . pD1λz.srτ 1{xs ˚ t1rτ 1{xsq . . .q ˚ tnrτ 1{xs “ ¨ ¨ ¨ “ σrτ 1{xs.

(2.4.8)

4. Assume that σ “ sµ, where s P Λd,V is a simple differential terms and µ P RxΛd,Vy is a complex
differential terms. By the induction hypothesis, srτ{xs ÑR srτ 1{xs and µrτ 1{xs ÑR µrτ 1{xs.
Hence,

σrτ{xs “ psµqrτ{xs “ srτ{xsµrτ{xs ÑR srτ 1{xsµrτ 1{xs “ psµqrτ 1{xs “ σrτ 1{xs. (2.4.9)

5. Assume that τ “
řn

j“1 rj ¨ sj , where n P N0 is a nonnegative integer, r1, . . . , rn P R are
scalars, and s1, . . . , sn P Λd,V are simple differential terms. By the induction hypothesis,
sjrτ{xs ÑR sjrτ

1{xs for each 1 ď j ď n. Hence,

σrτ{xs “

˜

n
ÿ

j“1

rj ¨ sj

¸

rτ{xs “

n
ÿ

j“1

rj ¨ sjrτ{xs

ÑR

n
ÿ

j“1

rj ¨ sjrτ
1{xs “

˜

n
ÿ

j“1

rj ¨ sj

¸

rτ 1{xs “ σrτ 1{xs.

(2.4.10)

This completes the induction. ❏

We are interested in extending a relation ÑR from simple to complex differential terms to a
relation ÑS from complex to complex differential terms. The first and obvious way to do this is
by linearity. That is, given complex differential terms τ, σ P RxΛd,Vy, if τ is a linear combination
of simple differential terms s1, . . . , sn P Λd,V , τ ÑS σ when there exists σ1, . . . , σn such that
σ is obtained by replacing si in τ with σi and si ÑR σi for each 1 ď i ď n. This gives us
the linear extension as laid out in Definition 2.4.5. However, let us say that ÑR represents a
single computational step, and we want ÑS to also represent a single computation. Then, given
complex differential terms τ, σ P RxΛd,Vy, if τ is a linear combination of simple differential terms
s1, . . . , sn P Λd,V , we want τ ÑS σ if there exists a single i0 such that there exists σi0 such that σ
is obtained by replacing si0 in τ with σi0 and si0 ÑR σi0 , This gives us the pseudo-linear extension
as laid out in Definition 2.4.6.



2.4. DEFINING DIFFERENTIAL REDUCTION 59

Definition 2.4.5. The Linear Extension of a Differential Relation

♣

Given a relation ÑR from simple differential terms to complex differential terms, the linear
extension ÑR̄ of ÑR is the smallest relation from complex differential terms to complex
differential terms containing ÑR such that

n
ÿ

j“1

rj ¨ sj ÑR̄

n
ÿ

j“1

rj ¨ σj (2.4.11)

whenever n P N0 is a nonnegative integer, r1, . . . , rn P R are scalars, s1, . . . , sn P Λd,V are
simple differential terms, and τ1, . . . , τn P RxΛd,Vy are complex differential terms such that
sj ÑR σj for each 1 ď j ď n.
Note: ÑR̄ is the smallest linear relation containing ÑR.

Definition 2.4.6. The Pseudo-Linear Extension of a Differential Relation

♣

Given a relation ÑR from simple differential terms to complex differential terms, the pseudo-
linear extension ÑR̃ of ÑR is the smallest relation from complex differential terms to complex
differential terms containing ÑR such that

r ¨ s ` τ ÑR̃ r ¨ σ ` τ (2.4.12)

whenever r P R is a scalar, s P Λd,V is a simple differential term, and σ, τ P RxΛd,Vy are
complex differential terms such that s ÑR σ.
Note: ÑR̃ is not a linear relation as 0 ­ÑR̃ 0.

We, now, define differential pre-β-reduction which relates simple differential terms to a complex
differential terms that results by performing “a single step” of computation on the simple differential
term.

Definition 2.4.7. Differential Pre-β-Reduction

Define differential pre-β-reduction Ñβ1 to be the smallest (with respect to inclusion) relation
from simple differential terms to complex differential terms satisfying the following properties:

(i) Given a simple differential term s P Λd,V and complex differential terms σ, τ P RxΛd,Vy

such that s Ñβ1 σ,
sτ Ñβ1 στ. (2.4.13)

(ii) Given a simple differential term s P Λd,V and complex differential terms τ, τ 1 P RxΛd,Vy

such that τ Ñβ̃1 τ 1,

sτ Ñβ1 sτ 1. (2.4.14)

(iii) Given a variable x P V, a simple differential term s P Λd,V , and a complex differential
term τ P RxΛd,Vy,

pλx.sqτ Ñβ1 srτ{xs. (2.4.15)

(iv) Given a positive integer n P N, a variable x P V, positive integers i1, . . . , in P N, simple
differential terms t1, . . . , tn P Λd,V , an integer 1 ď j ď n, and a complex differential
term τj P RxΛd,Vy such that tj Ñβ1 τj ,

Di1,...,inx ˚ pt1, . . . , tj , . . . , tnq Ñβ1 Di1,...,inx ˚ pt1, . . . , τj , . . . , tnq. (2.4.16)
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♣

(v) Given a nonnegative integer n P N0, a variable x P V, simple differential terms
s, t1, . . . , tn P Λd,V , and a complex differential term σ P RxΛd,Vy such that s Ñβ1 σ,

Dn
1λx.s ˚ pt1, . . . , tnq Ñβ1 Dn

1λx.σ ˚ pt1, . . . , tnq. (2.4.17)

(vi) Given a positive integer n P N, a variable x P V, simple differential terms s, t1, . . . , tn P

Λd,V , an integer 1 ď j ď n, and a complex differential term τj P RxΛd,Vy such that
tj Ñβ1 τj ,

Dn
1λx.s ˚ pt1, . . . , tj , . . . , tnq Ñβ1 Dn

1λx.s ˚ pt1, . . . , τj , . . . , tnq. (2.4.18)

(vii) Given a positive integer n P N, a variable x P V, simple differential terms s, t1, . . . , tn P

Λd,V , and 1 ď j ď n,

Dn
1λx.s ˚ pt1, . . . , tnq Ñβ1 Dn´1

1 λx.pBxs ˚ tjq ˚ pt1, . . . , tj´1, tj`1, . . . , tnq. (2.4.19)

While differential pre-β-reduction cannot be contextual (as it is not a relation from complex
differential terms to complex differential terms), differential pre-β-reduction does, in fact, respect
application, application, and linearization just like a contextual relation would.

Lemma 2.4.8

♡

Let x P V be a variable, i P N be a positive integer, s, t P Λd,V be simple differential terms,
and σ, τ, τ 1 P Λd,V be complex differential terms. Then, the following statements are true:

(i) If s Ñβ1 σ, sτ Ñβ1 στ .

(ii) If τ Ñβ̃1 τ 1, sτ Ñβ1 sτ 1.

(iii) If s Ñβ1 σ, λx.s Ñβ1 λx.σ.

(iv) If s Ñβ1 σ, Dis ˚ t Ñβ1 Diσ ˚ t.

(v) If t Ñβ1 τ , Dis ˚ t Ñβ1 Dis ˚ τ .

We say that any relation ÑR from simple differential terms to complex differential terms
that satisfy these five properties is weakly contextual. Hence, Ñβ1 is weakly contextual.

Proof of Part (i). This just follows from Definition 2.4.7(i). ❏

Proof of Part (ii). This just follows from Definition 2.4.7(ii). ❏

Proof of Part (iii). This just follows from Definition 2.4.7(v). ❏

Proof of Part (iv). This follows by induction on s Ñβ1 σ.

1. Assume that s Ñβ1 σ because there exist a simple differential term u P Λd,V and complex
differential terms µ, ν P RxΛd,Vy such that s “ uν, σ “ µν, and u Ñβ1 µ. Since u Ñβ1 µ, by
the induction hypothesis, Di`1u˚t Ñβ1 Di`1µ˚t. Hence, Dis˚t “ Dipuνq˚t “ pDi`1u˚tqν Ñβ1

pDi`1µ ˚ tqν “ Dipµνq ˚ t “ Diσ ˚ t.
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2. Assume that s Ñβ1 σ because there exist a simple differential term u P Λd,V and complex
differential terms ν, ν1 P RxΛd,Vy such that s “ uν, σ “ uν 1, and ν Ñβ̃1 ν 1. Then, Dis ˚ t “

Dipuνq ˚ t “ pDi`1u ˚ tqν Ñβ1 pDi`1u ˚ tqν 1 “ Dipuν
1q ˚ t “ Diσ ˚ t.

3. Assume that s Ñβ1 σ because there exist a variable x P V, which we can choose to not be
free in t via α-conversion, a simple differential terms u P Λd,V , and a complex differential
terms ν P RxΛd,Vy such that s “ pλx.uqν and σ “ urν{xs. Then, Dis ˚ t “ Dippλx.uqνq ˚ t “

pDi`1pλx.uq ˚ tqν “ pλx.Di`1´1u ˚ tqν “ pλx.Diu ˚ tqν Ñβ1“ pDiu ˚ tqrν{xs “ Diurν{xs ˚

trν{xs “ Diσ ˚ t, where we used Lemma 2.3.6 for the second to last equality and the fact that
x R FV ptq and Lemma 2.3.7(i) for the last equality.

4. Assume that s Ñβ1 σ because there exist a positive integers n P N, a variable x P V, positive
integers i1, . . . , in P N, simple differential terms t1, . . . , tn P Λd,V , and complex differential
terms τ1 P RxΛd,Vy such that s “ Di1,...,inx ˚ pt1, t2, . . . , tnq, σ “ Di1,...,in ˚ pτ1, t2, . . . , tnq, and
t1 Ñβ1 τ1. Then, Dis ˚ t “ DipDi1,...,inx ˚ pt1, t2, . . . , tnq ˚ t “ Di,i1,...,inx ˚ pt, t1, t2, . . . , tnq Ñβ1

Di,i1,...,inx ˚ pt, τ1, t2, . . . , tnq “ DipDi1,...,inx ˚ pτ1, t2, . . . , tnq ˚ t “ Diσ ˚ t.

5. Assume that s Ñβ1 σ because there exist a nonnegative integer n P N0, a variable x P V,
simple differential terms u, t1, . . . , tn P Λd,V , and a complex differential term µ P RxΛd,Vy such
that s “ Dn

1λx.u ˚ pt1, . . . , tnq, σ “ Dn
1λx.µ ˚ pt1, . . . , tnq., and u Ñβ1 µ. Further, suppose

that i “ 1. Then, Dis ˚ t “ D1pDn
1λx.u ˚ pt1, . . . , tnqq ˚ t “ Dn`1

1 λx.u ˚ pt, t1, . . . , tnq Ñβ1

Dn`1
1 λx.µ ˚ pt, t1, . . . , tnq “ D1pDn

1λx.µ ˚ pt1, . . . , tnqq ˚ t “ Diσ ˚ t. Instead, suppose that
i ą 1. Since u Ñβ1 µ, by the induction hypothesis, Di´1u ˚ t Ñβ1 Di´1µ ˚ t. Hence,
Dis ˚ t “ DipD

n
1λx.u ˚ pt1, . . . , tnqq ˚ t “ Dn

1λx.pDi´1u ˚ tq ˚ pt1, . . . , tnq Ñβ1 Dn
1λx.pDi´1µ ˚

tq ˚ pt1, . . . , tnq “ DipD
n
1λx.µ ˚ pt1, . . . , tnqq ˚ t “ Diσ ˚ t.

6. Assume that s Ñβ1 σ because there exist a positive integer n P N, a variable x P V, simple
differential terms u, t1, . . . , tn P Λd,V , and a complex differential term τ1 P RxΛd,Vy such that
s “ Dn

1λx.u ˚ pt1, t2, . . . , tnq, σ “ Dn
1λx.u ˚ pτ1, t2, . . . , tnq., and t1 Ñβ1 τ1. Further, suppose

that i “ 1. Then, Dis˚ t “ D1pDn
1λx.u˚ pt1, t2, . . . , tnqq ˚ t “ Dn`1

1 λx.u˚ pt, t1, t2, . . . , tnq Ñβ1

Dn`1
1 λx.u˚pt, τ1, t2, . . . , tnq “ D1pDn

1λx.u˚pτ1, t2, . . . , tnqq˚t “ Diσ˚t. Instead, suppose that
i ą 1. Then, Dis˚ t “ DipD

n
1λx.u˚ pt1, t2, . . . , tnqq ˚ t “ Dn

1λx.pDi´1u˚ tq ˚ pt1, t2, . . . , tnq Ñβ1

Dn
1λx.pDi´1u ˚ tq ˚ pτ1, t2, . . . , tnq “ DipD

n
1λx.u ˚ pτ1, t2, . . . , tnqq ˚ t “ Diσ ˚ t.

7. Assume that s Ñβ1 σ because there exist a positive integer n P N, a variable x R FV ptq,
and simple differential terms u, t1, . . . , tn P Λd,V such that s “ Dn

1λx.u ˚ pt1, t2, . . . , tnq and
Dn´1

1 λx.pBxu ˚ t1q ˚ pt2, . . . , tnq. Further, suppose that i “ 1. Then, Dis ˚ t “ D1pDn
1λx.u ˚

pt1, t2, . . . , tnqq ˚ t “ Dn`1
1 λx.u ˚ pt, t1, t2, . . . , tnq Ñβ1 Dn

1λx.pBxu ˚ t1q ˚ pt, t2, . . . , tnq “

D1pDn´1
1 λx.pBxu ˚ t1q ˚ pt2, . . . , tnqq ˚ t “ Diσ ˚ t. Instead, suppose that i ą 1. Then,

Dis ˚ t “ DipD
n
1λx.u ˚ pt1, t2, . . . , tnqq ˚ t

“ Dn
1λx.pDiu ˚ tq ˚ pt1, t2, . . . , tnq

Ñβ1 Dn´1
1 λx.pBxpDi´1u ˚ tq ˚ t1q ˚ pt2, . . . , tnq

“ Dn´1
1 λx.pBxpDi´1u ˚ tq ˚ t1q ˚ pt2, . . . , tnq

“ Dn´1
1 λx.pDi´1pBxu ˚ t1q ˚ t ` Di´1u ˚ pBxt ˚ t1qq ˚ pt2, . . . , tnq

“ Dn´1
1 λx.pDi´1pBxu ˚ t1q ˚ t ` Di´1u ˚ 0q ˚ pt2, . . . , tnq

“ DipD
n´1
1 λx.pBxu ˚ t1q ˚ pt2, . . . , tnqq ˚ t

“ Diσ ˚ t,

(2.4.20)
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where we used Lemma 2.3.10 for the fourth from last equality and the fact that x R FV ptq
and Lemma 2.3.11 for the third form last equality.

This completes the induction. ❏

Proof of Part (v). This follows by induction on s.

1. Assume that s “ Di1,...,inx ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, i1, . . . , in P N
are positive integers, x P V is a variable, and t1, . . . , tn P Λd,V are simple differential terms.
Then, Dis˚ t “ DipDi1,...,inx˚ pt1, . . . , tnqq ˚ t “ Di,i1,...,inx˚ pt, t1, . . . , tnq Ñβ1 Di, i1, . . . , inx˚

pτ, t1, . . . , tnq “ DipDi1,...,inx ˚ pt1, . . . , tnqq ˚ τ “ Dis ˚ τ .

2. Assume that s “ Dn
1λx.u ˚ pt1, . . . , tnq, where n P N0 is a nonnegative integer, x P V is a fresh

variable and u, t1, . . . , tn P Λd,V are simple differential terms. Further, suppose that i “ 1.
Then, Dis ˚ t “ D1pDn

1λx.u ˚ pt1, . . . , tnqq ˚ t “ Dn`1
1 λx.u ˚ pt, t1, . . . , tnq Ñβ1 Dn`1

1 λx.u ˚

pτ, t1, . . . , tnq “ D1pDn
1λx.u ˚ pt1, . . . , tnqq ˚ t “ Dis ˚ τ . Instead, suppose that i ą 1. By the

induction hypothesis, Di´1s˚ t Ñβ1 Di´1s˚τ . Hence, Dis˚ t “ DipD
n
1λx.u˚ pt1, . . . , tnqq ˚ t “

Dn
1λx.pDi´1s˚tq˚pt1, . . . , tnq Ñβ1 Dn

1λx.pDi´1s˚τq˚pt1, . . . , tnq “ DipD
n
1λx.u˚pt1, . . . , tnqq˚

τ “ Dis ˚ τ . In either case, Dis ˚ t Ñβ1 Dis ˚ τ .

3. Assume that s “ uν, where u P Λd,V is a simple differential term and ν P RxΛd,Vy is a
complex differential term. By the induction hypothesis, Di`1u ˚ t Ñβ1 Di`1u ˚ τ . Hence,
Dis ˚ t “ Dipuνq ˚ t “ pDi`1u ˚ tqν Ñβ1 pDi`1u ˚ τqν “ Dipuνq ˚ τ “ Dis ˚ τ .

This completes the induction. ❏

Notation 2.4.9. The Reflexive and Transitive Closure of a Relation on RxΛd,Vy

♠

Let ÑR be a relation on complex differential terms. Then,

1. ↠R is the reflexive and transitive closure of ÑR, and

2. we say that σ ↠R` τ when σ reduces to τ in at least one step (i.e., there exists a
complex differential term ρ P RxΛd,Vy such that σ ÑR ρ ↠R τ).

We can now finally define differential β-reduction, which captures a “a single step” of evaluation.
Differential β-reduction is just the pseudo-linear extension of differential pre-β-reduction.

Definition 2.4.10. Differential β-Reduction

♣
Let differential β-Reduction Ñβ be the relation on complex differential terms Ñβ̃1

.

Since differential pre-β-reduction is weekly contextual, we would expect that differential β-
reduction is a contextual relation, and it is! The next few lemmas prove this.

Lemma 2.4.11

♡

Let σ, σ1, τ, τ 1 P RxΛd,Vy are complex differential terms and r1, r2 P R be scalars such that
σ ↠β σ1 and τ ↠β τ 1, then r1 ¨ σ ` r2 ¨ τ ↠β r1 ¨ σ1 ` r2 ¨ τ 1.

Proof. This follows by induction.
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1. Assume that σ ↠β σ1 and τ ↠β τ 1 because σ Ñβ σ1 and τ Ñβ τ 1. That is, σ Ñ
β̃1 σ1 and

τ Ñ
β̃1 τ 1. Then, there exist simple differential terms u, v P Λd,V , complex differential terms

µ, ν, ξ, ρ P RxΛd,Vy, and scalars r3, r4 P R such that σ “ r3 ¨u`ξ, σ1 “ r3 ¨µ`ξ, τ “ r4 ¨v`ρ,
τ 1 “ r4 ¨ ν ` ρ, u Ñβ1 µ, and v Ñβ1 ν. Hence, r1 ¨σ ` r2 ¨ τ “ r1 ¨ pr3 ¨u` ξq ` r2 ¨ pr4 ¨ v ` ρq “

pr1 ¨ r3q ¨ u ` pr2 ¨ r4q ¨ v ` r1 ¨ ξ ` r2 ¨ ρ Ñ
β̃1 pr1 ¨ r3q ¨ µ ` pr2 ¨ r4q ¨ v ` r1 ¨ ξ ` r2 ¨ ρ Ñ

β̃1

pr1 ¨ r3q ¨ µ ` pr2 ¨ r4q ¨ ν ` r1 ¨ ξ ` r2 ¨ ρ “ r1 ¨ pr3 ¨ µ ` ξq ` r2 ¨ pr4 ¨ ν ` ρq “ r1 ¨ σ1 ` r2 ¨ τ 1.

2. Assume that σ ↠β σ1 and τ ↠β τ 1 because σ Ñβ σ1 and τ “ τ 1. Since σ Ñβ σ1, σ Ñ
β̃1 σ1,

which means that there exist simple differential term u P Λd,V , complex differential terms
µ, ξ P RxΛd,Vy, and scalars r3 P R such that σ “ r3 ¨ u ` ξ, σ1 “ r3 ¨ µ ` ξ, and u Ñβ1 µ.
Hence, r1¨σ`r2¨τ “ r1¨pr3¨u`ξq`r2¨τ “ pr1¨r3q¨u`r2¨τ`r1¨ξ Ñ

β̃1 pr1¨r3q¨µ`r2¨τ`r1¨ξ Ñ
β̃1

pr1 ¨ r3q ¨ µ ` r2 ¨ τ 1 ` r1 ¨ ξ “ r1 ¨ pr3 ¨ µ ` ξq ` r2 ¨ τ 1 “ r1 ¨ σ1 ` r2 ¨ τ 1.

3. Assume that σ ↠β σ1 and τ ↠β τ 1 because σ “ σ1 and τ “ τ 1. Then r1¨σ`r2¨τ “ r1¨σ1`r2¨τ 1,
so by the reflexivity of ↠β, we know that r1 ¨ σ ` r2 ¨ τ ↠β r1 ¨ σ1 ` r2 ¨ τ 1.

4. Assume that σ ↠β σ1 and τ ↠β τ 1 because there exists term ρ such that σ ↠β ρ ↠β σ1.
Since σ ↠β ρ and τ ↠β τ 1, by the induction hypothesis, r1 ¨ σ ` r2 ¨ τ ↠β r1 ¨ ρ ` r2 ¨ τ 1, and
since ρ ↠β σ1 and τ 1 ↠β τ 1 (as ↠β is reflexive), by the induction hypothesis, r1 ¨ρ`r2 ¨τ 1 ↠β

r1 ¨ σ1 ` r2 ¨ τ 1. By the transitivity of ↠β, this implies that r1 ¨ σ ` r2 ¨ τ ↠β r1 ¨ σ1 ` r2 ¨ τ 1.

The remaining cases are similar. This completes the induction. ❏

Lemma 2.4.12

♡

Let τ, τ 1 P RxΛd,Vy be complex differential term such that τ ↠β τ 1. Then, there exists a
nonnegative integer n P N0, scalars r1, . . . , rn P R, simple differential terms s1, . . . , sn P Λd,V ,
and complex differential terms σ1, . . . , σn such that τ “

řn
j“1 rj ¨ sj , τ

1 “
řn

j“1 rj ¨ σj , and
sj Ñβ σj for each 1 ď j ď n.

Proof. This follows by a simple induction on τ ↠β τ 1 and Lemma 2.2.29. ❏

Lemma 2.4.13

♡the relation ↠β on complex differential terms is contextual.

Proof. Since the relation Ñβ on complex differential terms is reflexive, 0 Ñβ 0. Because of this
fact and Lemma 2.4.11, Ñβ is linear. By Lemma 2.4.12, the fact that Ñβ1 is weakly contextual
(which was shown in Lemma 2.4.8), and the linearity of Ñβ, it follows that Ñβ satisfies (2.4.1).
Hence, Ñβ is contextual. ❏

Differential β-reduction also satisfies the Church-Rosser property, but to show this is unfortu-
nately not very straightforward. To show that β-reduction satisfies the Church-Rosser property,
we first need to define a relation Ñρ from simple to complex differential terms called parallel dif-
ferential pre-β reduction. Then, we extend this relation by linearity given us the relation Ñρ̄ on
complex differential terms called parallel differential β-reduction. Next, we show that the reflex-
ive and transitive closure of parallel differential β-reduction is the same as that for differential
β-reduction. Finally, we show that parallel differential pre-β reduction is confluent, which implies
that differential β-reduction also satisfies the Church-Rosser property.
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Definition 2.4.14. Parallel Differential β-Reduction

♣

Define parallel differential pre-β-reduction Ñρ to be the smallest (with respect to inclusion)
reflexive relation from simple differential terms to complex differential terms satisfying the
following properties:

(i) Given a simple differential term s P Λd,V and complex differential terms σ, τ, τ 1 P

RxΛd,Vy such that s Ñρ σ and τ Ñρ̄ τ 1,

sτ Ñρ στ 1. (2.4.21)

(ii) Given a nonnegative integer n P N0, a variable x P V, simple differential terms
s, t1, . . . , tn, t

1
j P Λd,V , and complex differential terms σ, τ, τ 1, τ1, . . . , τn P RxΛd,Vy such

that s Ñρ σ, τ Ñρ̄ τ 1, and tj Ñρ τj for all 1 ď j ď n,

pDn
1λx.s ˚ pt1, . . . , tnqqτ Ñρ ppBn

xσ ˚ pτ1, . . . , τnqqrτ 1{xs. (2.4.22)

(iii) Given a nonnegative integer n P N0, a variable x P V, positive integers i1, . . . , in P N,
simple differential terms t1, . . . , tn P Λd,V , and a complex differential term τ1, . . . , τn P

RxΛd,Vy such that tj Ñρ τj for all 1 ď j ď n,

Di1,...,inx ˚ pt1, . . . , tnq Ñρ Di1,...,inx ˚ pτ1, . . . , τnq. (2.4.23)

(iv) Given a nonnegative integer n P N0, a nonnegative integer m ď n, a variable x P V,
simple differential terms s, t1, . . . , tn, P Λd,V , complex differential terms σ, τ1, . . . , τn P

RxΛd,Vy such that s Ñρ σ and tj Ñρ τj for all 1 ď j ď n, and distinct positive integers
j1, . . . , jn P t1, . . . , nu such that j1 ă . . . ă jm and jm`1 ă ¨ ¨ ¨ ă jn,

Dn
1λx.s ˚ pt1, . . . , tnq Ñρ Dn´mλx.ppBm

x σ ˚ pτj1 , . . . , τjmqq ˚ pτjm`1 , . . . , τjnq. (2.4.24)

Lemma 2.4.15

♡The relation Ñρ̄ on complex differential terms is contextual.

Proof. Replacing Ñβ1 in the proof of Lemma 2.4.8 with Ñρ and making the appropriate cor-
responding modifications, we can conclude that Ñρ is weakly contextual. Since Ñρ is weakly
contextual and Ñρ̄ is the linear closure of Ñρ, it follows that Ñρ̄ is contextual. ❏

Lemma 2.4.16

♡

Let u P Λd,V is a simple differential term and µ P RxΛd,Vy is a complex differential term. If
u Ñβ1 µ, then u Ñρ µ.

Proof. We prove this by induction on k.

1. Assume that u Ñβ1 µ because there exist a simple differential term s and complex differential
terms τ, σ P RxΛd,Vy such that u “ sτ , µ “ στ , and s Ñβ1 σ. By the induction hypothesis,
s Ñρ σ. Since s Ñρ σ and τ Ñρ τ (as Ñρ is reflexive), by Definition 2.4.14(i), u “ psqτ Ñρ στ .

2. Assume that u Ñβ1 µ because there exist a simple differential term s P Λd,V and complex
differential terms τ, τ 1 P RxΛd,Vy such that u “ sτ , µ “ sτ 1, and τ Ñ

β̃1 τ 1. Then, there
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exist a simple differential term v, complex differential terms ν, ρ, and scalars r1, r2 P R such
that τ “ r1 ¨ v ` ρ, τ 1 “ r2 ¨ ν ` ρ, and v Ñβ1 ν. By the induction hypothesis, v Ñρ ν.
Since s Ñρ s (as Ñρ is reflexive) and τ “ r1 ¨ v ` ρ Ñρ̄ ¨ν ` ρ “ τ 1, by Definition 2.4.14(i),
u “ sτ Ñρ sτ 1 “ µ.

3. Assume that u Ñβ1 µ because there exist a variable x P V, a simple differential term s P Λd,V ,
and a complex differential term τ P RxΛd,Vy such that u “ pλx.sqτ and µ “ srτ{xs. Since
s Ñρ s and τ Ñρ τ , by Definition 2.4.14(ii), u “ pλx.sqτ Ñρ srτ{xs “ µ.

4. Assume that u Ñβ1 µ because there exist a positive integer n P N, a variable x P V, positive
integers i1, . . . , in P N, simple differential terms t1, . . . , tn, and a complex differential term
τ 1
1 P RxΛd,Vy such that u “ Di1,...,inx ˚ pt1, t2, . . . , tnq and µ “ Di1,...,inx ˚ pτ1, t2, . . . , tnq such
that t1 Ñβ1 τ1. By the induction hypothesis, t1 Ñρ τ1. Since t1 Ñρ τ1 and tj Ñρ tj for all 2 ď

j ď n, by Definition 2.4.14(iii), u “ Di1,...,inx˚pt1, t2, . . . , tnq Ñρ Di1,...,inx˚pτ1, t2, . . . , tnq “ µ.

5. Assume that u Ñβ1 µ because there exist a nonnegative integer n P N0, a variable x P V,
a simple differential terms s, t1, . . . , tn P Λd,V , and a complex differential term σ P RxΛd,Vy

such that u “ Dn
1λx.s˚ pt1, . . . , tnq, µ “ Dn

1λx.σ ˚ pt1, . . . , tnq, and s Ñβ1 σ. By the induction
hypothesis, s Ñρ σ. Since s Ñρ σ and ti Ñρ ti for all 1 ď i ď n, by Definition 2.4.14(iv),
u “ Dn

1λx.s ˚ pt1, . . . , tnq Ñρ Dn
1λx.σ ˚ pt1, . . . , tnq “ µ.

6. Assume that u Ñβ1 µ because there exist a positive integer n P N, a variable x P V simple
differential terms s, t1, . . . , tn P Λd,V , and complex differential term τ1 P RxΛd,Vy such that
u “ Dn

1λx.s ˚ pt1, t2, . . . , tnq, µ “ Dn
1λx.s ˚ pτ1, t2, . . . , tnq, and t1 Ñβ1 τ1. By the induction

hypothesis, t1 Ñρ τ1. Since s Ñρ s, t1 Ñρ τ1, and tj Ñρ tj for all 2 ď j ď n, by Definition
2.4.14(iv), u “ Dn

1λx.s ˚ pt1, t2, . . . , tnq Ñρ Dn
1λx.s ˚ pτ1, t2, . . . , tnq “ µ.

7. Assume that u Ñβ1 µ because there exist a positive integer n P N, a variable x P V, and
simple differential terms t1, . . . , tn, and n ą N such that u “ Dn

1λx.s ˚ pt1, . . . , tnq and
µ “ Dn

1λx.pBxs ˚ tjq ˚ pt1, . . . , tj´1, tj`1, . . . , tnq. Since s Ñρ s and ti Ñρ ti for all 1 ď i ď n,
we have that u “ Dn

1λx.s ˚ pt1, . . . , tnq “ Dn
1λx.pBxs ˚ tjq ˚ pt1, . . . , tj´1, tj`1, . . . , tnq “ µ.

This completes the induction. ❏

Corollary 2.4.17

♡
Let µ, ν P RxΛd,Vy is a complex differential term. If µ Ñβ̃1 ν, then µ Ñρ̄ ν.

Proof. Since µ Ñβ̃1 ν, there exist scalar r P R, simple differential term s P Λd,V , and complex
differential terms σ, τ P RxΛd,Vy such that µ “ r ¨ s ` τ , ν “ r ¨ σ ` τ , and s Ñβ1 σ. By Lemma
2.4.16, s Ñρ σ. Since Ñρ̄ contains Ñρ, this implies that s Ñρ̄ σ. Since Ñρ̄ is reflexive, τ Ñρ̄ τ .
Since Ñρ̄ is linear, this implies that µ “ r ¨ s ` τ “ r ¨ s ` 1 ¨ τ Ñρ̄ r ¨ σ ` 1 ¨ τ “ r ¨ σ ` τ “ ν. ❏

Lemma 2.4.18

♡

Let u P Λd,V is a simple differential term and µ P RxΛd,Vy is a complex differential term. If
u Ñρ µ, then u ↠β µ.

Proof. We prove this by induction on u Ñρ µ.

1. Assume that u Ñρ µ because u “ µ. Since ↠β is reflexive, this implies that u ↠β µ
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2. Assume that u Ñρ µ because there exist a simple differential term s P Λd,V , and complex
differential terms σ, τ, τ 1 P RxΛd,Vy such that u “ sτ , µ “ pσqτ 1, s Ñρ σ, and τ Ñρ τ 1. By
the induction hypothesis, s ↠β σ and τ ↠β τ 1. Since ↠β is contextual,

u “ sτ ↠β στ ↠β στ 1 “ µ. (2.4.25)

3. Assume that u Ñρ µ because there exist a nonnegative integer n P N0, a variable x P V,
simple differential terms s, t1, . . . , tn P Λd,V , and complex differential terms τ, τ 1, σ, τ1, . . . , τn P

RxΛd,Vy such that u “ pDn
1λx.s ˚ pt1, . . . , tnqqτ , µ “ ppBxqnσ ˚ pτ1, . . . , τnqqrτ 1{xs, τ Ñρ̄ τ 1,

s Ñρ σ, and tj Ñρ τj for all 1 ď j ď n. By the induction hypothesis, τ ↠β τ 1, s ↠β σ, and
tj ↠β τj for all 1 ď j ď n. Since ↠β is contextual,

u “ pDn
1λx.s ˚ pt1, . . . , tnqqτ “ pD1p¨ ¨ ¨ pD1λx.s ˚ tnq ¨ ¨ ¨ q ˚ tnqτ

↠β pD1p¨ ¨ ¨ pD1λx.s ˚ t1q ¨ ¨ ¨ q ˚ tnqτ 1 ↠β pD1p¨ ¨ ¨ pD1λx.σ ˚ tnq ¨ ¨ ¨ q ˚ tnnqτ 1

↠β pD1p¨ ¨ ¨ pD1λx.σ ˚ τ1q ¨ ¨ ¨ q ˚ tnqτ 1

↠β . . . ↠β pD1p¨ ¨ ¨ pD1λx.σ ˚ τ1q ¨ ¨ ¨ q ˚ τnqτ 1

Ñβ1 . . . Ñβ1 λx.pBxp¨ ¨ ¨ pBxσ ˚ τ1q ¨ ¨ ¨ q ˚ τnqτ 1 “ pλx.pBxqnσ ˚ pτ1, . . . , τnqqτ 1

Ñβ1 ppBxqnσ ˚ pτ1, . . . , τnqqrτ 1{xs “ µ.

(2.4.26)

4. Assume that u Ñρ µ because there exist a nonnegative integer n P N0, a variable x P V,
positive integers i1, . . . , in P N, and simple differential terms t1, . . . , tn P Λd,V , and complex
differential terms τ1, . . . , τn P RxΛd,Vy such that u “ Di1,...,inx ˚ pt1, . . . , tnq, µ “ Di1,...,inx ˚

pτ1, . . . , τnq, and tj Ñρ τj for all 1 ď j ď n. By the induction hypothesis, tj “↠β τj for all
1 ď j ď m. Since ↠β is contextual,

u “ Di1,...,inx ˚ pt1, . . . , tnq “ Dinp¨ ¨ ¨ pDi1x ˚ t1q ¨ ¨ ¨ q ˚ tn

↠β . . . ↠β Dinp¨ ¨ ¨ pDi1x ˚ τ1q ¨ ¨ ¨ q ˚ τn “ Di1,...,inx ˚ pτ1, . . . , τnq “ µ.
(2.4.27)

5. Assume that u Ñρ µ because there exist a nonnegative integer n P N0, a nonnegative in-
teger m ď n, a variable x P V, simple differential terms s, t1, . . . , tn, P Λd,V , complex dif-
ferential terms σ, τ1, . . . , τn P RxΛd,Vy, and distinct positive integers j1, . . . , jn P t1, . . . , nu,
u “ Dn

1λx.s ˚ pt1, . . . , tnq, µ “ Dn´mλx.ppBm
x σ ˚ pτj1 , . . . , τjmqq ˚ pτjm`1 , . . . , τjnq, s Ñρ σ,

tj Ñρ τj for all 1 ď j ď n, and j1 ď . . . ď jm and jm`1 ď ¨ ¨ ¨ ď jn. By the induction
hypothesis, s ↠β σ, and ti ↠β τ 1

i for all 1 ď i ď m. Since Ñρ is contextual,

u “ Dn
1λx.s ˚ pt1, . . . , tnq “ D1p¨ ¨ ¨ pD1λx.s ˚ t1q ¨ ¨ ¨ q ˚ tn

↠β D1p¨ ¨ ¨ pD1λx.σ ˚ t1q ¨ ¨ ¨ q ˚ tn ↠β . . . ↠β D1p¨ ¨ ¨ pD1λx.σ ˚ τ1q ¨ ¨ ¨ q ˚ τn

“ Dn
1λx.σ ˚ pτ1, . . . , τnq

Ñβ1 . . . Ñβ1 Dn´mλx.ppBm
x σ ˚ pτj1 , . . . , τjmqq ˚ pτjm`1 , . . . , τjnq “ µ.

(2.4.28)

This completes the induction. ❏

Corollary 2.4.19

♡Let µ, ν P RxΛd,Vy is a complex differential term. If µ Ñρ̄ ν, then µ Ñβ ν.
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Proof. Since µ Ñρ̄ ν, there exists a nonnegative integer n P N0, scalars r1, . . . , rn P R, simple
differential terms s1, . . . , sn P Λd,V , and complex differential terms σ1, . . . , σn P RxΛd,Vy such that
µ “

řn
j“1 rj ¨sj , ν “

řn
j“1 rj ¨σj , and sj Ñρ σj for all 1 ď j ď n. Then, by Lemma 2.4.18, sj Ñβ σj

for all 1 ď j ď n, so since Ñβ is linear (by Lemma 2.4.13), this implies that µ “
řn

j“1 rj ¨ sj Ñβ
řn

j“1 rj ¨ σj Ñ ν. ❏

Lemma 2.4.20

♡The reflexive and transitive closure of Ñρ̄ (i.e., ↠ρ) is ↠β.

Proof. Take any complex differential term σ, τ P RxΛd,Vy such that σ ↠β τ . Then, there exists
complex differential terms µ0, . . . , µn such that σ “ µ0 Ñβ̃1 ¨ ¨ ¨ Ñβ̃1 µn “ τ . By Corollary
2.4.17, this implies that σ “ µ0 Ñρ̄ ¨ ¨ ¨ Ñρ̄ µn “ τ . That is, σ ↠ρ̄ τ . Conversely, take any
complex differential term σ, τ P RxΛd,Vy such that σ ↠ρ̄ τ . Then, there exists complex differential
terms µ0, . . . , µn such that σ “ µ0 Ñρ̄ ¨ ¨ ¨ Ñρ̄ µn “ τ . By Corollary 2.4.19, this implies that
σ “ µ0 Ñβ ¨ ¨ ¨ Ñβ µn “ τ . That is, σ ↠β τ . ❏

Lemma 2.4.21

♡

Let x P V be a variable and let τ, τ 1, σ, σ1 P RxΛd,Vy are complex differential terms such that
τ Ñρ̄ τ 1 and τ Ñρ̄ τ 1. Then,

(i) Bxτ ˚ σ Ñρ̄ Bxτ
1 ˚ σ1 and

(ii) τ rσ{xs Ñρ̄ τ 1rσ1{xs.

Proof of Part (i). This is Lemma 15 in [8]. ❏

Proof of Part (ii). This is Lemma 14 in [8]. ❏

Lemma 2.4.22

♡

Let x P V be a variable and let τ, τ 1, σ, σ1 P RxΛd,Vy are complex differential terms such that
τ Ñβ τ 1 and τ Ñβ τ 1. Then,

(i) Bxτ ˚ σ Ñβ Bxτ
1 ˚ σ1 and

(ii) τ rσ{xs Ñβ τ 1rσ1{xs.

Proof of Part (i). The first step is to show that this is true when τ “ τ 1, which follows by
induction on σ Ñβ σ1. Note that The reflexive and transitive closure of Ñρ̄ is Ñβ by Lemma
2.4.20.

1. Assume that σ Ñβ σ1 because of reflexivity. Then, σ “ σ1, which implies that Bxτ˚σ “ Bxτ˚σ1,
so by the reflexivity of Ñβ, Bxτ ˚ σ Ñβ Bxτ ˚ σ1.

2. Assume that σ Ñβ σ1 because of transitivity. Then, there exists a complex differential term
σ2 P RxΛd,Vy such that σ Ñβ σ2 Ñβ σ1. By the induction hypothesis, Bxτ ˚σ Ñβ Bxτ ˚σ2 and
Bxτ ˚ σ2 Ñβ Bxτ ˚ σ1. Hence, by the transitivity of Ñβ, this implies that Bxτ ˚ σ Ñβ Bxτ ˚ σ1.

3. Assume that σ Ñβ σ1 because σ Ñρ̄ σ1. Since Ñρ̄ is reflexive, τ Ñρ̄ τ 1 also. Hence, by Lemma
2.4.21(i), Bxτ˚σ Ñρ̄ Bxτ˚σ1. Since Ñρ̄ is contained in Ñβ, this implies that Bxτ˚σ Ñβ Bxτ˚σ1.
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This completes the induction. Now, we can prove the full statement of Lemma 2.4.22(i) via induc-
tion on τ Ñβ τ 1.

1. Assume that τ Ñβ τ 1 because of reflexivity. Then, τ “ τ 1, which implies that Bxτ ˚ σ Ñβ

Bxτ ˚ σ1 “ Bxτ
1 ˚ σ1.

2. Assume that τ Ñβ τ 1 because of transitivity. Then, there exists a complex differential term
τ2 P RxΛd,Vy such that τ Ñβ τ2 Ñβ τ 1. By the induction hypothesis, Bxτ ˚σ Ñβ Bxτ

2 ˚σ1 and
Bxτ

2 ˚σ1 Ñβ Bxτ
1 ˚σ1. Hence, by the transitivity of Ñβ, this implies that Bxτ ˚σ Ñβ Bxτ

1 ˚σ1.

3. Assume that τ Ñβ τ 1 because τ Ñρ̄ τ 1. Since Ñρ̄ is reflexive, σ Ñρ̄ σ. Hence, by Lemma
2.4.21(i), Bxτ˚σ Ñρ̄ Bxτ

1˚σ. Since Ñρ̄ is contained in Ñβ, this implies that Bxτ˚σ Ñβ Bxτ
1˚σ.

Also, since σ Ñβ σ1, Bxτ
1 ˚ σ1 Ñβ Bxτ

1 ˚ σ1. By the transitivity of Ñβ, this implies that
Bxτ ˚ σ Ñβ Bxτ

1 ˚ σ1.

This completes the induction. ❏

Proof of Part (ii). The proof is very similar to the proof of Lemma 2.4.22(i). ❏

Definition 2.4.23

♣

Let ÑR be a relation from simple (resp. complex) differential terms to complex differential
terms and ÑS be a relation from complex differential terms to complex differential terms.
Given any simple (resp. complex) differential term s P Λd,V (resp. P RxΛd,Vy), positive
integer n P N, and complex differential terms τ1, . . . , τn P RxΛd,Vy such that s ÑR τj for all
1 ď j ď n, suppose that there exists a corresponding complex differential term τ P RxΛd,Vy

such that τj ÑS τ for all 1 ď j ď n. Then, the pair pÑR,ÑSq is called multi-confluent.

Lemma 2.4.24

♡

Let ÑR be a relation from simple differential terms to complex differential terms and ÑS

be a linear relation from complex differential terms to complex differential terms such that
pÑR,ÑSq is multi-confluent. Then, pÑR̄,ÑSq is also multi-confluent.

Proof. Take any positive integer n P N and complex differential terms σ, τ1, . . . , τn P RxΛd,Vy such
that σ ÑR̄ τj for all 1 ď j ď n. By Lemma 2.2.29(xii), there exists a unique nonnegative integer
n P N0, unique scalars r1, . . . , rm P R, and unique simple differential terms s1, . . . , sn P Λd,V such
that σ “

řm
i“1 ri ¨ si. Since σ ÑR̄ τj for all 1 ď j ď n, this implies that for each 1 ď i ď m

and 1 ď j ď n, there exist a nonnegative integer ℓi,j P N0, scalars ri,j,1, . . . , ri,j,ℓi,j P R such that

ri “
řℓi,j

k“1 ri,j,k and complex differential terms σi,j,1, . . . , σi, j, n P RxΛd,Vy such that si ÑR σi,j,k

and τj “
řm

i“1

řℓi,j
k“1 ri,j,k ¨ σi,j,k. Take any 1 ď i ď m. Since pÑR,ÑSq is multi-confluent and

si ÑR σi,j,k for all 1 ď j ď n and 1 ď k ď ℓi,j , there exists a complex differential term σi P RxΛd,Vy

such that σi,j,k ÑS σi for all 1 ď j ď n and 1 ď k ď ℓi,j . Let τ “
řm

i“1 ri ¨σi. Because ÑS is linear,
this implies that

τj “

m
ÿ

i“1

ℓi,j
ÿ

k“1

pri,j,k ¨ σi,j,kq ÑS

m
ÿ

i“1

ℓi,j
ÿ

k“1

pri,j,k ¨ σiq “

m
ÿ

i“1

¨

˝

ℓi,j
ÿ

k“1

ri,j,k

˛

‚¨ σi “

m
ÿ

i“1

ri ¨ σi “ τ (2.4.29)

for each 1 ď j ď n. Hence, pÑR̄,ÑSq is multi-confluent. ❏
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Lemma 2.4.25

♡

pÑρ,Ñρ̄q is multi-confluent. That is, given a simple differential term s P Λd,V , a positive
integer n P N, and complex differential terms µ1, . . . , µn P RxΛd,Vy such that u Ñρ τj for
all 1 ď j ď n, there exists a corresponding complex differential term µ P RxΛd,Vy such that
τj Ñρ̄ τ for all 1 ď j ď n.

Proof. This follows by induction on the height of complex differential term u P Λd,V .

1. Assume that u “ Di1,...,imx ˚ pt1, . . . , tmq, where m P N0 is a nonnegative integer, x P V is
a variable, and t1, . . . , tm P Λd,V are simple differential terms. Then, for each 1 ď j ď m,
since u Ñρ µj , by the definition of Ñρ, there exists complex differential terms τj,1, . . . , τj,n P

RxΛd,Vy such that µj “ Di1,...,imx ˚ pτj,1, . . . , τj,mq and ti Ñρ τj,i for all 1 ď i ď m. Now, take
any 1 ď i ď m. Then, ti Ñρ τj,i for all 1 ď j ď n, so by the induction hypothesis, there exists
a complex differential term τi P RxΛd,Vy such that τj,i Ñρ̄ τi. Define the complex differential
term µ “ Di1,...,imx ˚ pτ1, . . . , τmq P RxΛd,Vy. Then, for each 1 ď j ď n, this implies that
µj “ Di1,...,imx ˚ pτj,1, . . . , τj,mq Ñρ̄ Di1,...,imx ˚ pτ1, . . . , τmq “ µ.

2. Assume that u “ Dm
1 λx.s ˚ pt1, . . . , tmq, where m P N0 is a nonnegative integer, x P V is

a variable, and s, t1, . . . , tn P Λd,V are simple differential terms. Then, for each 1 ď j ď n,
since u Ñρ µj , there exist complex differential terms σj , τj,1, . . . , τj,m P RxΛd,Vy such that
s Ñρ σj and ti Ñρ τj,i for all 1 ď i ď m, a nonnegative integer 0 ď ℓj ď m, and distinct
positive integers kj,1, . . . , kj,ℓj P 1, . . . ,m such that kj,1 ă . . . ă kj,ℓj , kj,ℓj`1 ă . . . ă kj,m,

u “ Dm
1 λx.s ˚ pt1, . . . , tmq, and µj “ Dm´ℓjλx.ppB

ℓj
x σj ˚ pτkj,1 , . . . , τkj,ℓj qq ˚ pτkj,ℓj`1

, . . . , τkj,mq.

Since s Ñρ σj for all 1 ď j ď n, by the induction hypothesis, there exists a complex
differential term σ P RxΛd,Vy such that σj Ñρ̄ σ for all 1 ď j ď n. For each 1 ď i ď m,
since ti Ñρ τj,i for all 1 ď j ď n, by the induction hypothesis, there exists a complex
differential term τi P RxΛd,Vy such that τj,i Ñρ̃ τi for all 1 ď j ď n. Define the complex
differential term µ “ λx.Bm

x σ ˚ pτ1, . . . , τnq. Then, for each 1 ď j ď n, this implies that

µj “ Dm´ℓjλx.ppB
ℓj
x σj ˚ pτkj,1 , . . . , τkj,ℓj qq ˚ pτkj,ℓj`1

, . . . , τkj,mq Ñρ̄ λx.Bm
x σ ˚ pτ1, . . . , τnq “ µ.

3. Assume that u “ sτ , where s P Λd,V is a simple differential term and τ P RxΛd,Vy is a complex
differential term.

(a) Suppose that for each 1 ď j ď n, there exist complex differential terms σj , τj P RxΛd,Vy

such that µj “ σjτ
1
j . Then, for each 1 ď j ď n, since sτ “ u Ñρ µn “ σjτ

1
j , it must be

the case that s Ñρ σj and τ Ñρ̄ τ 1
j . Since s Ñρ σj for all 1 ď j ď n, by the induction

hypothesis, there exists a complex differential term σ P RxΛd,Vy such that σj Ñρ̄ σ.
Since τ Ñρ̄ τj for all 1 ď j ď n, by the induction hypothesis and by Lemma 2.4.24, there
exists a complex differential term τ 1 P RxΛd,Vy such that τ 1

j Ñρ̄ τ 1. Define the complex
differential term µ “ στ P RxΛd,Vy. Then, for each 1 ď j ď n, µj “ σjτ

1
j Ñρ̄ στ 1 “ µ.

(b) Suppose otherwise. Then, there exists a nonnegative integer m P N0, a variable x P

V, complex differential terms v1, . . . , vn, ω1,1, . . . , ωn,1, . . . , ω1,m, . . . , ωn,m, τ 1
1, . . . , τ

1
n P

RxΛd,Vy, simple differential terms v, w1, . . . , wn P Λd,V , positive integer 2 ď q ď n,
integers 0 ď ℓq, . . . , ℓm ď m,

i. s “ Dm
1 λx.v ˚ pw1, . . . , wmq,

ii. µj “ pBm
x νj ˚ pωj,1, . . . , ωj,nqqrτ 1

j{xs for 1 ď j ă q,

iii. µj “ pDm´ℓjλx.ppB
ℓj
x νj ˚ pωkj,1 , . . . , ωkj,ℓj

qq ˚ pωkj,ℓj`1
, . . . , ωkj,mqqτ 1

j for q ď j ď n,
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iv. v Ñρ νj for 1 ď j ď n,

v. wi Ñρ ωj,i for 1 ď i ď n and 1 ď j ď n, and

vi. τ Ñρ̄ τ 1
j for 1 ď j ď n,

where for each q ď j ď n, kj,1, . . . , kj,m are distinct integers ranging from 1 to m such
that kj,1 ă . . . ă kj,ℓj and kj,ℓj`1 ă . . . ă kj,m. Since v Ñρ νj for 1 ď j ď n, by the
induction hypothesis, there exists a complex differential term ν P RxΛd,Vy such that
νj Ñρ ν. Since wi Ñρ ωj,i for all 1 ď j ď n and 1 ď i ď n, by the induction hypothesis,
there exists a complex differential term ωi P RxΛd,Vy such that ωj,i Ñρ ωi for each
1 ď i ď n. Since τ Ñρ τ 1

j for 1 ď j ď n, by the induction hypothesis and Lemma
2.4.24, there exists a complex differential term τ P RxΛd,Vy such that τ 1

j Ñρ τ 1. Let
µ “ pBm

x ν ˚ pω1, . . . , ωnqqrτ 1{xs. Then, using Lemma 2.4.21, we can see that for each 1 ď

j ă q, µj “ Bm
x νj ˚ pωj,1, . . . , ωj,nqqrτ 1

j{xs Ñρ̄ pBm
x ν ˚ pω1, . . . , ωnqqrτ 1{xs “ µ, and for each

each q ď j ď n, µj “ pDm´ℓjλx.ppB
ℓj
x νj ˚ pωkj,1 , . . . , ωkj,ℓj

qq ˚ pωkj,ℓj`1
, . . . , ωkj,mqqτ 1

j Ñρ̄

pBm
x ν ˚ pω1, . . . , ωnqqrτ 1{xs “ µ.

This completes the induction. ❏

Lemma 2.4.26

♡The relation Ñρ̄ on complex differential terms is confluent.

Proof. By Lemma 2.4.25, pÑρ,Ñρ̄q is multi-confluent, so by Lemma 2.4.24, pÑρ̄,Ñρ̄q, which
means that Ñρ̄ is confluent. ❏

Lemma 2.4.27

♡

Let ÑR be a confluent relation on a set S, then ↠R satisfies the Church-Rosser property.
That is, given A,B,C P S such that C ↠R A and C ↠R B, there exists D P S such that
A ↠R D and B ↠R D.

Proof. Since C ↠R A and C ↠R B, there existsm,n P N0 and E0,0, E1,0, . . . , Em,0, E0,1, . . . , E0,n P

S such that C “ E0,0 ÑR ¨ ¨ ¨ ÑR Em,0 “ A and C “ E0,0 ÑR ¨ ¨ ¨ ÑR E0,n “ B. For each
1 ď i ď m and 1 ď j ď n, we want to define inductively an element Ei,j in S such that Ei´1,j ÑR

Ei,j and Ei,j´1 ÑR Ei,j , so without further ado, take any 1 ď i ď m and 1 ď j ď n. Since
Ei´1,j´1 ÑR Ei,j´1, Ei´1,j´1 ÑR Ej´1,i, and ÑR, we know that there exists F P S such that
Ej´1,i Ñ F and Ej,i´1 Ñ F , so naturally, we choose to set Ei,j “ F . Let D “ Em,n. Then,
A “ Em,0 ÑR ¨ ¨ ¨ ÑR Em,n´1 ÑR Em,n “ D and B “ E0,n ÑR ¨ ¨ ¨ ÑR Em´1,n ÑR Em,n “ D. ❏

Theorem 2.4.28. The Church-Rosser Property of Differential β-Reduction

♡The relation Ñβ satisfies the Church-Rosser property.

Proof. By Lemma 2.4.26, Ñρ̄ is confluent, so by Lemma 2.4.27, ↠ρ̄ satisfies the Church-Rosser
property. By Lemma 2.4.20, the relation ↠ρ̄ is equivalent to ↠β. Hence, ↠β also satisfies the
Church-Rosser property. ❏



Chapter 3

Taylor λ-Calculus

In the prior chapter, we carefully constructed differential λ-calculus, motivated its syntax as a syn-
thetic framework to represent the differentiation of analytic function, proved a number of lemmas,
and showed that computations in differential λ-calculus is well-behaved by showing that differential
β-reduction satisfies the Church-Rosser property. In this chapter, we are going to define another
formulation of a purely syntactic framework to treat differentiation of analytic functions. This for-
mulation is called Taylor λ-calculus, and just like its cousin differential λ-calculus, it was proposed
by Thomas Ehrhard and Laurent Regnier’s (see [9]). The first section will motivate the syntax of
Taylor λ-calculus and relate it to differential λ-calculus. The second section will introduce multisets
and operations on multisets and prove some elementary properties of these operations. The third
section will rigorously define simple and complex Taylor terms and poly-terms. Then, in the third
section we will define partial differentiation of Taylor terms and show that partial differentiation
behaves like a nondeterministic substitution. Finally, in the fourth section, we will show that Taylor
λ-calculus is a subset of differential λ-calculus.

3.1 Motivating the Syntax of Taylor λ-Calculus

Before we give a general description of the syntax of Taylor λ-calculus, we need to ask a key question:
why do we need a new variant of λ-calculus, and more specifically, why do need a second variant of
a λ-calculus for expressing analytic functions, the first being differential λ-calculus. Differential λ-
calculus, which was discussed at length in chapter 2, is already a decent framework for dealing with
the differentiation of analytic functions syntactically. However, there are two incredibly important
properties that are missing from differential λ-calculus: first, the ability to directly express and
work with polynomials, and second, linearity of every structure in the calculus. Taylor λ-calculus
aims to be fix this, and this is the reason we are interested in investigating it.

So, to get our discussion on the syntax of Taylor λ-calculus started, we note that, just as with
ordinary differential λ-calculus, a term in Taylor λ-term represents an analytic function and we
have two obvious types of Taylor terms:

(i) a variable and

(ii) an abstraction λx.s, where x is a variable and s is a Taylor term.

We address, now, the first property we want to see in Taylor λ-calculus: the ability to express
polynomials. To do this we really should be able to express finite products of analytic functions.
Given a nonnegative integer n P N0 and Taylor terms f1, . . . , fn, representing analytic functions of

71
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type Rm Ñ R, we introduce the Taylor term f1 . . . fn, which is the multiset whose elements are
f1, . . . , fn. The Taylor term f1 . . . fn represents a function of type Rm Ñ R and is given by:

x1, . . . , xn ÞÑ

n
ź

i“1

fipx1, . . . , xnq. (3.1.1)

With the ability to write polynomials in Taylor λ-calculus, we now turn to the second property
we want to see in Taylor λ-calculus: the linearity of every structure in the calculus. Recall that in
differential λ-calculus, we have that

Di1,...,inx ˚

˜

m1
ÿ

j1“1

r1,j1 ¨ t1,j1 , . . . ,
mn
ÿ

jn“1

rn,jn ¨ tn,jn

¸

“

m1
ÿ

j1“1

¨ ¨ ¨

mn
ÿ

jn“1

pr1,j1 ¨ ¨ ¨ rn,jnq ¨ Di1,...,inx ˚ pt1,j1 , . . . , tn,jnq,

(3.1.2a)

Dn
1λx.

˜

m0
ÿ

j0“1

r0,j0 ¨ sj0

¸

˚

˜

m1
ÿ

j1“1

r1,j1 ¨ t1,j1 , . . . ,
mn
ÿ

jn“1

rn,jn ¨ tn,jn

¸

“

m0
ÿ

j0“1

m1
ÿ

j1“1

¨ ¨ ¨

mn
ÿ

jn“1

pr0,j0r1,j1 ¨ ¨ ¨ rn,jnq ¨ Dn
1λx.sj0 ˚ pt1,j1 , . . . , tn,jnq,

(3.1.2b)

where n,m0, . . . ,mn P N0 are nonnegative integers, r0,1, . . . , r0,m0 , . . . , rn,1, . . . , rn,mn P R are
scalars, s0,1, . . . , s0,m0 , t0,1, . . . , t0,m0 , . . . , tn,1, . . . , tn,mn P Λd,V are simple differential terms, and
x P V is a variable. Hence, a complex differentiated variable and a complex differentiated abstrac-
tion is linear in all their arguments. However, notice that

fpx ` yq ‰ fx ` fy (3.1.3)

in differential λ-calculus, where x, y, f P V are variables. Hence, application in differential λ-calculus
is not linear in all its arguments. The underlying reason for this is clear: analytic functions are
not necessarily linear. Consequently, if we want every structure in Taylor λ-calculus to be linear in
all its arguments, we cannot have application. Instead, given a nonnegative number N0 and Taylor
term f, t1, . . . , tn, representing analytic functions of type Rm Ñ R, we introduce the Taylor term
xfyt1 . . . tn, which is a constant function of with the same type as f and is given by:

x1, . . . , xm ÞÑ ¨ ¨ ¨ pBxin
¨ pBxi2

ppBxi1
fq ¨ t1q ¨ t2q ¨ ¨ ¨ q ¨ tnqp0, . . . , 0q, (3.1.4)

where i1, i2, . . . , in P t1, . . . ,mu are some not necessarily distinct integers. Intuitively, xfyt1 . . . tn is
linear in its n ` 1 arguments. This is our notion of application in Taylor λ-calculus.

Also, just like differential λ-calculus, Taylor λ-calculus should have simpler Taylor terms that
are linear combinations of Taylor terms. In summary, a Taylor term is one of the following:

(i) a variable;

(ii) an abstraction λx.s, where x is a variable and s is a Taylor term;

(iii) a product (or poly-term) t1 . . . tn, where n P N0 is a nonnegative integer and t1, . . . , tn are
Taylor terms.

(iv) a differentiated application xsyT , where s is a Taylor Term and T is a poly-term.
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(v) a scalar multiplication r ¨ s, where r is a scalar and s is a Taylor term;

(vi) a sum s ` t, where s, t are Taylor terms; or

(vii) 0, which represent the zero functions.

These seven different kinds of differential terms will make up our calculus, which will be called
Taylor λ-calculus. With this intuition at hand, let us make this notion of a differential term much
more precise.

3.2 Working with Multisets

One of the key difference between Taylor λ-calculus and differential λ-calculus, is the presence of
poly-terms in Taylor λ-calculus, which are just mutlisets of Taylor terms, so to treat prcicely Taylor
λ-calculus, we need to work a bit on multisets.

Definition 3.2.1. Multiset

♣Given a set I, the set Mfin pIq of multisets over I is the free commutative monoid over I.

There are a handful of important operators on multisets.

Notation 3.2.2. Operations on Multisets

♠

Let I be some set, i0 be a distinguished element in I, S, T P Mfin pIq be multisets over I, R
is a commutative monoid, and x P RI be an I-indexed family of elements in R.

1. The exponential of x be S is xS –
ś

iPIrxpiqsSpiq P R.

2. The cardinality of S is |S| –
ř

iPI Spiq P N0.

3. The factorial of S is S! –
ś

iPI Spiq P N0

4. The multinational coefficient of S is rSs –
|S|!
S! P N0.

5. The product of S and T is the multiset ST P Mfin pIq such that pST qpiq “ Spiq ` T piq
also.

6. T is less than (or equal to) S if and only if T piq is less than (or equal to) Spiq for all
i P I.

7. If T ď S, the binomial coefficient of S and T is
`

S
T

˘

“ S!
`

T !pS´T q!

˘

.

8. If Spi0q ě 1, then S ´ i0 P Mfin pIq is the multiset such that pS ´ i0qpi0q “ Spi0q ´ 1
and pS ´ i0qpiq “ Spiq for all i P I ´ tiu

With a notion of the cardinality of a multiset, we can and should talk about the set of multisets
with a specific cardinality.

Definition 3.2.3. The Set of Multiset of Specific Height

Given a set I and a nonnegative integer n P N0,

Mn pIq – tS P Mfin pIq : |S| “ nu (3.2.1a)
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♣

Mďn pIq – tS P Mfin pIq : |S| ď nu (3.2.1b)

Měn I – tS P Mfin pIq : |S| ě nu. (3.2.1c)

In the next few lemmas, we will see that the operators on multisets lift many of the properties
of natural numbers, including the Binomial Theorem and Pascal’s Theorem.

Lemma 3.2.4

♡

Let I be some set and let S, T P Mfin pIq be multisets over I. Then,

ˆ

S

T

˙

“
ź

iPI

ˆ

Spiq

T piq

˙

. (3.2.2)

Proof. As we can see,

ˆ

S

T

˙

“
S!

T !pS ´ T q!
“

ś

iPI Spuq!
ś

iPI T piq! ¨
ś

iPIpSpiq ´ T piqq!

“
ź

iPI

Spiq!

rT piq!pSpiq ´ T piqq!
“

ź

iPI

ˆ

Spiq

T piq

˙

.
(3.2.3)

This completes the proof. ❏

Lemma 3.2.5

♡

Let I be some set and let S, T P Mfin pIq be multisets over I. Suppose that T ď S Then,

ˆ

S

T

˙

“

ˆ

S

S ´ T

˙

. (3.2.4)

Proof. Take any i P I. Since T ď S, T piq ď Spiq, so

ˆ

Spiq

T piq

˙

“

ˆ

Spiq

Spiq ´ T piq

˙

(3.2.5)

Since our choice of i P I was arbitrary, this implies that

ˆ

S

T

˙

“
ź

iPI

ˆ

Spiq

T piq

˙

“
ź

iPI

ˆ

Spiq

Spiq ´ T piq

˙

“
ź

iPI

ˆ

Spiq

pS ´ T qpiq

˙

“

ˆ

S

S ´ T

˙

, (3.2.6)

where we used Lemma 3.2.4 for the first and last equalities. ❏

Lemma 3.2.6. Binomial Theorem for Multisets

♡

Let I be some set, R be a commutative semiring, x, y P RI be I-indexed families of elements
in R, and S P Mfin pIq be a multiset over I. Then,

px ` yqS “
ÿ

TďS

ˆ

S

T

˙

xT yS´T . (3.2.7)
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Proof. As we can see,

px ` yqS “
ź

uPI

rpx ` yqpiqsSpiq “
ź

iPI

rxpiq ` ypiqsSpiq

“
ź

iPI

ÿ

k1`k2“Spiq
k1,k2ą“0

ˆ

Spiq

k1, k2

˙

rxpuqsk1rypuqsk2 “
ź

iPI

Spiq
ÿ

k“0

ˆ

Spiq

k

˙

rxpiqskrypiqsSpiq´k

“
ÿ

TďS

ź

iPI

ˆ

Spiq

T piq

˙

rxpiqsT piqrypuqsSpiq´T piq

“
ÿ

TďS

ź

iPI

ˆ

Spiq

T piq

˙

¨
ź

iPI

rxpiqsT piq ¨
ź

iPI

rypiqspS´T qpiq “
ÿ

TďS

ˆ

S

T

˙

xT yS´T ,

(3.2.8)

where we used Lemma 3.2.4 for the last equality. ❏

Lemma 3.2.7

♡

Let I be some set, i0 be a distinguished element in I, and S P Mfin pIq be a multiset over I.
Suppose that Spi0q ě 1. Then,

ˆ

S

S ´ i0

˙

“ Spi0q. (3.2.9)

Proof. Since Spi0q ě 1, we know that

ˆ

Spi0q

Spi0q ´ 1

˙

“ Spi0q. (3.2.10)

Hence,

ˆ

S

S ´ i0

˙

“
ź

iPI

ˆ

Spiq

pS ´ i0qpiq

˙

“

ˆ

Spi0q

pS ´ i0qpi0q

˙

¨
ź

iPI´ti0u

ˆ

Spiq

pS ´ i0qpiq

˙

“

ˆ

Spiq

Spiq ´ 1

˙

¨
ź

iPI´tiu

ˆ

Spiq

Spiq

˙

“ Spi0q ¨
ź

iPI´ti0u

1 “ Spi0q ¨ 1 “ Spi0q.

(3.2.11)

where we used Lemma 3.2.4 for the first equality. ❏

Lemma 3.2.8. Pascal’s formula for Multisets

♡

Let I be some set, i0 be a distinguished element in I, and S, T P Mfin pIq be multisets over
I. Suppose that T ď S and Spi0q ą T pi0q ě 1. Then,

ˆ

S

T

˙

“

ˆ

S ´ i0
T

˙

`

ˆ

S ´ i0
T ´ i0

˙

(3.2.12)

Proof. Since Spi0q ą T pi0q ě 1, by the ordinary Pascal’s formula,

ˆ

Spi0q

T pi0q

˙

“

ˆ

Spi0q ´ 1

T

˙

`

ˆ

Spi0q ´ 1

T pi0q ´ 1

˙

. (3.2.13)
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Hence,

ˆ

S

T

˙

“
ź

iPI

ˆ

Spiq

T piq

˙

“

ˆ

Spi0q

T pi0q

˙

¨
ź

iPI´ti0u

ˆ

Spiq

T piq

˙

“

„ˆ

Spi0q ´ 1

T pi0q

˙

`

ˆ

Spi0q ´ 1

T pi0q ´ 1q

˙ȷ

¨
ź

iPI´ti0u

ˆ

Spiq

T piq

˙

“

„ˆ

pS ´ i0qpi0q

T pi0q

˙

`

ˆ

pS ´ i0qpi0q

pT ´ i0qpi0q

˙ȷ

¨
ź

iPI´ti0u

ˆ

Spiq

T piq

˙

“

ˆ

pS ´ i0qpi0q

T pi0q

˙

¨
ź

iPI´ti0u

ˆ

Spiq

T piq

˙

`

ˆ

pS ´ i0qpi0q

pT ´ i0qpi0q

˙

¨
ź

iPI´ti0u

ˆ

Spiq

T piq

˙

“

ˆ

pS ´ i0qpi0q

T pi0q

˙

¨
ź

iPI´ti0u

ˆ

pS ´ i0qpiq

T piq

˙

`

ˆ

pS ´ i0qpi0q

pT ´ i0qpi0q

˙

¨
ź

iPI´ti0u

ˆ

pS ´ i0qpiq

pT ´ i0qpiq

˙

“
ź

iPI

ˆ

pS ´ i0qpiq

T piq

˙

`
ź

iPI

ˆ

pS ´ i0qpiq

pT ´ i0qpiq

˙

“

ˆ

S ´ i0
T

˙

`

ˆ

S ´ i0
U ´ i0

˙

,

(3.2.14)

where we used Lemma 3.2.4 for the first and last equalities. ❏

Lemma 3.2.9

♡

Let I be some set, i0 be a distinguished element in I, and T,U, V P Mfin be multisets over
I. Suppose that UV “ T , i0 P U , and i0 R V . Then,

ˆ

T ´ i0
U ´ i0

˙

“

ˆ

T

U

˙

. (3.2.15)

Proof. Since i0 R V , V pi0q “ 0, and since UV “ T , T pi0q “ Upi0q ` V pi0q “ Upi0q ` 0 “ Upi0q,
which implies that pT ´ i0qpi0q “ T pi0q ´ 1 “ Upi0q ´ 1 “ pU ´ i0qpi0q. Since T pi0q “ Upi0q and
pT ´ i0qpi0q “ pU ´ i0qpi0q, we know that

ˆ

T pi0q

Upi0q

˙

“

ˆ

pT ´ i0qpi0q

pU ´ i0qpi0q

˙

“ 1, (3.2.16)

so
ˆ

T ´ i0
U ´ i0

˙

“
ź

iPI

ˆ

pT ´ i0qpiq

pU ´ i0qpiq

˙

“

ˆ

pT ´ i0qpi0q

pU ´ i0qpi0q

˙

¨
ź

iPI´ti0u

ˆ

pT ´ i0qpiq

pU ´ i0qpiq

˙

“

ˆ

T pi0q

Upi0q

˙

¨
ź

iPI´ti0u

ˆ

T piq

Upiq

˙

“
ź

iPI

ˆ

T piq

Upiq

˙

“

ˆ

T

U

˙

,

(3.2.17)

where we used Lemma 3.2.4 for the first and last equalities. ❏

Lemma 3.2.10

♡

Let I be some set, i0 be a distinguished element in I, and T,U, V P Mfin be multisets over
I. Suppose that UV “ T and i0 R U . Then,

ˆ

T ´ i0
U

˙

“

ˆ

T

U

˙

. (3.2.18)
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Proof. Note that
ˆ

pT ´ i0qpi0q

0

˙

“

ˆ

T pi0q

0

˙

“ 1. (3.2.19)

Since i0 R U , Upi0q “ 0, so
ˆ

T ´ i0
U

˙

“
ź

iPI

ˆ

pT ´ i0qpiq

Upiq

˙

“

ˆ

pT ´ i0qpi0q

Upi0q

˙

¨
ź

iPI´ti0u

ˆ

pT ´ i0qpiq

Upiq

˙

“

ˆ

pT ´ i0qpi0q

0

˙

¨
ź

iPI´ti0u

ˆ

T piq

Upiq

˙

“

ˆ

T pi0q

0

˙

¨
ź

iPI´ti0u

ˆ

T piq

Upiq

˙

“

ˆ

T pi0q

Upi0q

˙

¨
ź

iPI´ti0u

ˆ

T piq

Upiq

˙

“
ź

iPI

ˆ

T piq

Upiq

˙

“

ˆ

T

U

˙

,

(3.2.20)

where we used Lemma 3.2.4 for the first and last equalities. ❏

Of all the lemmas about multisets presented in this section, the last three are important to keep
in mind, as we will see that they are essential to the proof of the Generalized Synthetic Leibnitz
Rule for Taylor λ-calculus (i.e., Corollary 3.3.34) presented at the end of the next section.

3.3 Defining Taylor λ-Calculus and the Partial Derivative

It is finally time to define Taylor λ-terms. Following the structure of section 2.2, we define Taylor
pre-terms, α-equivalence for Taylor pre-terms that equates Taylor pre-terms that represent the
same underlying analytic function, and Taylor terms, which is the quotient of Taylor pre-terms by
α-equivalence. It should be noted that there are three kinds of Taylor pre-terms: simple Taylor
pre-terms, which represent basic analytic functions; simple Taylor pre-poly-terms, which represents
finite products of analytic functions; and complex Taylor pre-poy-terms, which represent linear
combinations of products of analytic functions.

Definition 3.3.1. Taylor Pre-Terms

Given a denumerable set V of variables, a positive semiring of scalars R, and a distinguished
symbol 0, a simple Taylor pre-term, a simple Taylor pre-poly-term, and a complex Taylor
pre-poly-term are defined via mutual induction as follows:

(i) Given a variable x P V, x is a simple Taylor pre-term.

(ii) Given a simple Taylor pre-term s and simple Taylor pre-poly-term T , pxsyT q is a simple
Taylor pre-term.

(iii) Given a variable x P V and a simple Taylor pre-term s, pλx.sq is a simple Taylor
pre-poly-term

(iv) The empty multiset of simple Taylor pre-term 1 is a simple Taylor pre-poly-term.

(v) Given a simple Taylor pre-poly-term T and a simple Taylor pre-term s, the concatena-
tion Ts is a simple Taylor pre-poly-term.

(vi) 0 is a complex Taylor pre-poly-term.

(vii) Given a simple Taylor pre-poly-term S, S is a complex Taylor pre-poly-term.
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♣

(viii) Given a scalar r P R and a complex Taylor pre-poly-term σ, pr ¨ σq is a complex Taylor
pre-poly-term.

(ix) Given complex Taylor pre-poly-terms σ and τ , pσ`τq is a complex Taylor pre-poly-term.
Note that ` here is syntactic and does not refer to concatenation of multisets.

Let ∆t,V denote the set of simple Taylor pre-terms, let ∆!
t,V denote the set of simple Taylor

pre-poly-terms, and let Rx∆!
t,Vy denote the set of complex Taylor pre-poly-terms. Note that

∆!
t,V “ Mfinp∆t,Vq.

It should be noted that we identify the set of simple Taylor terms ∆t,V with the subsetM1p∆t,Vq

of simple Taylor poly-terms ∆!
t,V “ Mfinp∆t,Vq, and we identity the set of simple Taylor poly-terms

∆!
t,V with the obvious subset of complex Taylor poly-terms Rx∆!

t,Vy.

Definition 3.3.2. α-Conversion for Taylor Pre-Terms

The relation “t,α is the smallest (with respect to inclusion) transitive, reflexive, and sym-
metric relation on the set Rx∆!

t,Vy of complex Taylor pre-poly-terms satisfying the following
properties:

(i) If x, y P V are variables and s P ∆t,V is a simple Taylor pre-terms such that y R FV psq

and y can be substituted for x in s, then λx.s “t,α λy.sry{xs.

(ii) If s, t P ∆t,V are simple Taylor pre-terms such that s “t,α t and S, T P ∆!
t,V are simple

pre-poly-terms such that S “t,α T , then xsyS “t,α xtyT .

(iii) If x P V is a variable and s, t P ∆t,V are simple Taylor pre-terms such that s “t,α t, then
λx.s “t,α λx.t.

(iv) If s, t P ∆t,V are simple Taylor pre-terms such that s “t,α t and S, T P ∆!
t,V are simple

pre-poly-terms such that S “t,α T , then Ss “t,α Tt.

(v) If r P R is a scalar and τ, σ P Rx∆!
t,Vy are complex Taylor pre-poly-terms such that

τ “t,α σ, then r ¨ τ “t,α r ¨ σ.

(vi) If µ, ν, σ, τ P Rx∆!
t,Vy are complex Taylor pre-poly-terms such that τ “t,α µ and σ “t,α

ν, then τ ` σ “t,α µ ` ν.

(vii) If σ, τ P Rx∆!
t,Vy are complex Taylor pre-poly-terms, then σ ` τ “t,α τ ` σ.

(viii) If ρ, τ, σ P Rx∆!
t,Vy are complex Taylor pre-poly-terms, then pρ`σq`τ “t,α ρ`pσ`τq.

(ix) If τ P Rx∆!
t,Vy is a complex Taylor pre-poly-term, then τ ` 0 “t,α τ and τ “t,α τ ` 0.

(x) If r1, r2 P R are scalars and τ P Rx∆!
t,Vy is a complex Taylor pre-poly-term, then

r1 ¨ τ ` r2 ¨ τ “t,α pr1 ` r2q ¨ τ .

(xi) If r P R is a scalar and τ, σ P Rx∆!
t,Vy are complex Taylor pre-poly-term, then r ¨ τ `

r ¨ σ “t,α r ¨ pτ ` σq.

(xii) If r1, r2 P R are scalars and τ P Rx∆!
t,Vy is a complex Taylor pre-poly-term, then

r1 ¨ pr2 ¨ τq “t,α pr1 ¨ r2q ¨ τ .
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♣

(xiii) If τ P Rx∆!
t,Vy is a complex Taylor pre-poly-term, then 1 ¨ τ “t,α τ .

(xiv) If r P R is a scalar, r ¨ 0 “t,α 0.

(xv) If r1, r2 P R are scalars and τ P Rx∆!
t,Vy is a complex Taylor pre-poly-term, then

pr1 ¨ r2q ¨ τ “t,α pr2 ¨ r1q ¨ τ .

With the definition of Taylor pre-terms and α-equivalence laid out, we can finally define Taylor
terms, the main element we work with in Taylor λ-calculus. Taylor terms, as we stated at the beg-
ging of the section, are just Taylor pre-terms where we identify Taylor pre-terms by α-equivalence.

Definition 3.3.3. Taylor Terms

♣

Given σ P Rx∆!
t,Vy, let rσst,α be the collection of complex pre-poly-terms that are α-equivalent

to σ. That is, given σ P Rx∆!
t,Vy, let

rσst,α – tτ P Rx∆!
t,Vy : σ “t,α τu. (3.3.1)

The sets of simple Taylor terms Λt,V , simple Taylor poly-terms Λ!
t,V , and complex Taylor

poly-terms RxΛ!
t,Vy are the sets of simple Taylor pre-terms ∆t,V , simple Taylor pre-poly-

terms ∆!
t,V , and complex Taylor pre-poly-terms Rx∆!

t,Vy quotiented by α-equivalence “t,α,
respectively. That is,

Λt,V :“ trsst,α : s P ∆t,Vu, (3.3.2a)

Λ!
t,V :“ trT st,α : T P ∆!

t,Vu, (3.3.2b)

RxΛ!
t,Vy :“ trσst,α : σ P Rx∆!

t,Vyu. (3.3.2c)

The basic operations on Taylor pre-terms can be lifted to Taylor terms in the canonical way.

Notation 3.3.4. Operations on Taylor Terms

♠

Let s P Λt,V be a simple Taylor term, T P Λ!
t,V be a simple Taylor poly-term, r P R be a

scalar, and let σ, τ P RxΛ!
t,Vy be complex Taylor poly-terms. Then, λx.s and xsyT are the

unique simple Taylor terms, 1 and sT are the unique simple Taylor poly-terms, and 0, r ¨ σ,
and σ ` τ are the unique complex Taylor poly-terms such that

λx.s “ rλx.s1st,α P Λt,V , (3.3.3a)

xsyT “ rxs1yT 1st,α P Λt,V , (3.3.3b)

1 “ r1st,α P Λ!
t,V , (3.3.3c)

sT “ rs1T 1st,α P Λ!
t,V , (3.3.3d)

0 “ r0st,α P RxΛ!
t,Vy, (3.3.3e)

r ¨ σ “ rr ¨ σ1st,α P RxΛ!
t,Vy, (3.3.3f)

σ ` τ “ rσ1 ` τ 1st,α, (3.3.3g)

where s1 P ∆t,V is a simple Taylor pre-term , T 1 P ∆!
t,V is a simple Taylor pre-poly-term, and

σ1, τ 1 P Rx∆!
t,Vy are complex Taylor pre-terms such that s “ rs1st,α, T “ rT 1st,α, σ “ rσ1st,α,

and τ “ τ 1
t,α. The uniqueness follows from Definition 3.3.2(ii)-(vi).
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At this point, there is an odd asymmetry in Taylor λ-calculus. In Taylor λ-calculus, there
are simple and complex Taylor poly-terms, where a complex Taylor poly-terms is just a linear
combination of simple Taylor poly-terms, but in Taylor λ-calculus, at this point, there is only
simple Taylor terms. There isn’t, at this point complex Taylor terms. Let’s fix this. Remember
a simple Taylor term is just a complex Taylor term of cardinality 1 and a complex Taylor term
should be a linear combination of simple Taylor terms. Hence, a complex Taylor term can viewed
as a complex Taylor poly-term whose support has cardinality 1.

Definition 3.3.5. Complex Taylor terms

♣

The set of complex Taylor terms RxΛt,Vy are the linear combinations of simple Taylor terms.
That is,

RxΛt,Vy – tτ P RxΛ!
t,Vy : |S| “ 1 @S P supp pτqu. (3.3.4)

Recall that every structure in Taylor λ-calculus is multi-linear, so we extend the operations
of abstraction, differentiated application, and concatenation from simple Taylor terms to complex
Taylor terms by linearity.

Notation 3.3.6

♠

Let x P V be a variable, s P RxΛt,Vy be a complex Taylor term, and T P RxΛ!
t,Vy be a

complex Taylor poly-term. Then, the complex abstraction λx.s and the complex differentiated
application xsyτ are the complex Taylor terms and the complex concatenation τs is the
complex Taylor poly-term such that

λx.s “

m
ÿ

i“1

ai ¨ λx.si, (3.3.5a)

xsyτ “

m
ÿ

i“1

n
ÿ

j“1

pai ¨ bjq ¨ xsiyTj , (3.3.5b)

τs “

n
ÿ

i“1

si ¨ τsi, (3.3.5c)

where m,n P N0 are nonnegative integers, a1, . . . , am, b1, . . . , bn P R are scalars, s1, . . . , sm P

Λt,V are simple Taylor terms, and T1, . . . , Tn P Λ!
t,V are simple Taylor poly-terms such that

s “
řm

i“1 ai ¨si and τ “
řn

i“1 bi ¨Ti, which we know exist and are unique by Lemma 3.3.10(xii).

With these operations on Taylor terms, we will no longer need to make explicit reference to
Taylor pre-terms, and from now on we will only work with Taylor terms directly. We now define the
size, the set of free variables, and the substitution of. simple Taylor term for a variable for Taylor
terms. The proofs that the latter two operations on Taylor terms are well-defined are virtually
identical to the proofs that those operation are well-defined in differential λ-calculus, and are left
to the reader.

Definition 3.3.7. Size of Simple Taylor poly-Terms

Define the function size : Λ!
t,V Ñ N0 that takes a simple Taylor poly-term to a nonnegative

number by:

size pxq “ 1, (3.3.6a)
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♣

size pλx.sq “ 1 ` size psq, (3.3.6b)

size pxsyT q “ 1 ` size psq ` size pT q, (3.3.6c)

size pt1 . . . tnq “ n `

n
ÿ

i“1

size ptiq, (3.3.6d)

where x P V is a variable, s, t1, . . . , tn P Λt,V are simple Taylor terms, and T P Λ!
t,V is a simple

Taylor poly-terms. The image of a simple Taylor poly-term S P Λ!
t,V under size is called the

size of S.

Definition 3.3.8. Free Variables of Taylor Terms

♣

Define the function size : RxΛ!
t,Vy Ñ V˚ that takes a complex Taylor poly-term to a finite

subset of variables by:

FV pxq “ 1, (3.3.7a)

FV pλx.sq “ FV psq ´ txu, (3.3.7b)

FV pxsyT q “ FV psq Y FV pT q, (3.3.7c)

FV pt1 . . . tnq “

n
ď

i“1

FV ptiq, (3.3.7d)

FV

˜

n
ÿ

i“1

ri ¨ Si

¸

“

n
ď

i“1

FV pSiq, (3.3.7e)

where x P V is a variable, n P N0 is a nonnegative integer, s, t1, . . . , tn P Λt,V are simple Taylor
terms, T P Λ!

t,V is a simple Taylor poly-terms, r1, . . . , rn P R are scalars, and S1, . . . , Sn P Λ!
t,V

are simple Taylor poly-terms. The image of a complex Taylor poly-term τ P Λ!
t,V under FV

is called the free variables of τ .

Definition 3.3.9. Substitution for Taylor Terms

♣

Given a variable x P V, a complex Taylor poly-term σ P RxΛ!
t,Vy, and a complex Taylor term

t P RxΛt,Vy, the substitution σrt{xs of t for x in σ is defined by:

xrt{xs “ t, (3.3.8a)

yrt{xs “ y, (3.3.8b)

pλx.sqrt{xs “ λx.s, (3.3.8c)

pλy.sqrt{xs “ λy.srt{xs if y R FV ptq, (3.3.8d)

pxsyT qrt{xs “ xsrt{xsyT rt{xs, (3.3.8e)

pt1 . . . tnqrt{xs “ t1rt{xs . . . tnrt{xs, (3.3.8f)
˜

n
ÿ

i“1

ri ¨ Si

¸

rt{xs “

n
ÿ

i“1

ri ¨ Sirt{xs, (3.3.8g)

where y P V is a variable distinct from x, n P N0 is a nonnegative integer, s, t1, . . . , tn P Λt,V
are simple Taylor terms, T P Λ!

t,V is a simple Taylor poly-terms, r1, . . . , rn P R are scalars,

and S1, . . . , Sn P Λ!
t,V are simple Taylor poly-terms.
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There are a number of elementary properties of free variables, substitution, and uniqueness of
Taylor terms that we will use throughout the remainder of this chapter.

Lemma 3.3.10

♡

Let m,n P N0 be nonnegative integers, x, y P V be variables, s, s1, t1, . . . , tm, t1
1, . . . , t

1
n P Λt,V

be simple Taylor terms, u, v P RxΛt,Vy be complex Taylor terms, T, T 1 P Λ!
t,V be simple poly-

terms, and τ P RxΛ!
t,Vy be a complex Taylor poly-terms. Then, the following statements are

true:

(i) If x R FV pτq, then τ ru{xs “ τ .

(ii) y P FV pτ ru{xsq if and only if either y P FV pτq and x ‰ y or y P FV puq and x P FV pτq.

(iii) τ rx{xs “ τ .

(iv) If y ‰ x R FV pvq, then τ ru{xsrv{ys “ τ rv{ysrurv{ys{xs.

(v) If y R FV pτq, then τ ry{xsru{ys “ τ ru{xs.

(vi) If y R FV psq, then Dn
1λx.s ˚ pt1, . . . , tnq “ Dn

1λy.sry{xs ˚ pt1, . . . , tnq.

(vii) λx.s “ λy.s1 if and only if s1rx{ys “ s.

(viii) xsyT “ xs1yT 1 if and only if s “ s1 and T “ T 1.

(ix) t1 . . . tm “ t1
1 . . . t

1
n if and only if n “ m and ti “ t1

i for all 1 ď i ď m “ n.

(x) Summation makes the set of complex Taylor poly-terms RxΛ!
t,Vy into a commutative

monoid with 0 as the unit.

(xi) RxΛ!
t,Vy is a left-R-module on the commutative monoid pRxΛ!

t,Vy,`, 0q.

(xii) There exists a unique nonnegative integer ℓ P N0, unique scalars r1, . . . , rℓ P R, and
unique distinct simple Taylor terms s1, ¨ ¨ ¨ , sℓ P Λd,V such that τ “ r1 ¨ s1 ` ¨ ¨ ¨ ` rℓ ¨ sℓ.

Note that we define the support supp pτq of τ to be this unique set of distinct simple
differential terms. That is, supp pτq “ ts1, . . . , sℓu.

Proof. The proof for this is analogous to the proof of Lemma 2.2.29. ❏

Now, we define the partial derivative on Taylor terms. Again, the fact that this operation is
well-defined is obvious and is left to the reader.

Definition 3.3.11. Partial Derivative for Taylor Terms

Given a variable x P V, a complex Taylor poly-term σ P RxΛ!
t,Vy, and a complex Taylor term

t P RxΛt,Vy, the partial derivative Bxσ ˚ t of σ with respect to x times t is defined by:

Bxpxq ˚ t “ t, (3.3.9a)

Bxpyq ˚ t “ 0, (3.3.9b)

Bxpλy.sq ˚ t “ λy.Bxpsq ˚ t if y R FV ptq, (3.3.9c)

BxpxsyT q ˚ t “ xBxpsq ˚ tyT ` xsypBxpT q ˚ tq, (3.3.9d)
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♣

Bxpt1 . . . tnq ˚ t “

n
ÿ

i“1

t1 . . . ti´1pBxptiq ˚ tqti`1 . . . tn, (3.3.9e)

Bx

˜

n
ÿ

i“1

ri ¨ Si

¸

˚ t “

n
ÿ

i“1

ri ¨ BxpSiq ˚ t, (3.3.9f)

where y P V is a variable distinct from x, n P N0 is a nonnegative integer, s, t1, . . . , tn P Λt,V
are simple Taylor terms, T P Λ!

t,V is a simple Taylor poly-terms, r1, . . . , rn P R are scalars,

and S1, . . . , Sn P Λ!
t,V are simple Taylor poly-terms.

With the definition of the partial derivative of Taylor terms at hand, we define a number of
properties of the partial derivative, including the Synthetic Schwartz Lemma for Taylor λ-calculus
(i.e., Corollary 3.3.16).

Lemma 3.3.12

♡

Let S P Λ!
t,V be a simple Taylor poly-term, x P V be a variable, and t P Λt,V be a simple

Taylor term. Then, for U P supp pBxS ˚ tq, one has size pUq “ size pSq ` size ptq ´ 1.

Proof. We prove this via induction on S.

1. Assume that S “ x. Then, BxS˚t “ Bxx˚t “ t. Take any U P supp pBxS ˚ tq “ supp ptq “ ttu,
which implies that U “ t. Hence,

size pSq ` size ptq ´ 1 “ size pxq ` size ptq ´ 1 “ 1 ` size ptq ´ 1

“ size ptq “ size pUq.
(3.3.10)

2. Assume that S “ y, where y P V is a variable such that y ‰ x. Then, supp pBxS ˚ tq “

supp pBxy ˚ tq “ supp p0q “ H, so our result holds trivially.

3. Assume that S “ λy.s, where y P V is a fresh variable and s P Λt,V is a simple Taylor term.
Then, BxS ˚t “ Bxλy.s˚t “ λy.Bxs˚t. Take any U P supp pBxS ˚ tq “ supp pλy.Bxs ˚ tq. Then,
there exists a simple Taylor term v P supp pBxs ˚ tq such that U “ λy.v. By the induction
hypothesis, size pvq “ size psq ` size ptq ´ 1. Hence,

size pSq ` size ptq ´ 1 “ size pλy.sq ` size ptq ´ 1 “ 1 ` size psq ` size ptq ´ 1

“ 1 ` size pvq “ size pλy.vq “ size pUq.
(3.3.11)

4. Assume that S “ xsyT , where s P Λt,V is a simple Taylor term and T P Λ!
t,V is a simple

Taylor poly-term. Then, BxS ˚ t “ BxxsyT ˚ t “ xBxs ˚ tyT ` xsypBxT ˚ tq. Take any U P

supp pBxS ˚ tq “ supp pxBxs ˚ tyT ` xsypBxT ˚ tqq “ supp pxBxs ˚ tyT q Y supp pxsypBxT ˚ tqq.
Suppose that there exists a simple Taylor term v P supp pBxs ˚ tq such that U “ xvyT . By the
induction hypothesis, size pvq “ size psq ` size ptq ´ 1, which implies that

size pSq ` size ptq ´ 1 “ size pxsyT q ` size ptq ´ 1

“ 1 ` size psq ` size pT q ` size ptq ´ 1

“ 1 ` size pvq ` size pT q “ size pxvyT q “ size pUq.

(3.3.12)



84 CHAPTER 3. TAYLOR λ-CALCULUS

Instead, suppose that there exists a simple Taylor poly-term V P supp pBxT ˚ tq such that
U “ xsyV . By the induction hypothesis, size pvq “ size psq ` size ptq ´ 1, which implies that

size pSq ` size ptq ´ 1 “ size pxsyT q ` size ptq ´ 1

“ 1 ` size psq ` size pT q ` size ptq ´ 1

“ 1 ` size psq ` size pV q “ size pxsyV q “ size pUq.

(3.3.13)

5. Assume that S “ s1 . . . sn, where n P N0 is a nonnegative integer and s1, . . . , sn P Λt,V are
simple Taylor terms. Then, BxS ˚ t “ Bxs1 . . . sn ˚ t “

řn
i“1 s1 . . . pBxsi ˚ tq . . . sn. Take any

U P supp pBxS ˚ tq “ supp

˜

n
ÿ

i“1

s1 . . . pBxsi ˚ tq . . . sn

¸

“
ď

iPI

supp ps1 . . . pBxsi ˚ tq . . . snq.

(3.3.14)

Then, there exists 1 ď i0 ď n and simple Taylor term v P Bxsi ˚ t such that U “ s1 . . . v . . . sn.
By the induction hypothesis, size pvq “ size psiq ` size ptq ´ 1, which implies that

size pSq ` size ptq ´ 1 “ size ps1 . . . snq ` size ptq ´ 1

“ n `

n
ÿ

i“0

size psiq ` size ptq ´ 1

“ n `

n
ÿ

i“0,i‰i0

size psiq ` size psi0q ` size ptq ´ 1

“ n `

n
ÿ

i“0,i‰i0

size psiq ` size pvq

“ size ps1 . . . η . . . snq “ size pUq.

(3.3.15)

This completes the induction. ❏

Lemma 3.3.13

♡

Let σ P RxΛ!
t,Vy be a complex Taylor poly-term, x P V be a variable, n P N0 be a nonnegative

integer, r1, . . . , rn P R be scalars, and t1, . . . , tn P Λt,V be simple Taylor terms. Then,
Bxσ ˚ p

řn
i“1 ri ¨ tiq “

řn
i“1 ri ¨ pBxσ ˚ tiq.

Proof. We prove this via induction on σ.

1. Assume that σ “ x. Then,

Bxσ ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“ Bxx ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“

n
ÿ

i“1

ri ¨ ti

“

n
ÿ

i“1

ri ¨ pBxx ˚ tiq “

n
ÿ

i“1

ri ¨ pBxσ ˚ tiq.

(3.3.16)
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2. Assume that σ “ y, where y P V is a variable distinct from x. Then,

Bxσ ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“ Bxy ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“ 0 “

n
ÿ

i“1

ri ¨ 0

“

n
ÿ

i“1

ri ¨ pBxy ˚ tiq “

n
ÿ

i“1

ri ¨ pBxσ ˚ tiq.

(3.3.17)

3. Assume that σ “ λy.s, where y P V is a fresh variable and s P Λt,V is a simple Taylor term.
By the induction hypothesis, Bxs ˚ p

řn
i“1 ri ¨ tiq “

řn
i“1 ri ¨ pBxs ˚ tiq, which implies that

Bxσ ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“ Bxλy.s ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“ λy.Bxs ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“ λy.
n

ÿ

i“1

ri ¨ pBxs ˚ tiq “

n
ÿ

i“1

ri ¨ λy.pBxs ˚ tiq

“

n
ÿ

i“1

ri ¨ pBxλy.s ˚ tiq “

n
ÿ

i“1

ri ¨ pBxσ ˚ tiq.

(3.3.18)

4. Assume that σ “ xsyT , where s P Λt,V is a simple Taylor term and T P Λ!
t,V is a simple

Taylor poly-term. By the induction hypothesis, Bxs ˚ p
řn

i“1 ri ¨ tiq “
řn

i“1 ri ¨ pBxs ˚ tiq and
BxT ˚ p

řn
i“1 ri ¨ tiq “

řn
i“1 ri ¨ pBxT ˚ tiq, which implies that

Bxσ ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“ BxxsyT ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“ xBxs ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

yT ` xsy

˜

BxT ˚

˜

n
ÿ

i“1

ri ¨ ti

¸¸

“ x

n
ÿ

i“1

ri ¨ pBxs ˚ tiqyT ` xsy

˜

n
ÿ

i“1

ri ¨ pBxT ˚ tiq

¸

“

n
ÿ

i“1

pri ¨ xBxs ˚ tiyT ` xsypBxT ˚ tiqq

“

n
ÿ

i“1

ri ¨ BxxsyT ˚ ti “

n
ÿ

i“1

ri ¨ Bxσ ˚ ti.

(3.3.19)

5. Assume that σ “ s1 . . . sm, where m P N0 is a nonnegative integer and s1, . . . , sm P Λt,V are
simple Taylor terms. By the induction hypothesis, Bxsj ˚ p

řn
i“1 ri ¨ tiq “

řn
i“1 ri ¨ pBxsj ˚ tiq

for all 1 ď j ď m, which implies that

Bxσ ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“ Bxs1 . . . sm ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“

m
ÿ

i“1

s1 . . .

˜

Bxsj ˚

˜

n
ÿ

i“1

ri ¨ ti

¸¸

. . . sm (3.3.20)

“

m
ÿ

i“1

s1 . . .

˜

n
ÿ

i“1

ri ¨ pBxsj ˚ tiq

¸

. . . sm
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“

n
ÿ

i“1

ri ¨

m
ÿ

i“1

s1 . . . pBxsj ˚ tiq . . . sm

“

n
ÿ

i“1

ri ¨ Bxs1 . . . sm ˚ ti “

n
ÿ

i“1

ri ¨ Bxσ ˚ ti.

6. Assume that σ “
řm

j“1 aj ¨ Tj , where m P N0 is a nonnegative integer, a1, . . . , am are scalars,

and T1, . . . , Tm P Λ!
t,V are simple Taylor poly-terms. By the induction hypothesis, BxTj ˚

p
řn

i“1 ri ¨ tiq “
řn

i“1 ri ¨ pBxTj ˚ tiq for all 1 ď j ď m, which implies that

Bxσ ˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“ Bx

˜

m
ÿ

j“1

aj ¨ Tj

¸

˚

˜

n
ÿ

i“1

ri ¨ ti

¸

“

m
ÿ

j“1

aj ¨

˜

BxTj ˚

˜

n
ÿ

i“1

ri ¨ ti

¸¸

“

m
ÿ

j“1

aj ¨

n
ÿ

i“1

ri ¨ pBxTj ˚ tiq

“

m
ÿ

j“1

n
ÿ

i“1

aj ¨ pri ¨ pBxTj ˚ tiqq “

m
ÿ

j“1

n
ÿ

i“1

paj ¨ riq ¨ pBxTj ˚ tiq

“

n
ÿ

i“1

m
ÿ

j“1

pri ¨ ajq ¨ pBxTj ˚ tiq “

n
ÿ

i“1

ri ¨

m
ÿ

j“1

aj ¨ pBxTj ˚ tiq

“

n
ÿ

i“1

ri ¨

˜

Bx

˜

m
ÿ

j“1

aj ¨ Tj

¸

˚ ti

¸

“

n
ÿ

i“1

ri ¨ pBxσ ˚ tiq.

(3.3.21)

This completes the induction. ❏

Lemma 3.3.14

♡

Let σ P RxΛ!
t,Vy be a complex Taylor poly-term, x P V be a variable, and t P RxΛt,Vy be

simple Taylor term. Suppose that x R FV pσq. Then, Bxσ ˚ t “ 0.

Proof. We prove this via induction on σ.

1. Assume that σ “ y, where y P V is a variable. Since x R FV pσq “ FV pyq “ tyu, we have
that y ‰ x, which implies that Bxσ ˚ t “ Bxy ˚ t “ 0.

2. Assume that σ “ λy.s, where y P V is a fresh variable. Since x R FV pσq “ FV pλy.sq “

FV psq ´ tyu and y P V is a fresh variable, x R FV psq, so by the induction hypothesis,
Bxs ˚ t “ 0, which implies that Bxσ ˚ t “ Bxλy.s ˚ t “ λy.Bxs ˚ t “ λy.0 “ 0.

3. Assume that σ “ xsyT , where s P Λt,V is a simple Taylor term and T P Λ!
t,V is a simple Taylor

poly-term. Since x R FV pσq “ FV pxsyT q “ FV psq Y FV pT q, by the induction hypothesis,
Bxs˚ t “ 0 and BxT ˚ t “ 0, which implies that Bxσ˚ t “ BxxsyT ˚ t “ xBxs˚ tyT `xsypBxT ˚ tq “

x0yT ` xsy0 “ 0.

4. Assume that σ “ s1 . . . sn, where s1, . . . , sn are simple Taylor terms. For each 1 ď j ď n, x R

FV pσq “ FV ps1 . . . snq “
Ťn

i“1 FV psiq Ą FV psjq, so by the induction hypothesis, Bxsj˚t “ 0.
Hence, Bxσ ˚ t “ Bxs1 . . . sn ˚ t “

řn
i“1 s1 . . . pBxsi ˚ tq . . . sn “

řn
i“1 s1 . . . 0 . . . sn “

řn
i“1 0 “ 0.
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5. Assume that σ “
řn

i“1 ri ¨ Ti, where n P N0 is a nonnegative integer, r1, . . . , rn are scalars,
and T1, . . . , Tn P Λ!

t,V are simple Taylor poly-terms. For each 1 ď j ď n, x R FV pσq “

FV p
řn

i“1 ri ¨ Tiq “
Ťn

i“1 FV psiq Ą FV psjq, so by the induction hypothesis, Bxsj ˚ t “ 0.
Hence, Bxσ ˚ t “ Bx p

řn
i“1 ri ¨ Tiq ˚ t “

řn
i“1 ri ¨ BxTi ˚ t “

řn
i“1 ri ¨ 0 “ 0.

This completes the induction. ❏

Lemma 3.3.15

♡

Let σ P RxΛ!
t,Vy be a complex Taylor poly-term, s, t P RxΛt,Vy be complex Taylor terms,

x, y P V be variables such that x R FV ptq. Then,

BypBxσ ˚ sq ˚ t “ BxpByσ ˚ tq ˚ s ` Bxσ ˚ pBys ˚ tq. (3.3.22)

Proof. We prove this via induction on σ.

1. Assume that σ “ x. Then,

BxpByσ ˚ tq ˚ s ` Bxσ ˚ pBys ˚ tq “ BxpByx ˚ tq ˚ s ` Bxx ˚ pBys ˚ tq

“ Bxp0q ˚ s ` Bys ˚ t “ 0 ` Bys ˚ t “ Bys ˚ t

“ BypBxx ˚ sq ˚ t “ BypBxσ ˚ sq ˚ t.

(3.3.23)

2. Assume that that σ “ y. Then,

BxpByσ ˚ tq ˚ s ` Bxσ ˚ pBys ˚ tq “ BxpByy ˚ tq ˚ s ` Bxy ˚ pBys ˚ tq “ Bxt ˚ s ` 0

“ 0 ` 0 “ 0 “ By0 ˚ t “ BypBxy ˚ sq ˚ t

“ BypBxσ ˚ sq ˚ t,

(3.3.24)

where we used that x R FV ptq for the third equality.

3. Assume that σ “ z, where z P V is a variable distinct from x, y. Then,

BxpByσ ˚ tq ˚ s ` Bxσ ˚ pBys ˚ tq “ BxpByz ˚ tq ˚ s ` Bxz ˚ pBys ˚ tq “ Bx0 ˚ s ` 0

“ 0 ` 0 “ 0 “ By0 ˚ t “ BypBxz ˚ sq ˚ t

“ BypBxσ ˚ sq ˚ t.

(3.3.25)

4. Assume that σ “ λz.u, where z P V is a fresh variable and u P Λt,V is a simple Taylor term.
By the induction hypothesis, BypBxu ˚ sq ˚ t “ BxpByu ˚ tq ˚ s ` Bxu ˚ pBys ˚ tq, which implies
that

BypBxσ ˚ sq ˚ t “ BypBxλz.u ˚ sq ˚ t “ λz.BypBxu ˚ sq ˚ t

“ λz.rBxpByu ˚ tq ˚ s ` Bxu ˚ pBys ˚ tqs

“ λz.BxpByu ˚ tq ˚ s ` λz.Bxu ˚ pBys ˚ tq

“ BxpByλz.u ˚ tq ˚ s ` Bxλz.u ˚ pBys ˚ tq

“ BxpByσ ˚ tq ˚ s ` Bxσ ˚ pBys ˚ tq.

(3.3.26)

5. The case where σ “ xuyU , where u P Λt,V is a simple Taylor term and U P Λ!
t,V is a simple

Taylor poly-term was shown in Lemma 2 of [9].
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6. Assume that σ “ u1 . . . un, where n P N0 is a nonnegative integer and u1, . . . , un P stt are
simple Taylor terms. By the induction hypothesis, BypBxui˚sq˚t “ BxpByui˚tq˚s`Bxui˚pBys˚tq
for all 1 ď i ď n, which implies that

BypBxσ ˚ sq ˚ t “ BypBxu1 . . . un ˚ sq ˚ t

“ By

˜

n
ÿ

i“1

u1 . . . pBxui ˚ sq . . . un

¸

˚ t

“

n
ÿ

i“1

Bypu1 . . . pBxui ˚ sq . . . unq ˚ t

“

n
ÿ

i“1

„ i´1
ÿ

j“1

pu1 . . . pByuj ˚ tq . . . pBxui ˚ sq . . . unq

` pu1 . . . pBypBxui ˚ sq ˚ tq . . . unq

`

n
ÿ

j“i`1

pu1 . . . pBxui ˚ sq . . . pByuj ˚ tq . . . unq

ȷ

“

n
ÿ

i“1

„ i´1
ÿ

j“1

pu1 . . . pByuj ˚ tq . . . pBxui ˚ sq . . . unq

` u1 . . . pBxpByui ˚ tq ˚ s ` Bxui ˚ pBys ˚ tqq . . . un

`

n
ÿ

j“i`1

pu1 . . . pBxui ˚ sq . . . pByuj ˚ tq . . . unq

ȷ

“

n
ÿ

i“1

„ i´1
ÿ

j“1

pu1 . . . pByuj ˚ tq . . . pBxui ˚ sq . . . unq (3.3.27)

` u1 . . . pBxpByui ˚ tq ˚ sq . . . un

` u1 . . . pBxui ˚ pBys ˚ tqq . . . un

`

n
ÿ

j“i`1

pu1 . . . pBxui ˚ sq . . . pByuj ˚ tq . . . unq

ȷ

“

n
ÿ

i“1

„ i´1
ÿ

j“1

pu1 . . . pByuj ˚ tq . . . pBxui ˚ sq . . . unq

` u1 . . . pBxpByui ˚ tq ˚ sq . . . un

`

n
ÿ

j“i`1

pu1 . . . pBxui ˚ sq . . . pByuj ˚ tq . . . unq

ȷ

`

n
ÿ

i“1

u1 . . . pBxui ˚ pBys ˚ tqq . . . un

“

n
ÿ

i“1

„ i´1
ÿ

j“1

pu1 . . . pByuj ˚ tq . . . pBxui ˚ sq . . . unq

` u1 . . . pBxpByui ˚ tq ˚ sq . . . un

`

n
ÿ

j“i`1

pu1 . . . pBxui ˚ sq . . . pByuj ˚ tq . . . unq

ȷ
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` Bxu1 . . . un ˚ pBys ˚ tq

“

n
ÿ

i“1

„ i´1
ÿ

j“1

pu1 . . . pByuj ˚ tq . . . pBxui ˚ sq . . . unq

` u1 . . . pBxpByui ˚ tq ˚ sq . . . un

`

n
ÿ

j“i`1

pu1 . . . pBxui ˚ sq . . . pByuj ˚ tq . . . unq

ȷ

` Bxσ ˚ pBys ˚ tq

“

n
ÿ

j“1

„ n
ÿ

i“j`1

pu1 . . . pByuj ˚ tq . . . pBxui ˚ sq . . . unq

` u1 . . . pBxpByui ˚ tq ˚ sq . . . un

`

j´1
ÿ

i“1

pu1 . . . pBxui ˚ sq . . . pByuj ˚ tq . . . unq

ȷ

` Bxσ ˚ pBys ˚ tq

“

n
ÿ

j“1

rBxu1 . . . pByuj ˚ tq . . . un ˚ ss ` Bxσ ˚ pBys ˚ tq

“ Bx

„ n
ÿ

j“1

ru1 . . . pByuj ˚ tq . . . un

ȷ

˚ s ` Bxσ ˚ pBys ˚ tq

“ BxpByu1 . . . un ˚ tq ˚ s ` Bxσ ˚ pBys ˚ tq

“ BxpByσ ˚ tq ˚ s ` Bxσ ˚ pBys ˚ tq.

7. Assume that σ “
řn

i“1 ri ¨ Ti, where n P N0 is a nonnegative integer and T1, . . . , Tn P Λ!
t,V are

simple Taylor poly-terms. By the induction hypothesis, BypBxTi ˚ sq ˚ t “ BxpByTi ˚ tq ˚ s `

BxTi ˚ pBys ˚ tq for all 1 ď i ď n, which implies that

BypBxσ ˚ sq ˚ t “ By

˜

Bx

˜

n
ÿ

i“1

ri ¨ Ti

¸

˚ s

¸

˚ t “

n
ÿ

i“1

ri ¨ rBypBxTi ˚ sq ˚ ts

“

n
ÿ

i“1

ri ¨ rBxpByTi ˚ tq ˚ s ` BxTi ˚ pBys ˚ tqs

“

n
ÿ

i“1

ri ¨ rBxpByTi ˚ tq ˚ ss `

n
ÿ

i“1

ri ¨ rBxTi ˚ pBys ˚ tqs

“ BxpBy

˜

n
ÿ

i“1

ri ¨ Ti

¸

˚ tq ˚ s ` Bx

˜

n
ÿ

i“1

ri ¨ Ti

¸

˚ pBys ˚ tq

“ BxpByσ ˚ tq ˚ s ` Bxσ ˚ pBys ˚ tq.

(3.3.28)

This completes the induction. ❏

Corollary 3.3.16. Synthetic Schwarz Lemma

Let σ P RxΛ!
t,Vy be a complex Taylor poly-term, s, t P RxΛt,Vy be complex Taylor terms,
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♡

x, y P V be variables. Suppose that x R FV ptq and y R FV psq. Then,

BypBxσ ˚ sq ˚ t “ BxpByσ ˚ tq ˚ s. (3.3.29)

Proof. As we can see, BypBxσ ˚ sq ˚ t “ BxpByσ ˚ tq ˚ s ` Bxσ ˚ pBys ˚ tq “ BxpByσ ˚ tq ˚ s ` Bxσ ˚ 0 “

BxpByσ ˚ tq ˚ s ` 0 “ BxpByσ ˚ tq ˚ s, where we used Lemma 3.3.15 for the first equality and Lemma
3.3.14 for the second equality. ❏

Oftentimes, especially, when talking about substitution or partial differentiation, we are less
interested in the existence of a variable, say x P V, in a complex Taylor poly-term, say σ P RxΛ!

t,Vy,
and more interested in the number of times x appears in σ.

Definition 3.3.17. Degree of a Taylor Term

♣

Given a variable x P V, define the function degx : RxΛ!
t,Vy Ñ N0 that takes a complex Taylor

poly-term to a nonnegative number by:

degx pxq “ 1, (3.3.30a)

degx pyq “ 0, (3.3.30b)

degx pλx.sq “ 0, (3.3.30c)

degx pλy.sq “ degx psq, (3.3.30d)

degx pxsyT q “ FV psq ` FV pT q, (3.3.30e)

degx pt1 . . . tnq “

n
ÿ

i“1

degx ptiq, (3.3.30f)

degx

˜

n
ÿ

i“1

ri ¨ Si

¸

“

n
ÿ

i“1

degx pSiq, (3.3.30g)

where y P V is a variable distinct from x, n P N0 is a nonnegative integer, s, t1, . . . , tn P Λt,V
are simple Taylor terms, T P Λ!

t,V is a simple Taylor poly-terms, r1, . . . , rn P R are scalars,

and S1, . . . , Sn P Λ!
t,V are simple Taylor poly-terms. The image of a complex Taylor poly-term

τ P Λ!
t,V under FV is called the free variables of τ .

We, now, prove some elementary properties of the degree of Taylor terms.

Lemma 3.3.18

♡
Let S P Λ!

t,V be a simple Taylor poly-term and x P V. degx pSq “ 0 if and only if x R FV pSq.

Proof. This a a simple induction on S. The details are left to the reader. ❏

Lemma 3.3.19

♡

Let S P Λ!
t,V be a simple Taylor (poly-)term and let t P Λt,V be a simple Taylor term. Let

x P V be a variable and let nS – degx pSq. Then, there exists simple Taylor (poly-)terms
S1, . . . , SnS P Λ!

t,V such that BxS ˚ t “
řnS

i“1 Si and degx pSiq “ degx pSq ` degx ptq ´ 1 for
each 1 ď i ď nS .

Proof. We prove this via induction on S.
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1. Assume that S “ x. Then, degx pSq “ degx pxq “ 1 and BxS ˚ t “ Bxx ˚ t “ t. Let S1 “ t.
Then, degx pSq`degx ptq´1 “ degx pxq`degx ptq´1 “ 1`degx ptq´1 “ degx ptq “ degx pS1q.

2. Assume that S “ y, where y P V is a variable distinct from x P V. Then, nS “ degx pSq “ 0
and BxS ˚ t “ Bxy ˚ t “ 0.

3. Assume that S “ λy.s, where y P V is a fresh variable and s P Λt,V is a simple Taylor
term. Let ns – degx psq. By the induction hypothesis, there exists simple Taylor terms
s1, . . . , sn P Λt,V such that Bxs ˚ t “

řns
i“1 si and degx psiq “ degx psq ` degx ptq ´ 1 for each

1 ď i ď n. Notice that nS “ degx pSq “ degx pλy.sq “ degx psq “ ns and BxS ˚t “ Bxλy.s˚t “

λy.Bxs ˚ t “ λy. p
řns

i“1 siq “
řnS

i“1 λy.si. For each 1 ď i ď nS “ ns, define the simple Taylor
term Si – λy.si P Λt,V . Then, for each 1 ď i ď n, degx pSiq “ degx pλy.siq “ degx psiq “

degx psq ` degx ptq ´ 1 “ deg pλy.sq ` degx ptq ´ 1 “ degx pSq ` degx ptq ´ 1.

4. The case where S “ xsyT , where s P Λt,V is a simple Taylor term and T P Λ!
t,V is a simple

Taylor poly-term was shown in Lemma 2 of [9].

5. Assume that S “ s1 . . . sm, where m P N0 is a nonnegative integer and s1, . . . , sm P Λt,V
are simple Taylor terms. For each 1 ď i ď m, let nsi – degx psiq. By the induction
hypothesis, for each 1 ď i ď m, there exists simple Taylor terms si,1, . . . , si,nsi

P Λt,V such

that Bxsi ˚ t “
řnsi

j“1 si,j and degx psi,jq “ degx psiq ` degx ptq ´ 1 for 1 ď j ď nsi . Notice that
nS “ degx pSq “ degx ps1 . . . smq “ degx ps1q ` ¨ ¨ ¨ ` degx psmq “ ns1 ` ¨ ¨ ¨ ` nsm . As we can
see, BxpSq ˚ t “ Bxps1 . . . smq ˚ t “

řm
i“1 s1 . . . pBxsi ˚ tq . . . sm “

řm
i“1 s1 . . . p

řnsi
j“1 si,jq . . . sm “

řm
i“1

řnsi
j“1 s1 . . . sij . . . sm. For each 1 ď i ď m and 1 ď j ď nsi , define the simple Taylor

poly-term Si,j – s1 . . . si´1si,jsi`1 . . . sm P Λ!
t,V . Then, for each 1 ď i ď m and 1 ď j ď nsi ,

degx pSi,jq “ degx ps1 . . . si´1si,jsi`1 . . . smq “ degx psijq `

m
ÿ

i“1,i‰j

degx psiq

“ degx psiq ` degx ptq ´ 1 `

m
ÿ

i“1,i‰j

degx psiq

“

m
ÿ

i“1

degx psiq ` degx ptq ´ 1 “ degx ps1 . . . smq ` degx ptq ´ 1

“ degx pSq ` degx ptq ´ 1.

(3.3.31)

This completes the induction. ❏

Lemma 3.3.20

♡
If S P Λ!

t,V is a simple Taylor poly-term such that degx pSq “ 0, then Sr0{xs “ S.

Proof. Since degx pSq “ 0, by Lemma 3.3.18, x R FV pSq, which implies that Sr0{xs “ σ. ❏

Lemma 3.3.21

♡If S is a (poly-)term such that degx pSq ě 1, then, Sr0{xs “ 0.

Proof. We prove this via induction on S.
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1. Assume that S “ x. Then,

Sr0{xs “ xr0{xs “ 0. (3.3.32)

2. Assume that S “ y, where y P V is a variable distinct from x. Then,

degx pSq “ degx pyq “ 0 ă 1. (3.3.33)

3. Assume that S “ λy.s, where y P V is a fresh variable and s P Λt,V is a simple Taylor term.
Since y is fresh, degx psq “ degx pλy.sq “ degx pSq, so by the induction hypothesis, sr0{xs “ 0,
which implies that

Sr0{xs “ pλy.sqr0{xs “ λy.sr0{xs “ λy.0 “ 0. (3.3.34)

4. Assume that S “ xsyT , where s P Λt,V is a simple Taylor term and T P Λ!
t,V is a simple

Taylor poly-term. Since 1 ď degx pSq “ degx xsyT “ degx psq ` degx pT q, degx psq ě 1 or
degx pT q ě 1. Suppose that degx psq ě 1. Then, by the induction hypothesis, sr0{xs “ 0, so

pSr0{xs “ pxsyT qr0{xs “ xsr0{xsyT r0{xs “ x0yT r0{xs “ 0. (3.3.35)

Instead, suppose that degx pT q ě 1. Then, by the induction hypothesis, T r0{xs “ 0, so

Sr0{xs “ xsyT qr0{xs “ xsr0{xsyT r0{xs “ xsr0{xsy0 “ 0. (3.3.36)

In either case, Sr0{xs “ 0.

5. Assume that S “ s1 . . . sn, where n P N0 is a nonnegative integer and s1, . . . , sn P Λt,V are
simple Taylor terms. Since 1 ď degx pSq “ degx ps1 . . . snq “ degx ps1q ` ¨ ¨ ¨ ` degx psnq, there
must exist 1 ď i0 ď n such that degx psi0q ě 1. By the induction hypothesis, this implies that
si0r0{xs “ 0, so

Sr0{xs “ ps1 . . . si0´1si0si0`1 . . . snqr0{xs

“ s1r0{xs . . . si0´1r0{xssi0r0{xssi0`1r0{xs . . . snr0{xs

“ s1r0{xs . . . si0´1r0{xs0si0`1r0{xs . . . snr0{xs “ 0.

(3.3.37)

This completes the induction. ❏

Lemma 3.3.22

♡

Let S P Λ!
t,V be a simple Taylor poly-term and let x, x1, . . . , xm P V be distinct variables.

Then,

degx pSrx{x1, . . . , xmsq “ degx pSq `

m
ÿ

i“1

degxi
pSq. (3.3.38)

Proof. We prove this via induction on S.

1. Assume that S “ x. Then,

degx pSq `

m
ÿ

i“1

degxi
pSq “ degx pxq `

m
ÿ

i“1

degxi
pxq “ 1 `

m
ÿ

i“1

0 “ 1 “ degx pxq

“ degx pxrx{x1, . . . , xmsq “ degx pSrx{x1, . . . , xmsq.

(3.3.39)
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2. Assume that S “ xi0 , where 1 ď i0 ď m. Then,

degx pSq `

m
ÿ

i“1

degxi
pSq “ degx pxi0q `

m
ÿ

i“1

degxi
pxi0q

“ degx pxi0q `

m
ÿ

i“1,i‰i0

degxi
pxi0q ` degxi0

pxi0q

“ 0 `

m
ÿ

i“1,i‰i0

0 ` 1 “ 1 “ degx pxq

“ degx pxi0rx{x1, . . . , xmsq “ degx pSrx{x1, . . . , xmsq.

(3.3.40)

3. Assume that S “ y, where y P V is a variable distinct from x, x1, . . . , xm. Then,

degx pSq `

m
ÿ

i“1

degxi
pSq “ degx pyq `

m
ÿ

i“1

degxi
pyq “ 0 `

m
ÿ

i“1

0 “ 0 “ degx pyq

“ degx pyrx{x1, . . . , xmsq “ degx pSrx{x1, . . . , xmsq.

(3.3.41)

4. Assume that S “ λy.s, where y P V is a fresh variable and s P Λt,V is a simple Taylor term.
By the induction hypothesis, degx psrx{x1, . . . , xmsq “ degx psq`

řm
i“1 degxi

psq, which implies
that

degx pSrx{x1, . . . , xmsq “ degx ppλy.sqrx{x1, . . . , xmsq “ degx pλy.srx{x1, . . . , xmsq

“ degx psrx{x1, . . . , xmsq “ degx psq `

m
ÿ

i“1

degxi
psq

“ degx pλy.sq `

m
ÿ

i“1

degxi
pλy.sq “ degx pSq `

m
ÿ

i“1

degxi
pSq.

(3.3.42)

5. Assume that S “ xsyT , where s P Λt,V is a simple Taylor term and T P Λ!
t,V is a simple Taylor

poly-term. By the induction hypothesis, degx psrx{x1, . . . , xmsq “ degx psq `
řm

i“1 degxi
psq

and degx pT rx{x1, . . . , xmsq “ degx pT q `
řm

i“1 degxi
pT q, which implies that

degx pSrx{x1, . . . , xmsq “ degx ppxsyT qrx{x1, . . . , xmsq

“ degx pxsrx{x1, . . . , xmsyT rx{x1, . . . , xmsq

“ degx psrx{x1, . . . , xmsq ` degx pT rx{x1, . . . , xmsq

“ degx psq `

m
ÿ

i“1

degxi
psq ` degx pT q `

m
ÿ

i“1

degxi
pT q

“ degx psq ` degx pT q `

m
ÿ

i“1

degxi
psq ` degxi

pT q

“ degx pxsyT q `

m
ÿ

i“1

degxi
pxsyT q

“ degx pSq `

m
ÿ

i“1

degxi
pSq.

(3.3.43)
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6. Assume that S “ s1 . . . sn, where s1, . . . , sn P Λt,V are simple Taylor terms. By the induction
hypothesis, degx psirx{x1, . . . , xmsq “ degx psiq `

řm
j“1 degxj

psiq for all 1 ď i ď m, which
implies that

degx pSrx{x1, . . . , xmsq “ degx pps1 . . . smqrx{x1, . . . , xmsq

“ degx ps1rx{x1, . . . , xms . . . smrx{x1, . . . , xmsq

“

m
ÿ

i“1

degx psirx{x1, . . . , xmsq

“

m
ÿ

i“1

rdegx psiq `

m
ÿ

j“1

degxj
psiqs

“

m
ÿ

i“1

degx psiq `

m
ÿ

i“1

m
ÿ

j“1

degxj
psiq

“

m
ÿ

i“1

degx psiq `

m
ÿ

j“1

m
ÿ

i“1

degxj
psiq

“ degx ps1 . . . smq `

m
ÿ

j“1

degxj
ps1 . . . smq

“ degx pSq `

m
ÿ

j“1

degxi
pSq.

(3.3.44)

This completes the induction. ❏

Recall that differentiated abstraction syntactically represents the underlying analytic function
given in (3.1.4). We now define the computation equivalent using the partial differentiation opera-
tion of differentiated abstraction, called big step differentiation.

Definition 3.3.23. Big Step Differential

♣

Let σ P RxΛ!
t,Vy be a complex Taylor poly-term, let x P V be a variable, and let T P Λ!

t,V
be a simple Taylor poly-term such that x R FV pT q. Then, there exists simple Taylor terms
t1, . . . , tn P Λt,V , where n “ |T |, such that T “ t1 . . . tn and x R FV ptiq for all 1 ď i ď n.
Then, the big step differential of σ with respect to x times T is

Bxpσ, T q – pBxp¨ ¨ ¨ pBxσ ˚ t1q ¨ ¨ ¨ q ˚ tnqr0{xs. (3.3.45)

Note that the order of the partial derivatives does not matter by the Synthetic Schwartz
Lemma (i.e., Corollary 3.3.16).

Now, we prove some lemmas about big step differentiation, ultimately showing that degree of
the complex Taylor poly-term is directly related to when its big step differentiation is zero.

Lemma 3.3.24

Let S P Λ!
t,V be a simple Taylor (poly-)term and let x P V be a variable. Define nS – degx pSq.
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♡

let k be an integer ď nS and let t1, . . . , tk be simple terms. Define

mS,k “

k´1
ź

i“0

˜

nS `

i
ÿ

j“1

degx ptjq ´ i

¸

(3.3.46)

Then, there exist simple Taylor (poly-)terms S1, . . . , SmS,k
P Λ!

t,V such that Bk
xS˚pt1, . . . , tkq “

řmS,k

i“1 Si and degx pSiq “ degx pSq `
řk

j“1 degx ptjq ´ k for all 1 ď i ď mS,k.

Proof. This follows by induction on k.

1. The case where k “ 0 is trivial.

2. The case where k “ 1 was shown in Lemma 3.3.19.

3. Assume that k “ ℓ ` 1, where ℓ P N is a positive integer. Define

mS,ℓ –

ℓ´1
ź

i“0

˜

nS `

i
ÿ

j“1

degx ptjq ´ i

¸

. (3.3.47)

By the induction hypothesis, there exist simple Taylor (poly-)terms S1, . . . , SmS,ℓ
P Λ!

t,V
such that Bℓ

xS ˚ pt1, . . . , tkq “
řmS,ℓ

i“1 Si and degx pSiq “ degx pSq `
řℓ

j“1 degx ptjq ´ ℓ for

all 1 ď i ď mS,ℓ. Define n1 “ degx pSq `
řℓ

j“1 degx ptjq ´ ℓ. For each 1 ď i ď mS,ℓ,

notice that degx pSiq “ degx pSq `
řℓ

j“1 degx ptjq ´ ℓ “ n1, so by 3.3.19, there exist a simple

Taylor (poly-)terms Si,1, . . . , Si,n1 P Λ!
t,V such that BxSi ˚ tℓ`1 “

řn1

j“1 Si,j and degx pSi,jq “

degx pSiq ` degx ptℓ`1q ´ 1 for 1 ď j ď n1. Hence,

Bℓ`1
x S ˚ pt1, . . . , tℓ, tℓ`1q “ BxpBℓ

xS ˚ pt1, . . . , tℓqq ˚ tℓ`1

“ Bx

˜

mS,ℓ
ÿ

i“1

Si

¸

˚ tℓ`1

“

mS,ℓ
ÿ

i“1

BxSi ˚ tℓ`1

“

mS,ℓ
ÿ

i“1

n1
ÿ

j“1

Si,j

(3.3.48)

and

deg pSi,jq “ degx pSiq ` degx ptℓ`1q ´ 1

“ degx pSq `

ℓ
ÿ

j“1

degx ptjq ´ ℓ ` degx ptℓ`1q ´ 1

“ degx pSq `

ℓ`1
ÿ

j“1

degx ptjq ´ pℓ ` 1q

“ degx pSq `

k
ÿ

j“1

degx ptjq ´ k

(3.3.49)
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for all 1 ď i ď m and 1 ď j ď n1. Note that

mS,ℓ ¨ n1 “

ℓ´1
ź

i“0

˜

nS `

i
ÿ

j“1

degx ptjq ´ i

¸

¨ n1

“

ℓ´1
ź

i“0

˜

nS `

i
ÿ

j“1

degx ptjq ´ i

¸

¨

˜

degx pSq `

ℓ
ÿ

j“1

degx ptjq ´ ℓ

¸

“

ℓ
ź

i“0

˜

nS `

i
ÿ

j“1

degx ptjq ´ i

¸

“ mS,k.

(3.3.50)

This completes the induction. ❏

Corollary 3.3.25

♡

Let S P Λ!
t,V be a simple Taylor poly-term, define nS – degx pSq, and let t1, . . . , tnS P Λt,V be

simple Taylor terms, and let x P V be a variable. Suppose that x R FV ptiq for all 1 ď i ď ℓ.
Then, x R FV pBnS

x S ˚ pt1, . . . , tnS qq.

Proof. Take any 1 ď i ď ℓ. Since x R FV ptiq, by Lemma 3.3.18, degx ti “ 0. Since our choice of
1 ď i ď ℓ was arbitrary, this implies that degx ti “ 0 for all 1 ď i ď ℓ. By Lemma 3.3.24, there exists
a nonnegative integer mS,nS

P N0 and simple Taylor poly-terms S1, . . . , SmS,nS
P Λ!

t,V such that

BnS
x S˚pt1, . . . , tnS q “

řmS,nS
i“1 Si and degx pSiq “ degx pSq`

řk
j“1 degx ptjq´nS “ nS`

řk
j“1 0´nS “

0 for all 1 ď i ď mS,nS
. Take any 1 ď i ď ms,nS . Since degx pSiq “ 0, by Lemma 3.3.18, x R FV pSiq.

Hence, FV pBnS
x S ˚ pt1, . . . , tnS qq “ FV p

řmS,nS
i“1 Siq “ Y

mS,nS
i“1 FV pSiq S x. ❏

Corollary 3.3.26

♡

Let S P Λ!
t,V be a simple Taylor poly-term, ℓ P N be a positive integer, t1, . . . , tℓ P Λt,V be

simple Taylor terms, and x P V be a variable. Define nS – degx pSq. Suppose that nS ă ℓ
and x R FV ptiq for all 1 ď i ď ℓ. Then, Bℓ

xS ˚ pt1, . . . , tℓq “ 0.

Proof. By Corollary 3.3.25, x R FV pBnS
x S ˚ pt1, . . . , tnS qq, so by Lemma 3.3.14,

BnS`1
x S ˚ pt1, . . . , tnS , tnS`1q “ 0. (3.3.51)

Hence,

Bℓ
xS ˚ pt1, . . . , tℓq “ Bℓ´ns´2

x pBns`1
x S ˚ pt1, . . . , tns , tns`1qq ˚ ptns`2, . . . , ℓq

“ Bℓ´ns´2
x 0 ˚ ptns`2, . . . , ℓq

“ 0.

(3.3.52)

This completes the proof. ❏

Lemma 3.3.27

Let S, T P Λ!
t,V be simple Taylor (poly-)term and x P V be a variable. Suppose that x R
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♡

FV pT q. Define nS – degx pSq and ℓ – |T |. Then,

BxpS, T q “

#

BnS
x S ˚ pt1, . . . , tnS q, if nS “ ℓ

0, if ns ‰ ℓ

+

. (3.3.53)

Proof. Since T P Λ!
t,V is a simple Taylor (poly-)term, ℓ “ |T |, and x R FV pT q, there exists simple

Taylor terms t1, . . . , tℓ such that T “ t1 . . . tℓ and x R FV ptiq for all 1 ď i ď ℓ.

1. Assume that ns ă ℓ. By Lemma 3.3.24, there exists a nonnegative integer mS,ℓ P N0 and
simple Taylor poly-terms S1, . . . , SmS,ℓ

P Λ!
t,V such that Bℓ

xS ˚ pt1, . . . , tℓq “
řmS,ℓ

i“1 Si and

degx pSiq “ degx pSq `
řk

j“1 degx ptjq ´ ℓ “ ns `
řk

j“1 0´ ℓ ě 1 ą 0 for all 1 ď i ď mS,ℓ. Since
degx pSiq ą 0 for all 1 ď i ď mS,ℓ, by Lemma 3.3.21, Sir0{xs “ 0 for all 1 ď i ď mS,ℓ. Hence,

BxpS, T q “ pBℓ
xS ˚ pt1, . . . , tℓqqr0{xs “

˜

mS,ℓ
ÿ

i“1

Si

¸

r0{xs “

mS,ℓ
ÿ

i“1

Sir0{xs “

mS,ℓ
ÿ

i“1

0 “ 0. (3.3.54)

2. Assume that ns “ ℓ. By Corollory 3.3.25, x R FV pBnS
x S ˚ pt1, . . . , tnS qq, so by Lemmas 3.3.18

and 3.3.20,

BxpS, T q “ pBnS
x S ˚ pt1, . . . , tnS qqr0{xs “ BnS

x S ˚ pt1, . . . , tnS q. (3.3.55)

3. Assume that nS ą ℓ. By Corollory 3.3.26, Bℓ
xS ˚ pt1, . . . , tℓq “ 0, which implies that

BxpS, T q “ pBℓ
xS ˚ pt1, . . . , tℓqqr0{xs “ 0r0{xs “ 0. (3.3.56)

This completes the proof. ❏

We, now, work toward one of the most remarkable results of Taylor λ-calculus, Theorem 3.3.30,
the fact that the partial derivatives of a simple Taylor poly-term S with respect to a variable x
times a simple Taylor term t is a sum of degx S many elements, where each element in the sum is
just S where we replace one of the instances of x with the simple Taylor term t. This is the reason
we can think of partial differentiation as some kind-of non-deterministic substitution that conserves
resources, and is the reason partial differentiation in Taylor λ-calculus is sometimes called linear
substitution (see section 1.2.10 in [9]).

Lemma 3.3.28

♡

let S P Λ!
t,V be a (poly-)term, T P Λ!

t,V be a simple Taylor poly-term, and x P V be a variable.

Define n – |T |. Since T P Λ!
t,V be a simple Taylor poly-term, there exists t1, . . . , tn P Λt,V be

a simple Taylor term such that T “ t1 . . . tn. Given U P supp pBn
xσ ˚ pt1, . . . , tnqq, size pUq “

size pSq ` size pT q ´ n.

Proof. This follows by induction on n.

1. The case where n “ 0 is trivial.

2. The case where n “ 1 is just Lemma 3.3.12.
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3. Assume that n “ k`1, where k P N is a positive integer. Since U P supp pBn
xS ˚ pt1, . . . , tnqq “

supp pBk`1
x S ˚ pt1, . . . , tnqq “ supp pBxpBk

xS ˚ pt1, . . . , tkqq ˚ tk`1q, there exists simple Taylor
(poly-)term V P supp pBk

xS ˚ pt1, . . . , tkqq such that U P supp pBxV ˚ tk`1q. Since V P supp pBk
xS ˚ pt1, . . . , tkqq,

by the induction hypothesis, size pV q “ size pSq`size pt1 . . . tkq´k. Since U P supp pBxV ˚ tk`1q,
by Lemma 3.3.12, size pUq “ size pV q ` size ptk`1q ´ 1. Hence,

size pUq “ size pV q ` size ptk`1q ´ 1 “ size pSq ` size pt1 . . . tkq ´ k ` size ptk`1q ´ 1

“ size pSq ` size pt1 . . . tktk`1q ´ pk ` 1q “ size pSq ` size pt1 . . . tnq ´ n

“ size pSq ` size pT q ´ n.

(3.3.57)

This completes the induction. ❏

Corollary 3.3.29

♡

Let S, T P Λ!
t,V be poly-terms and x P V be a variable. Suppose that x R FV pT q and

degx pSq “ |T |. Given U P supp pBxpσ, T qq, we have that size pUq “ size pSq ` size pT q ´ |T |.

Proof. Since degx pSq “ |T |, by Lemma 3.3.27, BxpS, T q “ B
|T |
x S ˚T . Hence, U P supp pBxpσ, T qq “

supp pB
|T |
x S ˚ T q, so by Lemma 3.3.28, size pUq “ size pSq ` size pT q ´ |T |. ❏

Theorem 3.3.30. Partial Differentiation is Linear Substitution

♡

Let S P Λ!
t,V be a simple Taylor poly-term, let x P V be a variable, define nS – degx pSq, let

t P Λt,V be a simple Taylor term, let x1, . . . , xnS be distinct variables distinct from x and not
free in t, and let S1 be the x-linearization of S in x1, . . . , xnS . Then,

BxS ˚ t “

nS
ÿ

i“1

S1rt{xisrx{x1, . . . , xnS s. (3.3.58)

Proof. We prove this by induction on S.

1. Assume that S “ x. Then, nS “ degx pSq “ degx pxq “ 1, S1 “ x1, and BxS ˚ t “ Bxx ˚ t “

t “ trx{x1s “ x1rt{x1srx{x1s “ S1rt{x1srx{x1s “
ř1

i“1 S
1rt{xisrx{x1s “

řns
i“1 S

1rt{xisrx{x1s.

2. Assume that S “ y, where y P V is a variable distinct from x. Then, nS “ degx pSq “

degx pyq “ 0, S1 “ y and BxS ˚ t “ Bxy ˚ t “ 0.

3. Assume that S “ λy.s, where y P V is a fresh variable and s P Λt,V is a simple Taylor
term. Define ns “ degx psq. Notice that nS “ degx pSq “ degx pλy.sq “ degx psq “ ns.
Let s1 be the x-linearization of s in x1, . . . , xns . By the induction hypothesis, Bxs ˚ t “
řnS

i“1 s
1rt{xisrx{x1, . . . , xnS s. Since S1 “ λy.s1, this implies that

BxS ˚ t “ Bxpλy.sq ˚ t “ λy.pBxs ˚ tq “ λy.
n

ÿ

i“1

s1rt{xisrx{x1, . . . , xnS s

“

n
ÿ

i“1

λy.s1rt{xisrx{x1, . . . , xnS s “

n
ÿ

i“1

pλy.s1qrt{xisrx{x1, . . . , xnS s

“

n
ÿ

i“1

S1rt{xisrx{x1, . . . , xnS s.

(3.3.59)
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4. Assume that S “ xsyT , where s P Λt,V is a simple Taylor term and T P Λ!
t,V is a simple

Taylor poly-term. Define ns “ degx psq and nT “ degx pT q. Notice that nS “ degx pSq “

degx pxsyT q “ degx psq ` degpT q “ ns ` nT . Let s1 be the x-linearization of s in x1, . . . , xns

and t1 be the x-lineraization of t in xns`1, . . . , xnS . By the induction hypothesis, Bxs ˚ t “
řns

i“1 s
1rt{xisrx{x1, . . . , xnss and BxT ˚ t “

řnS
i“ns`1 T

1rt{xisrx{xns`1, . . . , xnS s. Hence,

BxS ˚ t “ BxxsyT ˚ t “ xBxs ˚ tyT ` xsypBxT ˚ tq

“ x

nS
ÿ

i“ns`1

s1rt{xisrx{x1, . . . , xnssyT

` xsy

˜

nS
ÿ

i“ns`1

T 1rt{xisrx{xns`1, . . . , xnS s

¸

“

nS
ÿ

i“ns`1

xs1rt{xisrx{x1, . . . , xnssyT

`

nS
ÿ

i“ns`1

xsypT 1rt{xisrx{xns`1, . . . , xnS sq

“

ns
ÿ

i“1

xs1rt{xisrx{x1, . . . , xns , xns`1, . . . , xnS syT

`

nS
ÿ

i“ns`1

xsypT 1rt{xisrx1, . . . , xns , xns`1, . . . , xnS sq

“

ns
ÿ

i“1

xs1rt{xisrx{x1, . . . , xns , xns`1, . . . , xnS sy

pT 1rt{xisrx{x1, . . . , xns , xns`1, . . . , xnS sq

`

nS
ÿ

i“ns`1

xs1rt{xisrx{x1, . . . , xns , xns`1, . . . , xnS sy

pT 1rt{xisrx1, . . . , xns , xns`1, . . . , xnS sq

“

ns
ÿ

i“1

pxs1yT 1qrt{xisrx{x1, . . . , xns , xns`1, . . . , xnS s

`

nS
ÿ

i“ns`1

pxs1yT 1qrt{xisrx1, . . . , xns , xns`1, . . . , xnS sq

“

ns
ÿ

i“1

S1rt{xisrx{x1, . . . , xns , xns`1, . . . , xnS s

`

nS
ÿ

i“ns`1

S1rt{xisrx1, . . . , xns , xns`1, . . . , xnS sq

“

nS
ÿ

i“1

S1rt{xisrx{x1, . . . , xns , xns`1, . . . , xnS s.

(3.3.60)

5. Assume that S “ s1 . . . sm, where n P N0 is a nonegative integer and s1, . . . , sm P Λt,V are
simple Taylor terms. For each 1 ď i ď m Define nsi “ degx psiq. For each 0 ď i ď m, let
ki “

ři
j“1 nsi . Notice that nS “ degx pSq “ degx psi . . . smq “

řm
j“1 degx psiq “

řm
j“1 nsi “
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km. For each 1 ď i ď m, let s1
i be the x-lineraization of si in xki´1

, . . . , xki . By the induction

hypothesis, for each 1 ď i ď m, Bxsi ˚ t “
řki

j“ki´1
s1
irt{xjsrx{xki´1

, . . . , xi,kis. Hence,

BxS ˚ t “ Bxs1 . . . snS ˚ t “

m
ÿ

i“1

s1 . . . pBxsi ˚ tq . . . snS

“

m
ÿ

i“1

s1 . . .

¨

˝p

ki
ÿ

j“ki´1

s1
irt{xisrx{xki´1

, . . . , xkis

˛

‚. . . snS

“

m
ÿ

i“1

ki
ÿ

j“ki´1

s1 . . . ps1
irt{xisrx{xki´1

, . . . , xkisq . . . snS

“

m
ÿ

i“1

ki
ÿ

j“ki´1

s1 . . . ps1
irt{xisrx{x1, . . . , xkmsq . . . snS

“

m
ÿ

i“1

ki
ÿ

j“ki´1

s1
1rt{xisrx{x1, . . . , xkms . . . ps1

irt{xisrx{x1, . . . , xkmsq

. . . s1
nS

rt{xisrx{x1, . . . , xkms

“

m
ÿ

i“1

ki
ÿ

j“ki´1

ps1
1 . . . s

1
i . . . s

1
nS

qrt{xisrx{x1, . . . , xkms

“

m
ÿ

i“1

ki
ÿ

j“ki´1

S1rt{xisrx{x1, . . . , xnS s

“

nS
ÿ

i“1

S1rt{xisrx{x1, . . . , xnS s.

(3.3.61)

This completes the induction. ❏

Corollary 3.3.31

♡

Let S P Λ!
t,V be a simple Taylor poly-term, let x P V be a variable, define nS – degx pSq, let

m be a positive integer such that m ď n let t1, . . . , tm P Λt,V be a simple Taylor term, let
x1, . . . , xnS be distinct variables distinct from x and not free in t1, . . . , tm, let S1 be the x-
linearization of S in x1, . . . , xnS , and let Am be the set of injections from 1, . . . ,m to 1, . . . , n.
Then,

Bm
x S ˚ pt1, . . . , tmq “

ÿ

fPAm

S1rt1{xfp1q, . . . , tm{xfpmqsrx{x1, . . . , xnS s. (3.3.62)

Proof. We prove this via induction on m.

1. The case where m “ 1 is done in Theorem 3.3.30.

2. Assume that m “ k ` 1, where k is some positive integer. Then,

Bm
x S ˚ pt1, . . . , tmq “ Bk`1

x S ˚ pt1, . . . , tk`1q (3.3.63)

“ Bx

´

Bk
xS ˚ pt1, . . . , tkq

¯

˚ tk`1
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“ Bx

¨

˝

ÿ

fPAk

S1rt1{xfp1q, . . . , tk{xfpkqsrx{x1, . . . , xnS s

˛

‚˚ tk`1

“
ÿ

fPAk

BxpS1rt1{xfp1q, . . . , tk{xfpkqsrx{x1, . . . , xnS sq ˚ tk`1,

where we used the induction hypothesis in the third equality. Given f P Am, notice that

degx pS1rt1{xfp1q, . . . , tk{xfpkqsrx{x1, . . . , xnS sq “ nS ´ k. (3.3.64)

Now, let us define the simple Taylor poly-term pS1rt1{xfp1q, . . . , tk{xfpkqsrx{x1, . . . , xnS sq1 to
be the x-linearization of S1rt1{xfp1q, . . . , tk{xfpkqsrx{x1, . . . , xnS s in txj – rnSs ´ fprksqu.
Trivially,

pS1rt1{xfp1q, . . . , tk{xfpkqsrx{x1, . . . , xnS sq1 “ S1rt1{xfp1q, . . . , tk{xfpkqs (3.3.65)

Thus, by Theorem 3.3.30,

Bm
x S ˚ pt1, . . . , tmq “

ÿ

fPAk

BxpS1rt1{xfp1q, . . . , tk{xfpkqsrx{x1, . . . , xnS sq ˚ tk`1

“
ÿ

fPAk

ÿ

jPrnSs´fprksq

pS1rt1{xfp1q, . . . , tk{xfpkqsrx{x1, . . . , xnS sq1

rtk`1{xjsrx{x1, . . . , xnS s

“
ÿ

fPAk

ÿ

jPrnSs´fprksq

S1rt1{xfp1q, . . . , tk{xfpkqsrtk`1{xjs

rx{x1, . . . , xnS s

“
ÿ

fPAk

ÿ

jPrnSs´fprksq

S1rt1{xfp1q, . . . , tk{xfpkq, tk`1{xjs

rx{x1, . . . , xnS s

“
ÿ

fPAk`1

S1rt1{xfp1q, . . . , tk{xfpkq, tk`1{xfpk`1qsrx{x1, . . . , xnS s

“
ÿ

fPAm

S1rt1{xfp1q, . . . , tm{xfpmqsrx{x1, . . . , xnS s.

(3.3.66)

This completes the induction. ❏

Corollary 3.3.32

♡

Let S, T P Λ!
t,V be simple Taylor poly-terms, let x P V be a variable, define nS – degx pSq,

let x1, . . . , xnS be distinct variables distinct from x, and let S1 be the x-linearization of S in
x1, . . . , xnS . Suppose that x, x1, . . . , xn R FV pT q and degx pSq “ |T |. Then,

BxpS, T q “
ÿ

fPSnS

S1rt1{xfp1q, . . . , tm{xfpnSqs. (3.3.67)

Proof. Since T P Λ!
t,V is a simple Taylor (poly-)term and |T | “ ns, there exists simple Taylor
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terms t1, . . . , tℓ such that T “ t1 . . . tℓ. As we can see,

BxpS, T q “ BnS
x S ˚ pt1, . . . , tnS q

“
ÿ

fPAnS

S1rt1{xfp1q, . . . , tnS{xfpnSqsrx{x1, . . . , xnS s

“
ÿ

fPSnS

S1rt1{xfp1q, . . . , tnS{xfpnSqs,

(3.3.68)

where we used the fact that degx pSq “ |T | and Lemma 3.3.27 for the first equality; Corollory 3.3.31
for the second equality; and the fact that x1, . . . , xn R FV pT q for the third equality. ❏

To conclude this section on Taylor λ-calculus and the partial derivative operator for it, we prove
a synthetic version of the Generalized Leibnitz Rule.

Lemma 3.3.33. Synthetic Leibniz Rule

♡

Let σ P RxΛ!
t,Vy be a complex poly-term, t be a simple Taylor term, x, x1, x2 P V be a

variable. Suppose that x1 ‰ x2, x R FV pσq, and x1, x2 R FV ptq. Then,

Bxσrx{x1, x2s ˚ t “ pBx1σ ˚ tqrx{x1, x2s ` pBx2σ ˚ tqrx{x1, x2s. (3.3.69)

Proof. We prove this via induction on σ.

1. Assume that σ “ y, where y P V is a variable distinct from x, x1, x2. Then,

Bxσrx{x1, x2s ˚ t “ Bxyrx{x1, x2s ˚ t “ Bxy ˚ t “ 0 “ 0 ` 0

“ 0rx{x1, x2s ` 0rx{x1, x2s

“ pBx1y ˚ tqrx{x1, x2s ` pBx2y ˚ tqrx{x1, x2s

“ pBx1σ ˚ tqrx{x1, x2s ` pBx2σ ˚ tqrx{x1, x2s.

(3.3.70)

2. Assume that σ “ x1 and x1 is distinct from x. Then,

Bxσrx{x1, x2s ˚ t “ Bxyrx{x1, x2s ˚ t “ Bxx1rx{x1, x2s ˚ t “ Bxx ˚ t

“ t “ t ` 0 “ trx{x1, x2s ` 0rx{x1, x2s

“ pBx1x1 ˚ tqrx{x1, x2s ` pBx2x1 ˚ tqrx{x1, x2s

“ pBx1y ˚ tqrx{x1, x2s ` pBx2y ˚ tqrx{x1, x2s

“ pBx1σ ˚ tqrx{x1, x2s ` pBx2σ ˚ tqrx{x1, x2s.

(3.3.71)

3. The case where y “ x2 and x2 is distinct form x is similar to the prior case.

4. Assume that σ “ λy.s, where y is a fresh variable and s P Λt,V is a simple Taylor term. By
the induction hypothesis, Bxsrx{x1, x2s ˚ t “ pBx1s ˚ tqrx{x1, x2s ` pBx2s ˚ tqrx{x1, x2s, which
implies that

Bxσrx{x1, x2s ˚ t “ Bxpλy.sqrx{x1, x2s ˚ t “ λy.pBxsrx{x1, x2s ˚ tq

“ λy.ppBx1s ˚ tqrx{x1, x2s ` pBx2s ˚ tqrx{x1, x2sq

“ λy.pBx1s ˚ tqrx{x1, x2s ` λy.pBx2s ˚ tqrx{x1, x2s

“ pBx1λy.s ˚ tqrx{x1, x2s ` pBx2λy.s ˚ tqrx{x1, x2s

“ pBx1σ ˚ tqrx{x1, x2s ` pBx2σ ˚ tqrx{x1, x2s.

(3.3.72)
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5. Assume that σ “ xsyT , where s P Λt,V is a simple Taylor term and T P Λ!
t,V is a simple Taylor

poly-term. By the induction hypothesis, Bxsrx{x1, x2s ˚ t “ pBx1s ˚ tqrx{x1, x2s ` pBx2s ˚

tqrx{x1, x2s and BxT rx{x1, x2s ˚ s “ pBx1T ˚ tqrx{x1, x2s ` pBx2T ˚ tqrx{x1, x2s, which implies
that

Bxσrx{x1, x2s ˚ t “ BxpxsyT qrx{x1, x2s ˚ t

“ Bxxsrx{x1, x2syT rx{x1, x2s ˚ t

“ xBxsrx{x1, x2s ˚ tyT rx{x1, x2s ` xsrx{x1, x2sypBxT rx{x1, x2s ˚ tq

“ xpBx1s ˚ tqrx{x1, x2s ` pBx2s ˚ tqrx{x1, x2syT rx{x1, x2s

` xsrx{x1, x2syppBx1T ˚ tqrx{x1, x2s ` pBx2T ˚ tqrx{x1, x2sq

“ xpBx1s ˚ tqrx{x1, x2syT rx{x1, x2s

` xpBx2s ˚ tqrx{x1, x2syT rx{x1, x2s

` xsrx{x1, x2sypBx1T ˚ tqrx{x1, x2s

` xsrx{x1, x2sypBx2T ˚ tqrx{x1, x2s

“ pxpBx1s ˚ tqyT qrx{x1, x2s ` pxpBx2s ˚ tqyT qrx{x1, x2s

` pxsypBx1T ˚ tqqrx{x1, x2s ` pxsypBx2T ˚ tqqrx{x1, x2s

“ pxpBx1s ˚ tqyT qrx{x1, x2s ` pxsypBx1T ˚ tqqrx{x1, x2s

` pxpBx2s ˚ tqyT qrx{x1, x2s ` pxsypBx2T ˚ tqqrx{x1, x2s

“ pBx1xsyT ˚ tqrx{x1, x2s ` pBx2xsyT ˚ tqrx{x1, x2s

“ pBx1σ ˚ tqrx{x1, x2s ` pBx2σ ˚ tqrx{x1, x2s.

(3.3.73)

6. Assume that σ “ s1 . . . sn. For each 1 ď i ď n, by the induction hypothesis, Bxsirx{x1, x2s˚t “

pBx1si ˚ tqrx{x1, x2s ` pBx2si ˚ tqrx{x1, x2s. Hence,

Bxσrx{x1, x2s ˚ t “ Bxps1 . . . snqrx{x1, x2s ˚ t “ Bxs1rx{x1, x2s . . . snrx{x1, x2s ˚ t

“

n
ÿ

i“1

s1rx{x1, x2s . . . pBxsirx{x1, x2s ˚ tq . . . snrx{x1, x2s

“

n
ÿ

i“1

ps1rx{x1, x2s . . . ppBx1si ˚ tqrx{x1, x2s

` pBx2si ˚ tqrx{x1, x2sq . . . snrx{x1, x2sq

“

n
ÿ

i“1

s1rx{x1, x2s . . . pBx1si ˚ tqrx{x1, x2s . . . snrx{x1, x2s

`

n
ÿ

i“1

s1rx{x1, x2s . . . pBx2si ˚ tqrx{x1, x2s . . . snrx{x1, x2s

“

˜

n
ÿ

i“1

s1 . . . pBx1si ˚ tq . . . sn

¸

rx{x1, x2s

`

˜

n
ÿ

i“1

s1 . . . pBx2si ˚ tq . . . sn

¸

rx{x1, x2s

“ pBx1s1 . . . sn ˚ tqrx{x1, x2s ` pBx2s1 . . . sn ˚ tqrx{x1, x2s

“ pBx1σ ˚ tqrx{x1, x2s ` pBx2σ ˚ tqrx{x1, x2s.

(3.3.74)
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7. Assume that σ “
řn

i“1 ri ¨ Ti, where n P N0 is a nonnegative integer, r1, . . . , rn are scalars,
and T1, . . . , Tn P Λ!

t,V are simple Taylor poly-terms. For each 1 ď i ď n, by the induction
hypothesis, BxTirx{x1, x2s ˚ t “ pBx1σ ˚ tqrx{x1, x2s ` pBx2Ti ˚ tqrx{x1, x2s. Hence,

Bxσrx{x1, x2s ˚ t “ Bx

˜

n
ÿ

i“1

ri ¨ Ti

¸

rx{x1, x2s ˚ t “

n
ÿ

i“1

ri ¨ pBxTirx{x1, x2s ˚ tq

“

n
ÿ

i“1

ri ¨ ppBx1σ ˚ tqrx{x1, x2s ` pBx2Ti ˚ tqrx{x1, x2sq

“

n
ÿ

i“1

ri ¨ pBx1σ ˚ tqrx{x1, x2s `

n
ÿ

i“1

ri ¨ pBx2Ti ˚ tqrx{x1, x2s

“

˜

Bx1

˜

n
ÿ

i“1

ri ¨ Ti

¸

˚ t

¸

rx{x1, x2s

`

˜

Bx2

˜

n
ÿ

i“1

ri ¨ Ti

¸

˚ t

¸

rx{x1, x2s

“ pBx1σ ˚ tqrx{x1, x2s ` pBx2σ ˚ tqrx{x1, x2s.

(3.3.75)

This completes the induction. ❏

Corollary 3.3.34. Generalized Synthetic Leibniz Rule

♡

Let σ P RxΛ!
t,Vy be a complex Taylor poly-term, T P Λ!

t,V be a simple Taylor poly-term, and
x, x1, x2 P V be variables. Suppose that x1 and x2 are distinct, x R FV pσq, and x, x1, x2 R

FV pT q. Then,

B|T |
x σrx{x1, x2s ˚ T “

˜

ÿ

UV “T

ˆ

T

U

˙

B|U |
x1

pB|V |
x2

σ ˚ V q ˚ U

¸

rx{x1, x2s. (3.3.76)

Proof. We prove this via induction on |T |.

1. The case where |T | “ 1 was done in Lemma 3.3.33.

2. Assume that |T | ą 1. Then, there exist a simple Taylor poly-term S P Λ!
t,V and a simple

Taylor term t P Λt,V such that T “ tS. As we can see,

B|T |
x σrx{x1, s2s ˚ T “ B|tS|

x σrx{x1, s2s ˚ tS

“ B|S|
x pBxσrx{x1, x2s ˚ tq ˚ S

“ B|S|
x ppBx1σ ˚ tqrx{x1, x2s ` pBx2σ ˚ tqrx{x1, x2sq ˚ S

“ B|S|
x ppBx1σ ˚ tqrx{x1, x2sq ˚ S ` B|S|

x ppBx2σ ˚ tqrx{x1, x2sq ˚ S (3.3.77)

“

˜

ÿ

UV “S

ˆ

S

U

˙

B|U |
x1

pB|V |
x2

pBx1σ ˚ tq ˚ V q ˚ U

¸

rx{x1, x2s

`

˜

ÿ

UV “S

ˆ

S

U

˙

B|U |
x1

pB|V |
x2

pBx2σ ˚ tq ˚ V q ˚ U

¸

rx{x1, x2s

“

˜

ÿ

UV “S

ˆ

S

U

˙

B|tU |
x1

pB|V |
x2

σ ˚ V q ˚ tU

¸

rx{x1, x2s
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`

˜

ÿ

UV “S

ˆ

S

U

˙

B|U |
x1

pB|tV |
x2

σ ˚ tV q ˚ U

¸

rx{x1, x2s

“

˜

ÿ

tUV “tS

ˆ

tS ´ t

tU ´ t

˙

B|tU |
x1

pB|V |
x2

σ ˚ V q ˚ tU

¸

rx{x1, x2s

`

˜

ÿ

UtV “tS

ˆ

tS ´ t

U

˙

B|U |
x1

pB|tV |
x2

σ ˚ tV q ˚ U

¸

rx{x1, x2s

“

¨

˚

˚

˝

ÿ

ŨV “T
tPŨ

ˆ

T ´ t

Ũ ´ t

˙

B|Ũ |
x1

pB|V |
x2

σ ˚ V q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s

`

¨

˚

˚

˝

ÿ

UṼ “T
tPṼ

ˆ

T ´ t

U

˙

B|U |
x1

pB|Ṽ |
x2

σ ˚ Ṽ q ˚ U

˛

‹

‹

‚

rx{x1, x2s

“

¨

˚

˚

˝

ÿ

ŨV “T
tPŨ ,tPV

ˆ

T ´ t

Ũ ´ t

˙

B|Ũ |
x1

pB|V |
x2

σ ˚ V q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s

`

¨

˚

˚

˝

ÿ

ŨV “T
tPŨ ,tRV

ˆ

T ´ t

Ũ ´ t

˙

B|Ũ |
x1

pB|V |
x2

σ ˚ V q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s

`

¨

˚

˚

˝

ÿ

UṼ “T
tPU,tPṼ

ˆ

T ´ t

U

˙

B|U |
x1

pB|Ṽ |
x2

σ ˚ Ṽ q ˚ U

˛

‹

‹

‚

rx{x1, x2s`

¨

˚

˚

˝

ÿ

UṼ “T
tRU,tPṼ

ˆ

T ´ t

U

˙

B|U |
x1

pB|Ṽ |
x2

σ ˚ Ṽ q ˚ U

˛

‹

‹

‚

rx{x1, x2s

“

¨

˚

˚

˝

ÿ

Ũ Ṽ “T
tPŨ ,tPṼ

ˆ

T ´ t

Ũ ´ t

˙

B|Ũ |
x1

pB|V |
x2

σ ˚ Ṽ q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s

`

¨

˚

˚

˝

ÿ

Ũ Ṽ “T
tPŨ ,tRṼ

ˆ

T ´ t

Ũ ´ t

˙

B|Ũ |
x1

pB|V |
x2

σ ˚ Ṽ q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s

`

¨

˚

˚

˝

ÿ

Ũ Ṽ “T
tPŨ ,tPṼ

ˆ

T ´ t

U

˙

B|U |
x1

pB|Ṽ |
x2

σ ˚ Ṽ q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s
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`

¨

˚

˚

˝

ÿ

Ũ Ṽ “T
tRŨ ,tPṼ

ˆ

T ´ t

U

˙

B|U |
x1

pB|Ṽ |
x2

σ ˚ Ṽ q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s

“

¨

˚

˚

˝

ÿ

Ũ Ṽ “T
tPŨ ,tPṼ

„ˆ

T ´ t

Ũ ´ t

˙

`

ˆ

T ´ t

U

˙ȷ

B|Ũ |
x1

pB|V |
x2

σ ˚ Ṽ q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s

`

¨

˚

˚

˝

ÿ

Ũ Ṽ “T
tPŨ ,tRṼ

ˆ

T ´ t

Ũ ´ t

˙

B|Ũ |
x1

pB|V |
x2

σ ˚ Ṽ q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s

`

¨

˚

˚

˝

ÿ

Ũ Ṽ “T
tRŨ ,tPṼ

ˆ

T ´ t

U

˙

B|U |
x1

pB|Ṽ |
x2

σ ˚ Ṽ q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s

“

¨

˚

˚

˝

ÿ

Ũ Ṽ “T
tPŨ ,tPṼ

ˆ

T

Ũ

˙

B|Ũ |
x1

pB|V |
x2

σ ˚ Ṽ q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s

`

¨

˚

˚

˝

ÿ

Ũ Ṽ “T
tPŨ ,tRṼ

ˆ

T

Ũ

˙

B|Ũ |
x1

pB|V |
x2

σ ˚ Ṽ q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s

`

¨

˚

˚

˝

ÿ

Ũ Ṽ “T
tRŨ ,tPṼ

ˆ

T

Ũ

˙

B|U |
x1

pB|Ṽ |
x2

σ ˚ Ṽ q ˚ Ũ

˛

‹

‹

‚

rx{x1, x2s

“

¨

˝

ÿ

Ũ Ṽ “T

ˆ

T

Ũ

˙

B|U |
x1

pB|Ṽ |
x2

σ ˚ Ṽ q ˚ Ũ

˛

‚rx{x1, x2s,

where we used Lemma 3.3.33 for the third equality, the induction hypothesis for the fifth
equality, Corollary 3.3.16 for the sixth equality, and Lemmas 3.2.8-3.2.10 for the second to
last equality.

This completes the induction. ❏

In summary, in this section we have defined Taylor pre-term, α-equivalence; Taylor terms (which
is just Taylor pre-term quotiented by α-equivalence), substitution, partial differentiation, and big
step differentiation (which is the computational version of differentiated application) and proved a
synthetic versions of Schwartz Lemma and Generalized Leibnitz Lemma in Taylor λ-calculus and
showed the partial differentiation can be understated as a kind-of resource based substation. In
the next section, we will define a β-reduction for Taylor λ-calculus and use this to relate Taylor
λ-calculus with differential λ-calculus.
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3.4 Reductions in Taylor λ-Calculus

Recall that β-reduction represents a single step of evaluation in Taylor λ-calculus. Seeing differen-
tiated abstraction as syntactically representing a construction relating to partial differentiation and
the partial differentiation as computational, we should expect β-reduction to related differentiated
abstraction to one application of a partial derivative. Note that (3.4.5)-(3.4.6) is motivated by
(3.1.4) in section 3.1.

Definition 3.4.1. Taylor β-Reduction

♣

Define Taylor β-reduction Ñβ to be the smallest (with respect to inclusion) relation from
complex Taylor (poly-)terms to complex Taylor (poly-)terms satisfying the following proper-
ties:

(i) Given a simple Taylor term s P Λt,V , a simple Taylor poly-term T P Λ!
t,V , and a complex

Taylor term s1 P RxΛt,Vy such that s Ñβ s1,

xsyT Ñβ xs1yT. (3.4.1)

(ii) Given a simple Taylor term s P Λt,V , a simple Taylor poly-term T P Λ!
t,V , and a complex

Taylor poly-term τ P RxΛ!
t,Vy such that T Ñβ τ ,

xsyT Ñβ xsyτ. (3.4.2)

(iii) Given a variable x P V, a simple differential term s P Λt,V , and a complex Taylor term
s1 P RxΛt,Vy such that s Ñβ s1,

λx.s Ñβ λx.s1. (3.4.3)

(iv) Given a simple Taylor term s P Λt,V , a simple Taylor poly-term T P Λ!
t,V , and a complex

Taylor term s1 P RxΛt,Vy such that s Ñβ s1,

Ts Ñβ Ts1. (3.4.4)

(v) Given a variable x P V and a simple differential term s P Λt,V ,

xλx.sy1 Ñβ sr0{xs. (3.4.5)

(vi) Given a variable x P V, simple differential term s, t P Λt,V , and a simple Taylor poly-term
T P Λ!

t,V ,
xλx.sytT Ñβ xλx.Bxs ˚ tyT. (3.4.6)

(vii) Given a simple Taylor (poly-)term S P Λ!
t,V , complex Taylor (poly-)terms σ, τ P

RxΛd,Vy, and a scalar r P R such that s ÑR σ,

r ¨ S ` τ Ñβ r ¨ σ ` τ. (3.4.7)

One of the great properties of Taylor β-reduction is that it strictly decreases the size of a Taylor
term, directly giving us strong normalization for Taylor β-reduction, a property is much more
difficult to show for differential β-reduction (see Sec. 5 of [8]).
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Lemma 3.4.2

♡

Let S P Λ!
t,V be a simple Taylor poly-term and let σ P RxΛ!

t,Vy be a complex Taylor poly-term
such that S Ñβ σ. Then, for U P supp pσq, one has size pUq ă size pSq.

Proof. We prove this by induction on S Ñβ σ.

1. Assume that S Ñβ σ because there exist a simple Taylor term s P Λt,V , a simple Taylor
poly-term T P Λ!

t,V , and a complex Taylor term s1 P RxΛt,Vy such that s Ñβ s1, S “ xsyT ,
and σ “ xs1yT . Since U P supp pσq “ supp pxs1yT q, there exists a simple Taylor term u P

supp ps1q such that U “ xuyT . Since s Ñβ s1 and u P supp ps1q, by the induction hypothesis,
size puq ă size psq, so size pUq “ size pxuyT q “ 1 ` size puq ` size pT q ă 1 ` size psq ` size pT q “

size pxsyT q “ size pSq.

2. Assume that S Ñβ σ because there exist a simple Taylor term s P Λt,V , a simple Taylor poly-
term T P Λ!

t,V , and a complex Taylor poly-term τ P RxΛ!
t,Vy such that T Ñβ τ , S “ xsyT ,

and σ “ xsyτ . Since U P supp pσq “ supp pxs1yτq, there exists a simple Taylor poly-term V P

supp pτq such that U “ xsyV . Since T Ñβ τ and V P supp pτq, by the induction hypothesis,
size pV q ă size pT q, so size pUq “ size pxsyV q “ 1` size psq ` size pV q ă 1` size psq ` size pT q “

size pxsyT q “ size pSq.

3. Assume that S Ñβ σ because there exist a variable x P V, a simple differential term s P Λt,V ,
and a complex Taylor term s1 P RxΛt,Vy such that s Ñβ s1, S “ λx.s, and σ “ λx.s1.
Since U P supp pσq “ supp pλx.s1q, there exists a simple Taylor term u P supp ps1q such that
U “ λx.u. Since s Ñβ s1 and u P supp ps1q, by the induction hypothesis, size puq ă size psq,
so size pUq “ size pλx.uq “ 1 ` size puq ă 1 ` size psq “ size pλx.sq “ size pSq.

4. Assume that S Ñβ σ because there exist a simple Taylor term s P Λt,V , a simple Taylor
poly-term T P Λ!

t,V , and a complex Taylor term s1 P RxΛt,Vy such that s Ñβ s1, S “ Ts, and
σ “ Ts1. Since U P supp pσq “ supp pTs1q, there exists a simple Taylor term u P supp ps1q such
that U “ Tu. Since s Ñβ s1 and u P supp ps1q, by the induction hypothesis, size puq ă size psq,
so size pUq “ size pTuq “ 1 ` size pT q ` size puq ă 1 ` size pT q ` size puq “ size pTsq “ size pSq.

5. Assume that S Ñβ σ because there exist a variable x P V and a simple differential term
s P Λt,V such that S “ xλx.sy1 and σ “ sr0{xs. If degx psq ą 0, by Lemma 3.3.20, σ “

sr0{xs “ 0, which implies that U P suppσ “ supp 0 “ H, giving us a contradiction. Hence,
degx psq “ 0, so by Lemma 3.3.20, x R FV psq, so by Lemma 3.3.10(i), σ “ sr0{xs “ s. Since
U P suppσ “ supp s “ tsu, U “ s. Hence, size pSq “ size pxλx.sy1q “ 1 ` size pλx.sq `

size p1q “ 1`1` size psq `0 “ 2` size psq “ 2` size puq, which implies that size puq ă size pSq.

6. Assume that S Ñβ σ because there exist a variable x P V, simple differential term s, t P Λt,V ,
and a simple Taylor poly-term T P Λ!

t,V such that S “ xλx.sytT and σ “ xλx.Bxs ˚ tyT . Since
U P supp pσq “ supp pxλx.Bxs ˚ tyT q, there exists a simple Taylor term u P supp pBxs ˚ tq such
that U “ xλx.uyT . Since u P supp pBxs ˚ tq, by Lemma 3.3.12, size puq “ size psq ` size ptq ´ 1,
so size pSq “ size pxλx.sytT q “ 1`size pλx.sq`size ptT q “ 1`1`size psq`1`size ptq`size pT q “

4 ` size psq ` size ptq ´ 1 ` size pT q “ 4 ` size puq ` size pT q “ 3 ` size pλx.uq ` size pT q “

2 ` size pxλx.uyT q “ 2 ` size pUq, which implies that size pUq ă size pSq.

This completes the induction. ❏
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Theorem 3.4.3. Strong Normalization of Taylor β-Reduction

♡Taylor β-reduction is strongly normalizing.

Proof. Suppose that Taylor β-reduction is not strongly normalizing. Then, there exists complex
Taylor terms σ1, σ2, σ3, . . . P RxΛt,Vy such that σi Ñβ σi`1 for all i P N. This implies that there
exist simple Taylor terms S1, S2, S3, . . . P Λt,V and complex Taylor terms τ2, τ3, τ4, . . . P RxΛt,Vy

such that Si´1 Ñβ τi and Si P supp pτiq for all i ě 2. Let n – size pS1q ` 2. By applying Lemma
3.4.2, sizeSn ď sizeS1 ´ n ` 1 “ sizeS1 ´ psize pS1q ` 2q ` 1 “ ´1, contradicting the fact that size
of a Taylor term is never negative. Hence, Taylor β-reduction is strongly normalizing. ❏

With the introduction of β-reduction, we have finally defined every key structure of Taylor
λ-calculus. We defined Taylor λ-calculus, defined partial differentiation, showed that it satisfies the
synthetic Schwartz Rule, Chain Rule, and Leibnitz Rule, define a notion of evaluating Taylor terms,
and shows that β-reduction is strongly normalizing. It, like it’s cousin differential λ-calculus, is a
good framework at synthetically dealing with analytic functions. But there is a natural question
now: is Taylor λ-calculus unrelated to differential λ-calculus? The answer is no. In fact, Taylor
λ-calculus can be seen as a subset of differential λ-calculus.

Definition 3.4.4. The Injection From Complex Taylor to Differential Terms

♣

Define the injection p´q‹ : RxΛt,Vy Ñ RxΛd,Vy that takes a complex Taylor term to complex
differential terms by:

pxq‹ “ x, (3.4.8a)

pλx.sq‹ “ λx.s‹, (3.4.8b)

pxsyt1 . . . tnq‹ “ pD1p¨ ¨ ¨ pD1s
‹ ˚ t‹

1q ¨ ¨ ¨ q ˚ ptnq‹q0, (3.4.8c)
˜

n
ÿ

i“1

ri ¨ si

¸‹

“

n
ÿ

i“1

ri ¨ s‹
i , (3.4.8d)

where x P V is a variable, n P N0 is a nonnegative integer, s, s1, . . . , sn, t1, . . . , tn P Λt,V are
simple Taylor terms, and r1, . . . , rn P R are scalars.

This map between complex Taylor terms and complex differential terms preserves substitution,
partial differentiation, and importantly β-reduction, which is exactly what we would expect from
a canonical injection from Taylor λ-calculus to differential λ-calculus.

Lemma 3.4.5

♡
Given a variable x P V and complex Taylor terms s, t P RxΛ!

t,Vy, psrt{xsq‹ “ s‹rt‹{xs.

Proof. This follows by induction on s.

1. Assume that s “ x. Then,

psrt{xsq‹ “ pxrt{xsq‹ “ t‹ “ xrt‹{xs “ s‹rt‹{xs. (3.4.9)

2. Assume that s “ y, where y P V is a variable distinct from x. Then,

psrt{xsq‹ “ pyrt{xsq‹ “ pyq‹ “ y “ yrt‹{xs “ pyq‹rt‹{xs “ s‹rpt‹{xqs. (3.4.10)
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3. Assume that s “ λy.u, where y P V is a fresh variable and u P Λt,V is a simple Taylor term.
By the induction hypothesis on u, purt{xsq‹ “ u‹rt‹{xs, so

psrt{xsq‹ “ ppλy.uqrt{xsq‹ “ pλy.urt{xsq‹ “ λy.pury{xsq‹ “ λy.u‹rt‹{xs

“ pλy.u‹qrt‹{xs “ pλy.uq‹rt‹{xs “ s‹rt‹{xs.
(3.4.11)

4. Assume that s “ xuyv1, . . . , vn, where n P N0 be a nonnegative integer and u, v1, . . . , vn P Λt,V
are simple Taylor terms. Then, by the induction hypothesis on u, purt{xsq‹ “ u‹rt‹{xs, and
for each 1 ď i ď n, by the induction hypothesis on vi, pvirt{xsq‹ “ pviq

‹rt‹{xs. Hence,

psrt{xsq‹ “ ppxuyv1 . . . vnqrt{xsq‹ “ pxurt{xsyv1rt{xs . . . vnrt{xsq‹

“ pD1p¨ ¨ ¨ pD1purt{xsq‹ ˚ pv1rt{xsq‹q ¨ ¨ ¨ q ˚ pvnrt{xsq‹q0

“ pD1p¨ ¨ ¨ pD1u
‹rt‹{xsq ˚ pv‹

1rt‹{xsq ¨ ¨ ¨ q ˚ v‹
nrt‹{xsq0rt‹{xs

“ p¨ ¨ ¨ pD1u
‹q ˚ pv‹

1q ¨ ¨ ¨ q ˚ v‹
nq0qrt‹{xs

“ pxuyv1 . . . vnq‹rt‹{xs “ s‹rt‹{xs,

(3.4.12)

where we used Lemma 2.3.6 for the fifth equality.

5. Assume that s “
řn

i“1 ri ¨ ui, where n P N0 is a nonnegative integer and u1, . . . , un P Λt,V
are simple Taylor terms and r1, . . . , rn P R are scalars. For each 1 ď i ď n, by the induction
hypothesis on ui, puirt{xsq‹ “ puiq

‹rt‹{xs. Hence,

psrt{xsq‹ “

˜˜

n
ÿ

i“1

ri ¨ ui

¸

rt{xs

¸‹

“

˜

n
ÿ

i“1

ri ¨ uirt{xs

¸‹

“

n
ÿ

i“1

ri ¨ puirt{xsq‹

“

n
ÿ

i“1

ri ¨ puiq
‹rt‹{xs “

˜

n
ÿ

i“1

ri ¨ puiq
‹

¸

rt‹{xs

“

˜

n
ÿ

i“1

ri ¨ ui

¸‹

rt‹{xs “ s‹rt‹{xs.

(3.4.13)

This completes the induction. ❏

Lemma 3.4.6

♡Given complex differential term σ, τ P RxΛd,Vy, Bxpσ0q ˚ τ “ pBxσ ˚ τq0

Proof. By Lemma 2.2.29(xii), there exist unique nonnegative integers n P N0, scalars r1, . . . , rn P

R, and simple differential terms s1, . . . , sn P Λd,V such that σ “
řn

i“1 ri ¨ si. As a result,

Bxpσ0q ˚ τ “ Bx

˜˜

n
ÿ

i“1

ri ¨ si

¸

0

¸

˚ τ “ Bx

˜

n
ÿ

i“1

ri ¨ si0

¸

˚ τ “

n
ÿ

i“1

ri ¨ Bxpsi0q ˚ τ

“

n
ÿ

i“1

ri ¨ ppBxsi ˚ τq0 ` pD1si ˚ pBx0 ˚ τqq0q (3.4.14)

“

n
ÿ

i“1

ri ¨ ppBxsi ˚ τq0 ` pD1si ˚ 0q0q “

n
ÿ

i“1

ri ¨ ppBxsi ˚ τq0 ` 00q

“

n
ÿ

i“1

ri ¨ ppBxsi ˚ τq0 ` 0q “

n
ÿ

i“1

ri ¨ ppBxsi ˚ τq0q
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“

˜

n
ÿ

i“1

ri ¨ Bxsi ˚ τ

¸

0 “

˜

Bx

˜

n
ÿ

i“1

ri ¨ si

¸

˚ τ

¸

0 “ pBxσ ˚ τq0.

This completes the proof. ❏

Lemma 3.4.7

♡
Given a variable x P V and complex Taylor terms s, t P RxΛ!

t,Vy, pBxs ˚ tq‹ “ Bxs
‹ ˚ t‹.

Proof. This follows by induction on s.

1. Assume that s “ x. Then,

pBxs ˚ tq‹ “ pBxx ˚ tq‹ “ t‹ “ Bxx ˚ t‹ “ Bxpxq‹ ˚ t‹ “ Bxs
‹ ˚ t‹. (3.4.15)

2. Assume that s “ y, where y P V is a variable distinct from x. Then,

pBxs ˚ tq‹ “ pBxy ˚ tq‹ “ pyq‹ “ y “ Bxy ˚ t‹ “ Bxpyq‹ ˚ t‹ “ Bxs
‹ ˚ t‹. (3.4.16)

3. Assume that s “ λy.u, where y P V is a fresh variable and u P Λt,V is a simple Taylor term.
By the induction hypothesis on u, pBxu ˚ tq‹ “ Bxu

‹ ˚ t‹, so

pBxs ˚ tq‹ “ pBxpλy.uq ˚ tq‹ “ pλy.Bxu ˚ tq‹ “ λy.pBxu ˚ tq‹ “ λy.Bxu
‹ ˚ t‹

“ Bxpλy.u‹q ˚ t‹ “ Bxpλy.uq‹ ˚ t‹ “ Bxs
‹ ˚ t‹.

(3.4.17)

4. Assume that s “ xuyv1, . . . , vn, where n P N0 be a nonnegative integer and u, v1, . . . , vn P Λt,V
are simple Taylor terms. Then, by the induction hypothesis on u, pBxu ˚ tq‹ “ Bxu

‹ ˚ t‹, and
for each 1 ď i ď n, by the induction hypothesis on vi, pBxvi ˚ tq‹ “ Bxpviq

‹ ˚ t‹. Hence,

pBxs ˚ tq‹ “ pBxpxuyv1, . . . , vnq ˚ tq‹

“ pxBxu ˚ tyv1, . . . , vn ` xuypBxv1, . . . , vnqq‹

“

˜

xBxu ˚ tyv1, . . . , vn ` xuy

˜

n
ÿ

i“1

v1 . . . vi´1pBxvi ˚ tqvi`1 . . . , vn

¸¸‹

“

˜

xBxu ˚ tyv1, . . . , vn `

n
ÿ

i“1

xuyv1 . . . vi´1pBxvi ˚ tqvi`1 . . . , vn

¸‹

“ pxBxu ˚ tyv1, . . . , vnq‹ `

n
ÿ

i“1

pxuyv1 . . . vi´1pBxvi ˚ tqvi`1 . . . , vnq‹ (3.4.18)

“ pD1,...,1pBxu ˚ tq‹ ˚ pv‹
1, . . . , v

‹
nqq0

`

n
ÿ

i“1

pD1,...,1u
‹ ˚ pv‹

1, . . . v
‹
i´1, pBxvi ˚ tq‹, v‹

i`1, . . . , v
‹
nqq0

“

ˆ

D1,...,1pBxu
‹ ˚ t‹q ˚ pv‹

1, . . . , v
‹
nq

`

n
ÿ

i“1

D1,...,1u
‹ ˚ pv‹

1, . . . v
‹
i´1, Bxv

‹
i ˚ t‹, v‹

i`1, . . . , v
‹
nq

˙

0

“ pBxpD1,...,1u
‹ ˚ pv‹

1, . . . , v
‹
nqq ˚ t‹q0
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“ BxppD1,...,1u
‹ ˚ pv‹

1, . . . , v
‹
nqq0q ˚ t‹

“ Bxpxsyv1 . . . vnq‹ ˚ t‹

“ Bxs
‹ ˚ t‹,

where we used Lemma 3.4.6 for the third to last equality and Lemma 2.3.15 for the second
to last equality.

5. Assume that s “
řn

i“1 ri ¨ ui, where n P N0 is a nonnegative integer and u1, . . . , un P Λt,V
are simple Taylor terms and r1, . . . , rn P R are scalars. For each 1 ď i ď n, by the induction
hypothesis on ui, pBxui ˚ tq‹ “ Bxpuiq

‹ ˚ t‹. Hence,

pBxs ˚ tq‹ “

˜

Bx

˜

n
ÿ

i“1

ri ¨ ui

¸

˚ t

¸‹

“

˜

n
ÿ

i“1

ri ¨ pBxui ˚ tq

¸‹

“

n
ÿ

i“1

ri ¨ pBxui ˚ tq‹

“

n
ÿ

i“1

ri ¨ pBxpuiq
‹ ˚ t‹q “ Bx

˜

n
ÿ

i“1

ri ¨ puiq
‹

¸

˚ t‹

“ Bx

˜

n
ÿ

i“1

ri ¨ ui

¸‹

˚ t‹ “ Bxs
‹ ˚ t‹.

(3.4.19)

This completes the induction. ❏

Theorem 3.4.8

♡Given complex Taylor terms s, s1 such that s Ñβ s1, one has s‹ Ñβ ps1q‹.

Proof. We prove this by induction on s Ñβ σ.

1. Assume that s Ñβ σ because there exist a nonnegative integer n P N0, simple Taylor
terms u, v1, . . . , vn P Λt,V , and a complex Taylor term u1 P RxΛt,Vy such that u Ñβ u1,
s “ xuyv1 . . . vn, and σ “ xu1yv1 . . . vn. Since u Ñβ u1, by the induction hypothesis, u‹ Ñβ u1‹,
so

s‹ “ pxuyv1 . . . vnq‹ “ pD1p¨ ¨ ¨ pD1u
‹ ˚ v‹

1q ¨ ¨ ¨ q ˚ v‹
nq0

Ñβ pD1p¨ ¨ ¨ pD1u
1‹ ˚ v‹

1q ¨ ¨ ¨ q ˚ v‹
nq0

“ pxu1yv1 . . . vnq‹ “ σ‹.

(3.4.20)

where we used the fact that differential β-reduction is contextual (see Lemma 2.4.13) for Ñβ.

2. Assume that s Ñβ σ because there exist a positive integer n P N0, simple Taylor terms
u, v1, . . . , vn P Λt,V , and a complex Taylor term v1

1 P RxΛt,Vy such that v1 Ñβ v1
1, s “

xuyv1v2 . . . vn, and σ “ xuyv1
1v2 . . . vn. Since u Ñβ u1, by the induction hypothesis, u‹ Ñβ u1‹,

so

s‹ “ pxuyv1v2 . . . vnq‹ “ pD1p¨ ¨ ¨ pD1pD1u
‹ ˚ v‹

1q ˚ v‹
2q ¨ ¨ ¨ q ˚ v‹

nq0

Ñβ pD1p¨ ¨ ¨ pD1pD1u
‹ ˚ v‹

1q ˚ v‹
2q ¨ ¨ ¨ q ˚ v‹

nq0

“ pxuyv1
1v2 . . . vnq‹ “ σ‹.

(3.4.21)

where we used the fact that differential β-reduction is contextual (see Lemma 2.4.13) for Ñβ.
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3. Assume that s Ñβ σ because there exist a variable x P V, a simple differential term u P Λt,V ,
and a complex Taylor term u1 P RxΛt,Vy such that u Ñβ u1, s “ λx.u, and σ “ λx.u1. Since
u Ñβ u1, by the induction hypothesis, u‹ Ñβ u1‹, so by (2.4.17),

s‹ “ pλx.uq‹ “ λx.u‹ Ñβ λx.u1‹ “ pλx.u1q‹ “ σ‹. (3.4.22)

4. Assume that s Ñβ σ because there exist a variable x P V and a simple differential term
u P Λt,V such that s “ xλx.uy1 and σ “ ur0{xs. Then,

u‹ “ pxλx.uy1q‹ “ pλx.uq‹0 “ pλx.u‹q0

Ñβ u‹r0{xs “ u‹r0‹{xs “ pur0{xsq‹ “ σ‹,
(3.4.23)

where we used (2.4.15) for the Ñβ and Lemma 3.4.5 for the second to last equality.

5. Assume that s Ñβ σ because there exist a variable x P V, a positive integer n P N0, and
simple differential term u, v1, . . . , vn P Λt,V such that s “ xλx.uyv1 . . . vn and σ “ xλx.Bxu ˚

v1yv2 . . . vn. Then,

s‹ “ pxλx.uyv1 . . . vnq‹ “ pD1p¨ ¨ ¨ pD1u
‹ ˚ v‹

1q ¨ ¨ ¨ q ˚ v‹
nq0

“ pDn
1λx.u

‹ ˚ pv‹
1, . . . , v

‹
nqq0

Ñβ pDn´1
1 λx.pBxu

‹ ˚ v‹
1q ˚ pv‹

2, . . . , v
‹
nqq0

“ pD1p¨ ¨ ¨ pD1pBxu
‹ ˚ v‹

1q ˚ v‹
2q ¨ ¨ ¨ q ˚ v‹

nq0

“ ¨ ¨ ¨ pD1pBxu ˚ v1q‹ ˚ v‹
2q ¨ ¨ ¨ q ˚ v‹

nq0

“ pxλx.Bxu ˚ v1yv2 . . . vnq‹ “ σ‹,

(3.4.24)

where we used (2.4.19) for the Ñβ and we used Lemma 3.4.7 for the second to last equality.

This completes the induction. ❏

Lemma 3.4.9

♡

Let σ, σ1 P RxΛd,Vy be simple (resp. complex) differential terms and s P RxΛt,Vy be a simple
(resp. complex) Taylor terms such that σ “ s‹ and σ ↠β σ1. Then, there exists a simple
(resp. complex) Taylor term s1 P RxΛt,Vy such that σ1 “ s1‹ and s ↠β s1.

Proof. We prove this via induction on t.

1. Assume that s “ x. Since x “ pxq‹ “ s‹ “ σ ↠β σ1, we know that σ1 “ x. Let s1 “ x. Then,
σ1 “ x “ pxq‹ “ s1‹ and s “ x ↠β x “ s1.

2. Assume that s “ λy.u, where y P V is a fresh variable and u P Λt,V is a simple Taylor term.
Since λy.u‹ “ pλy.uq‹ “ s‹ “ σ ↠β“ σ1, we know that σ1 “ λy.t, where t P Λd,V is a simple
differential term such that u‹ ↠β t. By the induction hypothesis, this implies that there
exists a simple Taylor term v P Λt,V such that t “ v‹ and u ↠β v. Let s1 “ λx.v. Then,
σ1 “ λy.t “ λy.v‹ “ pλy.vq‹ “ s1‹ and s “ λx.u ↠β λx.v “ s1.

3. Assume that s “ xuyv1 . . . vn, where n P N0 be a nonnegative integer and u, v1, . . . , vn P Λt,V
are simple Taylor terms. There are two cases.
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(a) Suppose that u is an abstraction. Then, u “ λx.w, where x P V is a fresh vari-
able and w P RxΛt,Vy is a simple Taylor term. Since pDn

1λx.w
‹ ˚ pv‹

1, . . . , v
‹
nqq0 “

pxλx.wyv1 . . . vnq‹ “ s‹ “ σ ↠β σ1, we know that σ1 “ pDn´m
1 λx.pBm

x t0 ˚ pt1, . . . , tmqq ˚

ptm`1, . . . , tnqq0, where m P N0 is a nonnegative integer and t0, . . . , tn P Λd,V are sim-
ple differential terms such that w‹ ↠β t0 and v‹

i ↠β ti for all 1 ď i ď n. By
the induction hypothesis, there exists simple Taylor terms w1, v1

1, . . . , v
1
n P RxΛt,Vy

such that t0 “ w1‹, ti “ v1‹
i for all 1 ď i ď n, w ↠β w1, and vi ↠β v1

i for all
1 ď i ď n. Let s1 “ xλx.Bm

x w1 ˚ pv1
1, . . . , v

1
mqyv1

m`1 . . . v
1
n. Then, σ1 “ pDn´m

1 λx.pBm
x t0 ˚

pt1, . . . , tmqq ˚ ptm`1, . . . , tnqq0 “ pDn´m
1 λx.pBm

x w1‹ ˚ pv1‹
1 , . . . , v

1‹
mqq ˚ pt1‹

m`1, . . . , t
1‹
n qq0 “

xλx.Bm
x w1‹ ˚ pv1‹

1 , . . . , v
1‹
mqyv1‹

m`1 . . . v
1‹
n “ s1‹ and s “ xλx.wyv1 . . . vn ↠β xλx.Bm

x w1 ˚

pv1
1, . . . , v

1
mqyv1

m`1 . . . v
1
n “ s1.

(b) Suppose otherwise. Since pDn
1u

‹ ˚ pv‹
1, . . . , v

‹
nqq0 “ pxuyv1 . . . vnq‹ “ s‹ “ σ ↠β σ1, this

implies that σ1 “ pDn
1 t0 ˚ pt1, . . . , tnqq0, where t0, . . . , tn P Λd,V are simple differential

terms such that u‹ ↠β t0 and v‹
i ↠β ti for all 1 ď i ď n. By the induction hypothesis,

there exists simple Taylor terms u1, v1
1, . . . , v

1
n P RxΛt,Vy such that t0 “ u1‹, ti “ v1‹

i

for all 1 ď i ď n, u ↠β u1, and vi ↠β v1
i for all 1 ď i ď n. Let s1 “ xu1yv1

1 . . . v
1
n.

Then, σ1 “ pDn
1 t0 ˚ pt1, . . . , tnqq0 “ pDn

1u
1‹ ˚ pv1‹

1 , . . . , t
1‹
n qq0 “ pxuyv1

1 . . . v
1
nq‹ “ s1‹ and

s “ xuyv1 . . . vn ↠β xu1yv1
1 . . . v

1
n “ s1.

4. Assume that s “
řn

i“1 ri ¨ ui, where n P N0 is a nonnegative integer and u1, . . . , un P Λt,V
are simple Taylor terms and r1, . . . , rn P R are scalars. Since

řn
i“1 ri ¨ u‹

i “ p
řn

i“1 ri ¨ uiq
‹

“

s‹ “ σ ↠β σ1, we know that σ1 “
řn

i“1 ri ¨ ti, where t1, . . . , tn P Λd,V are simple differential
terms such that u‹

i ↠β ti for all 1 ď i ď n. For each 1 ď i ď n, since u‹
i ↠β ti, by

the induction hypothesis, there exists a simple Taylor term vi P Λt,V such that ti “ v‹
i and

ui ↠β vi. Let s1 “
řn

i“1 ri ¨ vi. Then, σ1 “
řn

i“1 ri ¨ ti “
řn

i“1 ri ¨ v‹
i “ p

řn
i“1 ri ¨ viq

‹ “ s1‹

and s “
řn

i“1 ri ¨ ui ↠β
řn

i“1 ri ¨ vi “ s1.

This completes the induction. ❏

Since the canonical injection p´q‹ from complex Taylor terms to complex differential terms
behaves well with β-reduction and differential β-reduction has the Church-Rosser property, we
immediately get that Taylor β-reduction has the Church-Rosser property.

Theorem 3.4.10. The Church-Rosser Property of Taylor β-Reduction

♡Taylor β-reduction satisfies the Church-Rosser property.

Proof. Take any complex Taylor terms a, b, c P RxΛt,Vy such that a ↠β b and b ↠β c. By Theorem
3.4.8, a‹ ↠β b‹ and a‹ ↠ c‹. Since differential β-reduction satisfies the Church-Rosser property
(i.e. Theorem 2.4.28), there exists a complex differential term σ P RxΛd,Vy such that b‹ ↠β σ and
c‹ ↠β σ. By Lemma 3.4.9, there exists complex Taylor terms d, e P RxΛt,Vy such that σ “ d‹ “ e‹

and b ↠β d and c ↠β e. Since d‹ “ e‹ and p´q‹ is injective, d “ e. Hence, b ↠β d and c ↠β d. ❏



Chapter 4

Differential Categories and Free
Cornering

In the previous chapter, we introduced Taylor λ-calculus; we motivated its syntax as a variant of
differential λ-calculus where we can easily express polynomials and every operator in the calculus
is multi-linear; we generalized many properties of the binomial coefficient for natural numbers to
multisets; we proved a number of properties of Taylor λ-calculus, like the Generalized Leibnitz
Rule and strong normalization; we showed formally that Taylor λ-calculus is a subset of differen-
tial λ-calculus; and we used that fact to prove the Taylor λ-calculus satisfies the Church-Rosser
property. In this chapter, we will introduce yet another formulation of a purely syntactic way to
treat differentiation of analytic functions called differential categories, and we will show that a
double-categorical model of asynchronous processes called the free cornering has a canonical differ-
ential categorical structure in it. In the first section, we will define various important categorical
strictures, like linear categories, differential categories, and most important resource categories,
which will be the main category of interest in this chapter. In the second section, we will define the
free cornering with choice and iteration of a resource category, generalizing the definition of a free
cornering with choice and iteration of a distributive category proposed by Chad Nester and Niels
Voorneveld (see [16]). In the final section, we will construct the canonical differential structure in
the free cornering.

4.1 Introducing Linear Categories, Differential Categories, and
Resource Categories

In this chapter, we are interested in exploring a model of asynchronous processes. But before we
can talk about asynchronous processes, we need to define the resources that we manipulate in some
asynchronous processes. In Chad Nester’s seminal work on modeling asynchronous processes via
his framework of free cornering (see [15]), he proposed that a resource theory should just be a
symmetric monoidal category, where objects are resources, morphisms are processes transforming
one resource into another, and tensoring is possessing two objects or running two processes simul-
taneously. However, when Chad Nester and Niels Voorneveld wanted to expand the definition of
free cornering to express control statements (i.e., choice) and loops (i.e., iteration), they found it
necessary to define a resource theory to be a distributive category, where the co-product of two
resources expresses having either of the resources but not necessarily both. This variation in the
definition of the resource theory is small, but without it the ability to express choice and iteration
would not be possible. Unfortunately, this definition of a resource theory lacks the ability to ex-

115
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press an infinite amount of resources, which is very important when it comes to proving properties
about iteration. To remedy this, we will define a resource theory to be a resource category, which
is a minor variant of a differential category, which itself is a variant of a linear category, which
is a categorical model of linear logic. Naturally, instead of defining a resource category with its
over a dozen natural transformation and numerous coherence conditions directly, we are going to
introduce it in pieces, defining multiple important categories along the way.

The motivation of these categorical concepts come from linear logic. Linear logic is similar,
in a very informal sense, to classical logic. Importantly just like classical logic, linear logic has
an idempotent negation (p´qK). But, unlike classical logic, in linear logic we drop the structure
rules of weakening, contraction, and, sometimes, exchange. The issue is that once we do this there
becomes two distinct ways to express the notion of the binary connective “and” (^), which are
“times” (b) and “with” (&); two distinct ways to express the notion of the binary connective “or”
(_), which are “parr” (`) and “plus” (‘); two distinct ways to express the notion of the constant
“true” (J), which are “one” (1) and “top” (J); and two distinct ways to express the notion of
the constant “false” (K), which are “bottom” (K) and “zero” (0). Since we don’t have contraction
and weakening, propositions in linear logic act like resources, which makes linear logic the perfect
setting for describing a resource theory. The resource theoretic interpretation of linear logic is
described in [11]. However, sometimes it is useful to talk about resources where we can perform
contraction and weakening, which can be interpreted as an infinite spout or an infinite pool of a
particular resource. For this reason, in linear logic, we also have the unary connectives “bang” (!)
and “whimper” (?). Propositions under “bang” and “whimper” have some notion of weakening
and contraction. In the resource theoretic interpretation of linear logic !A acts like an infinite spout
of the resource A and ?A acts like an infinite pool of the resource A. With such a large amount
of connectives and constants in linear logic, it is useful to split the connectives and constants into
three groups:

(i) b, `, 1, and K form the multiplicative fragment of linear logic;

(ii) &, ‘, J, and 0 form the additive fragment of linear logic; and

(iii) ! and ? form the exponential fragment of linear logic.

Each category we are about to introduce provides a semantics of the logic we get when reducing
linear logic to some subset of its connectives and constants.

We start by introducing a linearly distributive category, which is the categorical semantics
of the multiplicative fragment of linear logic without negation or exchange. A full treatment of
non-symmetric linearly distributive categories can be found in [17].

Definition 4.1.1. Linearly Distributive Category

A linearly distributive category C is a category that has

(i) functors b : C2 Ñ C and ` : C2 Ñ C called times and par, respectively;

(ii) distinguish objects 1 and K called one and bottom, respectively;

(iii) natural isomorphisms λb
A : 1 b A Ñ A and λÀ : K `A Ñ A called the left times unitor

and par left unitor, respectively;

(iv) natural isomorphisms ρb
A : Ab1 Ñ A and ρÀ : A`K Ñ A called the right times unitor

and par right unitor, respectively;
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♣

(v) natural isomorphisms αb
A,B,C : Ab pB bCq Ñ pAbBq bC and αÀ,B,C : A` pB`Cq Ñ

pAbBq`C called the times right associator and par right associator, respectively; and

(vi) natural transformations BL
A,B,C : AbpB`Cq Ñ pAbBq`C and BR

A,B,C : pB`CqbA Ñ

B ` pC b Aq called the left distributor and right distributor, respectively,

such that pC,b, λb, ρb, αb,1q and pC,`, λ`, ρ`, α`,Kq are monoidal categories subject to a
handful of coherence conditions, which are detailed in [17].

We can categorically express the exchange rule by introducing symmetric braiding natural
transformations to the “times” and “par” monoidal structures. This results in a symmetric linearly
distributive category. A full treatment of a symmetric linearly distributive categories can be found
in [3].

Definition 4.1.2. Symmetric Linearly Distributive Category

♣

A symmetric linearly distributive category C is a linearly distributive category that has

(i) natural isomorphisms σb
A,B : A b B Ñ B b Z and σÀ,B : A ` B Ñ B ` A called times

symmetric braiding and par symmetric braiding, respectively,

such that pC,b, λb, ρb, αb, σb,1q and pC,`, λ`, ρ`, α`, σ`,Kq are symmetric monoidal cat-
egories and

BR
A,B,C “ σC̀bA,B ˝ pσb

A,C ` 1Bq ˝ BL
A,C,B ˝ p1A b σB̀,Cq ˝ σb

B`C,A. (4.1.1)

To add negation, we need to define the linear dual of an object in a linearly distributive category.

Definition 4.1.3. Linear Dual

♣

Let C be a linearly distributive category and let X,Y be objects in C. Then, Y is a left linear
dual to X (or X is a right linear dual Y ), which is written as pηX,Y , ϵX,Y q : X $ Y , if there
exists morphisms ηX,Y : 1 Ñ Y `X and ϵX,Y : X b Y Ñ K in C such that

Y 1 b Y pY `Xq b Y X X b 1 X b pY `Xq

Y Y ` K Y ` pX b Y q X K `X pA b Bq `X.

pλb
Y q´1 ηX,Y b1Y

BR
Y,X,Y

pρb
Xq´1 1XbηX,Y

BL
X,Y,X

ρỲ
1Y `ϵX,Y λX̀

ϵX,Y `1X

(4.1.2)

Lemma 4.1.4. Symmetry and Duality

♡

Let C be a linearly distributive category.

(i) If pη, ϵq : X $ Y and pη1, ϵ1q : X $ Z, then Y – Z.

(ii) When C is also symmetric, pη, ϵq : X $ Y if and only if pσỲ,X ˝ η, ϵ ˝ σb
Y,Xq : Y $ X.

Proof. See Lemma 2.10 in [5]. ❏

When every object in a (symmetric) linearly distributive category has a left linear dual, then
the (symmetric) linearly distributive category is a (symmetric) ˚-autonomous category, which is a
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categorical semantics of the multiplicative fragment of linear logic with negation (and exchange).
A good description of ˚-autonomous categories can be found in [5].

Definition 4.1.5. ˚-Autonomous Category

♣

A (symmetric) ˚-autonomous category C is a (symmetric) linearly distributive category such
that for every object X in C, there exists an object XK in C and morphisms ηX : 1 Ñ XK`X
and ϵX : X bXK Ñ K in C such that pηX , ϵXq : X $ XK. When C is symmetric, define η1

X –

σ
X̀K,X

˝ηX and ϵ1
X – ϵX ˝σX̀,X for each object X in C. By Lemma 4.1.4, pη1

X , ϵ1
Xq : XK $ X.

There are many interesting example of ˚-autonomous categories, like the category of finite-
ness spaces, the category of coherence spaces, and even an abelian group realized as a symmetric
monoidal category. Nevertheless, the most important ˚-autonomous category for this thesis is the
compact closed category, which is just a ˚-autonomous category whose “times” and “parr” monoidal
structures coincide.

Theorem 4.1.6. A Compact Closed Category is a *-Autonomous Category

♡

If pC,b, λ, ρ, α, σ, I, η, ϵq is a compact closed category, then

pC,b, λ, ρ, α, σ, I,b, λ, ρ, α, σ, I, α, α´1, η, ϵq (4.1.3)

is a ˚-autonomous category.

Proof. Trivial. ❏

We, now, generalize the notion of a transpose functor from the setting of a compact closed
category (see Definition 3.9 in [12]) to the setting of a ˚-autonomous category in the obvious way.
Note that when our ˚-autonomous category is the compact closed category of natural numbers and
matrices, the transpose functor on a matrix is the transpose of the matrix.

Definition 4.1.7. The Transpose Functor

♣

Let C be a ˚-autonomous category. Define p´qK : C Ñ C as follows:

(i) given an object X in C, pXqK “ XK; and

(ii) given a morphism f : X Ñ Y in C,

Y K pfqK

ÝÝÝÑ XK “ Y K
pλb

Y K
q´1

ÝÝÝÝÝÑ 1 b Y K
ηXb1

Y K

ÝÝÝÝÝÑ pXK `Xq b Y K

p1
XK`fqb1

Y K

ÝÝÝÝÝÝÝÝÝÑ pXK ` Y q b Y K
BR
XK,Y,X

ÝÝÝÝÝÑ XK ` pY b Y Kq

1
XK`ϵY

ÝÝÝÝÝÑ XK ` K
ρ
XK

ÝÝÝÑ XK.

(4.1.4)

Then, p´qK is a contravariant functor called the transpose functor.

Now, we introduce the linear category (see definition 1.4 in [18]), which is a categorical seman-
tics for the multiplicative and additive fragment of linear logic with negation and exchange. A
description of linear categories can be found in [18].
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Definition 4.1.8. Linear Category

♣

A linear category C is a symmetric ˚-autonomous category that has

(i) functors &: C2 Ñ C and ‘ : C2 Ñ C, called with and plus, respectively;

(ii) a terminal object J, called top;

(iii) an initial object 0, called zero;

(iv) natural iso. B&
A,B,C : pA & Bq ` C Ñ pA ` Cq & pB ` Cq and B

‘
A,B,C : pA ‘ Bq b C Ñ

pAbCq‘pBbCq, called the with right distributor and plus right distributor, respectively;

(v) natural trans. σ0,A,B : A&B Ñ A and σ1,A,B : A&B Ñ A, called the bottom projections;

(vi) natural trans. σ

0,A,B : A Ñ A ‘ B and σ

1,A,B : B Ñ A ‘ B, called the top projections

s.t. pC,b, λb, ρb, αb, σb,1,‘, π0, π0, B‘,0q and pC,`, λ`, ρ`, α`, σ`,1,&, π0, π0, B&,Jq are
symmetric distributive categories and

pp´q & p´qq – pp´qK ‘ p´qKqK, J – 0K, B&
p´q,p´q,p´q – pB

‘

p´qK,p´qK,p´qKqK,

π0
p´q,p´q – p

π0
p´qK,p´qKqK, π1

p´q,p´q – p

π1
p´qK,p´qKqK.

To express “bang,” we define a coalgebra modality (see Definition 2.1 in [2]).

Definition 4.1.9. Coalgebra Modality

♣

Let C be a symmetric monoidal category. Then, the quintuple p!, δ, µ,∆, eq, where ! : C Ñ C
is an endofunctor and δ : A Ñ !!A, µ : !A Ñ A, ∆A : !A Ñ !A b !A, eA : !A Ñ I are natural
transformations, is called a coalgebra modality on C when p!, δ, νq is a comonad, p!A,∆A, eAq

is a cocommutative comonoid for all objects A in C and δ is a comonoid homomorphism. We
refer to ! as bang, δ as digging, ∆ as contraction, and e as weakening.

A linear category with a coalgebra modality has all the connectives an constants of linear logic
(with whimper induced by duality). At this point, none of the categorical constructs we have
defined are unique to differential categories. Let us change that. We, now, introduce a bialgebra
modality (see Definition 3.2 in [2]), a co-dereliction (see Definition 5.1 in [2]), and a differential
category (see Theorem 5.5 in [2]).

Definition 4.1.10. Bialgebra Modality

♣

Let C be an additive symmetric monoidal category. Then, the septuple p!, δ, µ,∆, e,∇, uq,
where p!, δ, µ,∆, eq is a coalgebra modality and ∇A : !A b !A Ñ !A and uA : I Ñ !X are
natural transformations, is called a bialgebra modality on C when p!A,∇A, uA,∆A, eAq is a
bialgebra and the following diagram commutes

!A b !X !A

A

∇A

ρA˝pµAbeAq`λA˝peAbµAq

µA (4.1.5)

for all objects A in C. We refer to ∇ as co-contraction and u as co-weakening.
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Definition 4.1.11. Co-Dereliction

♣

Let C be an additive symmetric monoidal category and let p!, δ, µ,∆, e,∇, uq be a bialgebra
modality on C. Then, the natural transformation νA : A Ñ !A is a co-dereliction when the
four diagrams commute:

(i) Constant rule:

A !A

I

νA

0
eA (4.1.6)

(ii) Leibniz Rule (or Product Rule):

A !A

!A b !A

νA

ρA˝pνAbuAq`λA˝puAbνAq
∆A (4.1.7)

(iii) Linear Rule:

A !A

A

νA

µA (4.1.8)

(iv) Chain Rule:

!A b A p!A b !Aq b !A !A b p!A b !Aq !A b !A

!A b !A !!A b !!A

!A !!A

∆AbνA

1AbνA

α´1
!A,!A,!A 1Ab∇A

δAbν!A

∇A ∇!A

δA

(4.1.9)

Definition 4.1.12. Differential Category

A differential category C is an additive ˚-autonomous category with a bialgebra modal-
ity p!, δ, µ,∆, e,∇, uq and a co-dereliction ν on the additive symmetric monoidal category
pC,b, λb, ρb, αb, σb,1q. We define

(i) an endofunctor ? : C Ñ C, called whimper, by ?p´q “ p!p´qKqK,

(ii) a natural trans.

δ

A : ??A Ñ A, called rotated digging, by

δ

p´q – p

δ

p´qKqK,

(iii) a natural trans. µ

A : A Ñ ?A, called rotated dereliction, by µ

p´q – pµp´qKqK,

(iv) a natural trans. ∇1
A : ?A` ?A Ñ ?A, called rotated contraction, by ∇1

p´q
– p∆p´qKqK,

(v) a natural trans. e

A : K Ñ ?A, called rotated weakening, by e

p´q – pep´qKqK,
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♣

(vi) a natural trans. ∆1
A : ?A Ñ ?A`?A, called rotated co-contraction, by ∆1

p´q
– p∇!

p´qKqK,

(vii) a natural trans. u

A : ?A Ñ K, called rotated co-weakening, by u

p´q – pup´qKqK, and

(viii) a natural trans. ν

A : ?A Ñ A, called rotated co-dereliction, by ν

– pνp´qKqK.

The most interesting morphisms in a differential category are those formed only by the structure
morphisms. Such morphisms are called differential interaction nets.

Definition 4.1.13. Differential Interaction Net

♣

Let C be a differential category. A differential interaction net is any morphism in C built only
from 1,b, λb, ρb, αb, σb,1,`, λ`, ρ`, α`, σ`,K, BL, BR, η, ϵ, δ, µ,∆, e,∇, u,

δ

, µ,∇1, e,∆1, u.

This thesis will not elaborate on the way in which differential interaction nets provide a syn-
thetic formulation of differentiation of analytic model. The interested reader can read [7] to see
this. However, we will mention two important facts about differential interaction nets. First, co-
dereliction acts as a kind-of generalized derivative. Second, there exists a map p´q‚

C, as defined in
Section 6.3 in [7], from Taylor λ-terms to differential interaction nets in a differential category C
such that the following property holds.

Theorem 4.1.14. Equivalence of Differential Categories and Taylor λ-Calculus

♡

Given complex Taylor poly-terms τ, τ 1 P RxΛ!
t,Vy such that τ Ñβ τ 1, pτq‚

C “ pτ 1q‚
C in any

differential category C.

Proof. This is mentioned in the last sentence of Section 6.3 in [7]. ❏

For this thesis, we will spend a lot of time dealing with a differential interaction net called the
co-deriving transform, which is the morphism formed by first performing a contraction and then
performing a dereliction.

Definition 4.1.15. Co-deriving Transform

♣

Given a differential category C, define the natural transformations d˝
A : !A Ñ !A b A and

d1˝
A : !A Ñ A b !A by d˝

A “ p1!A b µAq ˝ ∆A and d1˝
A “ pµA b 1!Aq ˝ ∆A. We refer to d˝ as

the left co-deriving transform and d1˝ as the right co-deriving transform. Similarly, define
the natural transformations

d1˝
A : A ` ?A Ñ ?A and

d˝
A : ?A ` A Ñ ?A by

d1˝
A “ pd˝

AKqK and

d˝
A “ pd1˝

AKqK. We refer to

d1˝ as the left rotated co-deriving transform and

d

as the right
rotated co-deriving transform.

We are now ready to define a resource category. A resource category is just a differential
category subject to essentially one new idea: If !A is an infinite spout of a resource A then, in
essence, !A should be equivalent to either doing nothing or pulling one instance of A out of the
spout !A. That is,

!A “ I & p!A b Aq “ I & pA b !Aq (4.1.10)

for all objects (i.e., resources A) in the resource category. This idea is motivated by the description
of the message corresponding to iteration discussed after Definition 12 in [16]. Note that for
simplicity we will assume that the “times” and “par” monoidal structures in the resource theory
are the same.
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Definition 4.1.16. Resource Category

♣

A resource category C is a differential and linear category whose ‹-autonomous structure
is given by a strict compact closed category (as described in Theorem 4.1.6) such that the
following holds for all objects A in C:

!A “ I & p!A b Aq, eA “ σ0,I,!AbA, d˝
A “ σ1,I,!AbA, (4.1.11a)

!A “ I & pA b !Aq, eA “ σ0,I,Ab!A, d1˝
A “ σ1,I,Ab!A. (4.1.11b)

The coherence conditions for “bang” specified by 4.1.11a and 4.1.11b induce similar coherence
conditions for “whimper.”

Lemma 4.1.17

♡

Let C be a resource category. Given an object A in C,

?A “ I ‘ pA b ?Aq, e

A “

σ

0,I,Ab?A,

d1˝
A “

σ

1,I,Ab?A, (4.1.12a)

?A “ I ‘ p?A b Aq, e

A “ σ0,I,?AbA,

d˝
A “ σ1,I,?AbA. (4.1.12b)

Proof. By (4.1.11a) on AK,

!pAKq “ I & p!pAKq b AKq eAK “ σ0,I,!pAKqbAK d˝
AK “ σ1,I,!pAKqbAK

p!pAKqqK “ pI & p!pAKq b AKqqK peAKqK “ pσ0,I,!pAKqbAKqK pd˝
AKqK “ pσ1,I,!pAKqbAKqK

?A “ IK ‘ p!pAKq b AKqqK e

A “

σ

0,IK,p!pAKqbAKqK

d1˝
A “

σ

1,IK,p!pAKqbAKqK

?A “ I ‘ AKK b p!pAKqqK e
A “

σ
0,IK,AKKbp!pAKqqK

d1˝
A “

σ
1,IK,AKKbp!pAKqqK

?A “ I ‘ pA b ?Aq

e

A “

σ

0,I,Ab?A

d1˝
A “

σ

1,I,Ab?A,

and By (4.1.11b) on AK,

!pAKq “ I & pAK b !pAKqq eAK “ σ0,I,AKb!pAKq d1˝
AK “ σ1,I,AKb!pAKq

p!pAKqqK “ pI & pAK b !pAKqqqK peAKqK “ pσ0,I,AKb!pAKqq
K pd1˝

AKqK “ pσ1,I,AKb!pAKqq
K

?A “ IK ‘ pAK b !pAKqqqK e

A “

σ

0,IK,pAKb!pAKqqK

d˝
A “

σ

1,IK,pAKb!pAKqqK

?A “ I ‘ p!pAKqqK b AKK e

A “

σ

0,IK,p!pAKqqKbAKK

d˝
A “

σ

1,IK,p!pAKqqKbAKK

?A “ I ‘ p?A b Aq

e

A “

σ

0,I,?AbA

d˝
A “

σ

1,I,?AbA,

This completes the proof. ❏

We define a resource theory to be a resource category. With a good definition of a resource
theory, we are ready to turn to defining a model for asynchronous processes which manipulate the
resources in a resource theory, which is what we will do in the next section.

4.2 Adding a Compact Closed Structure on the Category of Re-
source Transducers

Before we can define a model for asynchronous processes, we first need to recognize that in order
define an asynchronous processes, we need to have some notion of messages that communicate the
state of some resources. In [16], the messages corresponding to a resource theory C is defined in
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Definition 12 and is called the C-valued exchanges CŻđ
˚ . The intuition behind the C-valued exchanges

CŻđ
˚ is that the message AŻ tells the system to send the resource A to the left, the message Ađ tells

the system to send the resource A to the right, the message U b V is the concatenation of the
messages U and V , U ` V is the message that could either send message U or message V from the
left, U ˆV is the message that could either send message U or message V from the right, U` is the
iteration of the message U from the left, and Uˆ is the iteration of the message U from the right.

Definition 4.2.1. C-Valued Exchanges

♣

Let C be a resource category. The C-valued exchange CŻđ
˚ with choice and iteration is the set

with elements generated by:

A P Ob pCq

AŻ P CŻđ
˚

A P Ob pCq

Ađ P CŻđ
˚ I P CŻđ

˚

U P CŻđ
˚ V P CŻđ

˚

U b V P CŻđ
˚

U P CŻđ
˚ V P CŻđ

˚

U ` V P CŻđ
˚

U P CŻđ
˚ V P CŻđ

˚

U ˆ V P CŻđ
˚

U P CŻđ
˚

U` P CŻđ
˚

U P CŻđ
˚

Uˆ P CŻđ
˚

subject to the following equations:

I b U “ U U b I “ U pU b W q b V “ U b pW b V q U` “ I ` pU b U`q

Uˆ “ I ˆ pU b Uˆq

As we mentioned above, every message should communicates the state of some resources. In
Definition 4.2.2, we make this precise by defining the forward-time underlying resource correspond-
ing to a message. Note that, following Chad Nester’s interpretation in [14], we are going to interpret
sending information to the left as moving forward in time, sending information to the right as mov-
ing back in time, and if A represents having a resource, AK represents borrowing a resource A we
do not yet possess.

Definition 4.2.2. The Forward-Time Underlying Resource

♣

Let C be a resource theory. The function Ąp´q : CŻđ
˚ Ñ Ob pCq from the C-valued exchanges

CŻđ
˚ to the objects of C is defined inductively as follows:

rI “ I, (4.2.1a)

ĂAŻ “ A, (4.2.1b)

ĂAđ “ AK, (4.2.1c)

ČU b V “ rV b rU, (4.2.1d)

ČU ` V “ rU ‘ rV , (4.2.1e)

ČU ˆ V “ rU & rV , (4.2.1f)

ĂU` “ ?rU, (4.2.1g)

ĂUˆ “ !rU, (4.2.1h)

where A P Ob pCq is an object in C and U, V P CŻđ
˚ are C-valued exchanges. Given a C-valued

exchange U P CŻđ
˚ , we call rU the forward-time underlying resource of U .
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Now, we define the free cornering with choice and iteration of a resource theory C. The free
cornering will be a single-object double category whose horizontal monoid will be resources, its
vertical monoid will be messages and a cell represents a processes that transforms a resource on the
cell’s top edge using the information provided by the messages on the cell’s side edges to output
the resource on the cell’s bottom edge.

Definition 4.2.3. The Free Cornering With Choice and Iteration

The free cornering
x

z
C

y

{
with choice and iteration of a resource category C is an additive single-

object double category, where the horizontal morphisms are Ob pCq, the vertical morphisms
are CŻđ

˚ , and the 2-morphisms (or cells) are defined in the following.

(i) For each morphism f : A Ñ B in C, there exists the inclusion cell
x

z
f

y

{
P

x

z
C

y

{
pI

A
B Iq. These

inclusion cells are subject to the equations:

x

z
g ˝ f

y

{
“

x

z
f

y

{

x

z
g
y

{

,
x

z
1A

y

{
“ 1A,

x

z
f b g

y

{
“

x

z
f

y

{
|
x

z
g
y

{
,

x

z
f ` g

y

{
“

x

z
f

y

{
`

x

z
g
y

{
,

x

z
0
y

{
“ 0, (4.2.2)

where f, g are morphisms in C and A is an object in C.

(ii) For each object A in C, there exist the four cells getAL :
x

z
C

y

{
pA

I
AŻ Iq, putAR :

x

z
C

y

{
pI

A
I AŻq,

getAR :
x

z
C

y

{
pI

I
AAđq, and putAL :

x

z
C

y

{
pAđ A

I Iq, which are called corner cells and are subject to
the equations:

getAL
putAR

“ idAŻ , putAR | getAL “ 1A “ putAL | getAR,
getAR
putAL

“ idAđ , (4.2.3)

which are called the yanking equations.

(iii) For each pair of C-valued exchanges U, V P CŻđ
˚ , there exist the cells π

0,U,V :
x

z
C

y

{
pU

I
I U`V q

and π

1,U,V :
x

z
C

y

{
pV

I
I U`V q, which are called injection cells. Moreover, for each pair of cells

α :
x

z
C

y

{
pU

A
BWq and β :

x

z
C

y

{
pU

A
BWq, there exists a unique cell α ‘ β :

x

z
C

y

{
pU`V

A
V Wq, called the

left choice cell, such that

π

0,V,U |α ‘ β “ α and π

1,V,U |α ‘ β “ β. (4.2.4)

(iv) For each pair of C-valued exchanges U, V P CŻđ
˚ , there exist the cells π0,U,V :

x

z
C

y

{
pUˆV

I
I Uq

and π1,U,V :
x

z
C

y

{
pUˆV

I
I V q, which are called projection cells. Moreover, for each pair of

cells α :
x

z
C

y

{
pW

A
BUq and β :

x

z
C

y

{
pW

A
BV q, there exists a unique cell αbβ :

x

z
C

y

{
pW

A
V UˆV q, called

the right choice cell, such that

α b β|π0,V,U “ α and α b β|π1,V,U “ β. (4.2.5)

(v) For each pair of cells α :
x

z
C

y

{
pU

A
C V q and β :

x

z
C

y

{
pU

B
C V q, there exists a unique cell

rα, βs :
x

z
C

y

{
pU

A‘B
C V q, called the top choice cell, such that

x

z

σ

0,A,B
y

{

rα, βs
“ α and

x

z

σ

1,A,B
y

{

rα, βs
“ β. (4.2.6)
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(vi) For each pair of cells α :
x

z
C

y

{
pU

C
AV q and β :

x

z
C

y

{
pU

C
BV q, there exists a unique cell

xα, βy :
x

z
C

y

{
pU

C
A&BV q, called the bottom choice cell, such that

xα, βy

x

z
σ0,A,B

y

{

“ α and
xα, βy

x

z
σ1,A,B

y

{

“ β. (4.2.7)

(vii) For each quadruple of cells α :
x

z
C

y

{
pU

A
AV q, θ :

x

z
C

y

{
pW

A
BXq, ι :

x

z
C

y

{
pV bX

I
CXq, and κ :

x

z
C

y

{
pI

BbC
B Iq,

there exists a unique cell α`
θ,ι,κ :

x

z
C

y

{
pU`bW

A
BXq, called the left iteration cell, such that

π

0,U

idW
|α`

θ,ι,κ “ θ and

π

1,U

idW
|α`

θ,ι,κ “

α
α`
θ,ι,κ

|ι

κ
, (4.2.8)

where π

0,U :
x

z
C

y

{
pI

I
I U

`q is defined by π

0,U –

π

0,I,UbU` and is called the left stop cell and

π

1,U :
x

z
C

y

{
pUbU` I

I U
`q is defined by π

1,U –

π

1,I,UbU` and is called the left step cell.

(viii) For each quadruple of cells α :
x

z
C

y

{
pV

A
AUq, θ :

x

z
C

y

{
pX

A
BWq, ι :

x

z
C

y

{
pX

I
C V bXq, and κ :

x

z
C

y

{
pI

CbB
B Iq,

there exists a unique cell αˆ
θ,ι,κ :

x

z
C

y

{
pX

A
BUˆbWq, called the right iteration cell, such that

αˆ
θ,ι,κ|

π0,U
idW

“ θ and αˆ
θ,ι,κ|

π1,U
idW

“

ι| α
αˆ
θ,ι,κ

κ
, (4.2.9)

where π0,U :
x

z
C

y

{
pUˆ I

I Iq is defined by π0,U – π0,I,UbUˆ and is called the right stop cell

and π1,U :
x

z
C

y

{
pUˆ I

I UbUˆq is defined by π1,U – π1,I,UbUˆ and is called the right step cell.

(ix) For each quadruple of cells α :
x

z
C

y

{
pU

A
BUq, θ :

x

z
C

y

{
pV

B
C Uq, ι :

x

z
C

y

{
pW

CbB
C Iq, and κ :

x

z
C

y

{
pV

I
I V bWq,

there exists a unique cell α?
θ,ι,κ :

x

z
C

y

{
pV

Bb?A
C Uq, called the top iteration cell, such that

1B|
x

z

e

Ã
y

{

α?
θ,ι,κ

“ θ and
1B|

x

z

d

Ã
y

{

α?
θ,ι,κ

“ κ|
α?
θ,ι,κ|α

ι
. (4.2.10)

(x) For each quadruple of cells α :
x

z
C

y

{
pU

A
BUq, θ :

x

z
C

y

{
pU

B
C V q, ι :

x

z
C

y

{
pI

BbC
C Wq, and κ :

x

z
C

y

{
pV bW

I
I V q,

there exists a unique cell α1?
θ,ι,κ :

x

z
C

y

{
pU

?AbB
C V q, called the reversed top iteration cell, such

that
x

z

e

Ã
y

{
|1B

α1?
θ,ι,κ

“ θ and

x

z

d1
Ã

y

{
|1B

α1?
θ,ι,κ

“
α|α1?

θ,ι,κ

ι
|κ. (4.2.11)

(xi) For each quadruple of cells α :
x

z
C

y

{
pU

B
AUq, θ :

x

z
C

y

{
pV

C
BUq, ι :

x

z
C

y

{
pW

C
CbB Iq, and κ :

x

z
C

y

{
pV

I
I WbV q,

there exists a unique cell α!
θ,ι,κ :

x

z
C

y

{
pV

C
Bb!AUq, called the bottom iteration cell, such that

α!
θ,ι,κ

1B|
x

z
eÃ

y

{

“ θ and
α!
θ,ι,κ

1B|
x

z
d˝

Ã

y

{

“ κ|
ι

α!
θ,ι,κ|α

. (4.2.12)
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♣

(xii) For each quadruple of cells α :
x

z
C

y

{
pU

B
AUq, θ :

x

z
C

y

{
pU

C
BV q, ι :

x

z
C

y

{
pI

C
BbCWq, and κ :

x

z
C

y

{
pWbV

I
I V q,

there exists a unique cell α1!
θ,ι,κ :

x

z
C

y

{
pU

C
!AbBV q, called the reversed bottom iteration cell,

such that
α1!
θ,ι,κ

x

z
eÃ

y

{
|1B

“ θ and
α1!
θ,ι,κ

x

z
d1˝

Ã

y

{
|1B

“
ι

α|α1!
θ,ι,κ

|κ. (4.2.13)

Definition 4.2.4. The Category of Resource Transducers

♣

Given a resource category C, the monoidal category H
x

z
C

y

{
formed by the horizontal cells of

x

z
C

y

{

is called the category of resource transducers.

Recall, again, that there is a correspondence between messages and underlying resources, so
ideally, we should have cells in our free cornering that allow us to convert readily between a message
and it underlying. These cells are called the generalized corners.

Definition 4.2.5. The Generalized Corners

Let C be a resource theory. We define getUL :
x

z
C

y

{
pU

I
Ũ Iq, putUR :

x

z
C

y

{
pI

Ũ
I Uq, getUR :

x

z
C

y

{
pI

I
ŨK Uq, and

putUL :
x

z
C

y

{
pU

ŨK

I Iq inductively. Let A P ObC be an object in C and let U, V P CŻđ
˚ be C-valued

exchanges.

(i) We have the following base cases:

getIL “ 1I , getA
Ż

L “ getAL , getA
đ

L “

x

z
η1
A

y

{

putAL |1AK

, (4.2.14a)

putIR “ 1I , putA
Ż

R “ putAR, putA
đ

R “
1AK | getAR

x

z
ϵ1
A

y

{

, (4.2.14b)

getIR “ 1I , getA
Ż

R “

x

z
ηA

y

{

1AK |putAR
, getA

đ

R “ getAR, (4.2.14c)

putIL “ 1I , putA
Ż

L “
getAL |1AK

x

z
ϵA

y

{

, putA
đ

L “ putAL . (4.2.14d)

(ii) getUbV
L :

x

z
C

y

{
pUbV

I
Ṽ bŨ Iq is defined by

getUbV
L “

getUL
getVL |1Ũ

. (4.2.15)

(iii) putUbV
R :

x

z
C

y

{
pI

Ṽ bŨ
I UbV q is defined by

putUbV
R “

1Ṽ |putUR
putVR

. (4.2.16)

(iv) getUbV
R :

x

z
C

y

{
pI

I
ŨKbṼ K UbV q is defined by

getUbV
R “

getUR
1ŨK | getVR

. (4.2.17)
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(v) putUbV
L :

x

z
C

y

{
pUbV

ŨKbṼ K

I Iq is defined by

putUbV
L “

putUL |1Ṽ K

putVL
. (4.2.18)

(vi) getU`V
L :

x

z
C

y

{
pU`V

I
Ũ‘Ṽ Iq is the unique left choice cell such that

π

0,U,V | getU`V
L “

getUL
x

z

σ

0,Ũ ,Ṽ
y

{

and π

1,U,V | getU`V
L “

getVL
x

z

σ

1,Ũ ,Ṽ
y

{

. (4.2.19)

(vii) putU`V
R :

x

z
C

y

{
pI

Ũ‘Ṽ
I U`V q is the unique top choice cell such that

x

z

σ

0,Ũ ,Ṽ
y

{

putU`V
R

“ putUR |

π

0,U,V and

x

z

σ

1,Ũ ,Ṽ
y

{

putU`V
R

“ putVR |

π

1,U,V . (4.2.20)

(viii) getU`V
R :

x

z
C

y

{
pI

I
ŨK&Ṽ K U`V q is the unique bottom choice cell such that

getU`V
R

x

z
σ0,ŨK,Ṽ K

y

{

“ getUR |

π

0,U,V and
getU`V

R
x

z
σ1,ŨK,Ṽ K

y

{

“ getVR |

π

1,U,V . (4.2.21)

(ix) putU`V
L :

x

z
C

y

{
pU`V

ŨK&Ṽ K

I Iq is the unique left choice cell such that

π

0,U,V |putU`V
L “

x

z
σ0,ŨK,Ṽ K

y

{

putUL
and π

1,U,V | putU`V
L “

x

z
σ1,ŨK,Ṽ K

y

{

putVL
. (4.2.22)

(x) getUˆV
L :

x

z
C

y

{
pUˆV

I
Ũ&Ṽ Iq is the unique bottom choice cell such that

getUˆV
L

x

z
σ0,Ũ ,Ṽ

y

{

“ π0,U,V | getUL and
getUˆV

L
x

z
σ1,Ũ ,Ṽ

y

{

“ π1,U,V | getVL . (4.2.23)

(xi) putUˆV
R :

x

z
C

y

{
pI

Ũ&Ṽ
I UˆV q is the unique right choice cell such that

putUˆV
R |π0,U,V “

x

z
σ0,Ũ ,Ṽ

y

{

putUR
and putUˆV

R |π1,U,V “

x

z
σ1,Ũ ,Ṽ

y

{

putVR
. (4.2.24)

(xii) getUˆV
R :

x

z
C

y

{
pI

I
ŨK‘Ṽ K UˆV q is the unique right choice cell such that

getUˆV
R |π0,U,V “

getUR
x

z

σ

0,ŨK,Ṽ K

y

{

and getUˆV
R |π1,U,V “

getVR
x

z

σ

1,ŨK,Ṽ K

y

{

. (4.2.25)
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(xiii) putUˆV
L :

x

z
C

y

{
pUˆV

ŨK‘Ṽ K

I Iq is the unique top choice cell such that

x

z

σ

0,ŨK,Ṽ K

y

{

putUˆV
L

“ π0,U,V |putUL and

x

z

σ

1,ŨK,Ṽ K

y

{

putUˆV
L

“ π1,U,V | putVL . (4.2.26)

(xiv) getU
`

L :
x

z
C

y

{
pU` I

?Ũ Iq is the unique left iteration cell such that

π

0,U | getU
`

L “
x

z

e

Ũ
y

{
and π

1,U | getU
`

L “

idU
getU

`

L

| getUL

x

z

d

Ũ
y

{

. (4.2.27)

(xv) putU
`

R :
x

z
C

y

{
pI

?Ũ
I U`q is the unique top iteration cell such that

x

z

e

Ũ
y

{

putU
`

R

“

π

0,U and

x

z

d

Ũ
y

{

putU
`

R

“ putU
`

R |
putUR
idU`

|

π

1,U . (4.2.28)

(xvi) getU
`

R :
x

z
C

y

{
pI

I
!pŨKq

U`q is the unique reversed bottom iteration cell such that

getU
`

R
x

z
eŨK

y

{

“

π

0,U and
getU

`

R
x

z
d1˝

ŨK

y

{

“
getUR
1ŨK

|
idU

getU
`

R

|

π

1,U . (4.2.29)

(xvii) putU
`

L :
x

z
C

y

{
pU` !pŨKq

I Iq is the unique left iteration cell such that

π

0,U |putU
`

L “
x

z
eŨK

y

{
and π

1,U | getU
`

L “

x

z
d1˝

ŨK

y

{

putUL |1
!pŨKq

putU
`

L

. (4.2.30)

(xviii) getU
ˆ

L :
x

z
C

y

{
pUˆ I

!Ũ Iq is the unique bottom iteration cell such that

getU
ˆ

L
x

z
eŨ

y

{

“ π0,U and
getU

ˆ

L
x

z
d˝

Ũ

y

{

“ π1,U |
idU

getU
ˆ

L

|
getUL
1Ũ

. (4.2.31)

(xix) putU
ˆ

R :
x

z
C

y

{
pI

!Ũ
I Uˆq is the unique right iteration cell such that

putU
ˆ

R |π0,U “
x

z
eŨ

y

{
and putU

ˆ

R |π1,U “

x

z
d˝

Ũ

y

{

1!Ũ |putUR
putU

ˆ

R

. (4.2.32)

(xx) getU
ˆ

R :
x

z
C

y

{
pI

I
?pŨKq

Uˆq is the unique right iteration cell such that

getU
ˆ

R |π0,U “
x

z

e

ŨK

y

{
and getU

ˆ

R |π1,U “

getUR |
idU

getU
ˆ

R

x

z

d1
ŨK

y

{

. (4.2.33)
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♣

(xxi) putU
ˆ

L :
x

z
C

y

{
pUˆ ?pŨKq

I Iq is the unique reversed top iteration cell such that

x

z

e

ŨK

y

{

putU
ˆ

L

“ π0,U and

x

z

d1
ŨK

y

{

putU
ˆ

L

“ π1,U |
putUL
idUˆ

| putU
ˆ

L . (4.2.34)

Note that there is an issue with our inductive definition of the generalized corners: the CŻđ
˚ -

valued exchanges are not freely generated. In particular, we have the fact Uˆ “ I ˆ pU b Uˆq and
U` “ I`pU bU`q for all C-valued exchanges U P CŻđ

˚ . Hence, to show that out inductive definition
of the generalized corners are well-defined, we need to show that the following eight equalities hold.
We will see that the fact that these equalities do hold is an almost immediate consequence of the
coherence conditions of a resource category.

Lemma 4.2.6. The Generalized Corner is Well-Defined.

♡

Let C be a resource theory. Given a C-valued exchange U ,

getU
ˆ

L “ get
IˆpUbUˆq

L , putU
ˆ

R “ put
IˆpUbUˆq

R , getU
ˆ

R “ get
IˆpUbUˆq

R ,

putU
ˆ

L “ put
IˆpUbUˆq

L , getU
`

L “ get
I`pUbU`q

L , putU
`

R “ put
I`pUbU`q

R ,

getU
`

R “ get
I`pUbU`q

R , putU
`

L “ put
I`pUbU`q

L ,

Proof. We prove each once individually by uniqueness of the right or left choice cell.

1. By (4.1.11a), we have that

getU
ˆ

L
x

z
σ0,I,!ŨbŨ

y

{

“
getU

ˆ

L
x

z
eŨ

y

{

“ π0,U “ π0,U |1I “ π0,I,UbUˆ | getIL, (4.2.36)

getU
ˆ

L
x

z
σ1,I,!ŨbŨ

y

{

“
getU

ˆ

L
x

z
d˝

Ũ

y

{

“ π1,U |
idU

getU
ˆ

L

|
getUL
1Ũ

“ π1,U |
getUL

getU
ˆ

L |1Ũ
“ π1,I,UbUˆ | getUbUˆ

L , (4.2.37)

so by the uniqueness of the bottom choice cell and (4.2.23), getU
ˆ

L “ get
IˆpUbUˆq

L .

2. By (4.1.11a), we have that

putU
ˆ

R |π0,I,UbUˆ “ putU
ˆ

R |π0,U “
x

z
eŨ

y

{
“

x

z
eŨ

y

{

1I
“

x

z
σ0,I,!ŨbŨ

y

{

putIR
, (4.2.38)

putU
ˆ

R |π1,I,UbUˆ “ putU
ˆ

R |π1,U “

x

z
d˝

Ũ

y

{

1!Ũ |putUR
putU

ˆ

R

“

x

z
σ1,I,!ŨbŨ

y

{

putUbU`

R

, (4.2.39)

so by the uniqueness of the right choice cell and (4.2.24), putU
ˆ

R “ put
IˆpUbUˆq

R .

3. By (4.1.12a), we have that

getU
ˆ

R |π0,I,UbUˆ “ getU
ˆ

R |π0,U “
x

z

e

ŨK

y

{
“

1I
x

z

e

ŨK

y

{

“
getIR

x

z

σ

0,I,ŨKb?pŨKq

y

{

, (4.2.40)
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getU
ˆ

R |π1,I,UbUˆ “ getU
ˆ

R |π1,U “

getUR |
idU

getU
ˆ

R

x

z

d1
ŨK

y

{

“
getUbUˆ

R
x

z

σ

0,I,ŨKb?pŨKq

y

{

, (4.2.41)

so by the uniqueness of the right choice cell and (4.2.25), getU
ˆ

R “ get
IˆpUbUˆq

R .

4. By (4.1.12a), we have that

x

z

σ

0,I,ŨKb?pŨKq

y

{

putU
ˆ

L

“

x

z

e

ŨK

y

{

putU
ˆ

L

“ π0,U “ π0,U |1I “ π0,I,UbUˆ |putIL, (4.2.42)

x

z

σ

1,I,ŨKb?pŨKq

y

{

putU
ˆ

L

“

x

z

d1
ŨK

y

{

putU
ˆ

L

“ π1,U |
putUL
idUˆ

| putU
ˆ

L “ π1,U |
putUL
idUˆ

|
1?ŨK

putU
ˆ

L

“ π1,U |
putUL |1?ŨK

putVL
“ π1,I,UbUˆ | putUbUˆ

L ,

(4.2.43)

so by the uniqueness of the top choice cell and (4.2.26), putU
ˆ

L “ put
IˆpUbUˆq

L .

5. By (4.1.12b), we have that

π

0,I,UbU` | getU
`

L “

π

0,U | getU
`

L “
x

z

e

Ũ
y

{
“

1I
x

z

e

Ũ
y

{

“
getIL

x

z

σ

0,Ũ ,?ŨbŨ
y

{

, (4.2.44)

π
1,I,UbU` | getU

`

L “
π

1,U | getU
`

L “

idU
getU

`

L

| getUL

x

z

d

Ũ
y

{

“

idU
getU

`

L

|
getUL
1Ũ

x

z

d

Ũ
y

{

“

getUL
getU

`

L |1Ũ
x

z

d

Ũ
y

{

“
getUbU`

L
x

z

σ

1,Ũ ,?ŨbŨ
y

{

,

(4.2.45)

so by the uniqueness of the left choice cell and (4.2.19), getU
`

L “ get
I`pUbU`q

L .

6. By (4.1.12b), we have that

x

z

σ

0,I,?ŨbŨ
y

{

putU
`

R

“

x

z

e

Ũ
y

{

putU
`

R

“

π

0,U “ 1I |

π

0,U “ putIR |

π

0,I,UbU` , (4.2.46)

x

z

σ

1,I,?ŨbŨ
y

{

putU
`

R

“

x

z

d

Ũ
y

{

putU
`

R

“ putU
`

R |
putUR
idU`

|

π

1,U “
1?Ũ

putU
`

R

|
putUR
idU`

|

π

1,U

“
1?Ũ | putUR
putU

`

R

|

π

1,U “ putUbU`

R |

π

1,I,UbU` ,

(4.2.47)

so by the uniqueness of the top choice cell and (4.2.20), putU
`

R “ put
I`pUbU`q

R .

7. By (4.1.11b), we have that

getU
`

R
x

z
σ0,I,ŨKb!pŨKq

y

{

“
getU

`

R
x

z
eŨK

y

{

“

π

0,U “ 1I |

π

0,U “ getIR |

π

0,I,UbU` , (4.2.48)
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getU
`

R
x

z
σ1,I,ŨKb!pŨKq

y

{

“
getU

`

R
x

z
d1˝

ŨK

y

{

“
getUR
1ŨK

|
idU

getU
`

R

|

π

1,U “
getUR

1ŨK | getU
`

R

|

π

1,U

“ getUbU`

R |

π

1,I,UbU` ,

(4.2.49)

so by the uniqueness of the bottom choice cell and (4.2.21), getU
`

R “ get
I`pUbU`q

R .

8. By (4.1.11b), we have that

π

0,I,UbU` | putU
`

L “

π

0,U |putU
`

L “
x

z
eŨK

y

{
“

x

z
eŨK

y

{

1I
“

x

z
σ0,I,ŨKb!pŨKq

y

{

putIL
(4.2.50)

π

1,I,UbU` | putU
`

L “

π

1,U | getU
`

L “

x

z
d1˝

ŨK

y

{

putUL |1
!pŨKq

putU
`

L

“

x

z
σ1,I,ŨKb!pŨKq

y

{

putUbU`

L

(4.2.51)

so by the uniqueness of the left choice cell and (4.2.22), putU
`

L “ put
I`pUbU`q

L .

This completes the proof. ❏

With the definition of the generalized corners at hand, the first property we prove is that
the yanking equations stated in Definition 4.2.3 generalize. The intuition, here, is that getting a
message from the left and then putting the message to the right should be the same as leaving
the message intact, and putting a resource to the right and then getting the resource from the left
should be the same as leaving the resource intact.

Theorem 4.2.7. Generalized Yanking Equations

♡

Let C be a resource theory. Given a C-valued exchange W P CŻđ
˚ ,

getWL
putWR

“ idU , (4.2.52a)

putWR | getWL “ 1Ũ , (4.2.52b)

putWL | getWR “ 1ŨK , (4.2.52c)

getWR
putWL

“ idU . (4.2.52d)

Proof. We prove (4.2.52a) by induction on U .

1. Assume that W “ I. Then,

getWL
putWR

“
getIL
putIR

“
1I
1I

“ 1I “ idI “ idW . (4.2.53)

2. Assume that W “ AŻ, where A P Ob pCq is an object in C. Then,

getWL
putWR

“
getA

Ż

L

putA
Ż

R

“
getAL
putAR

“ idAŻ “ idW , (4.2.54)

where we used (4.2.3) for the last equality.
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3. Assume that W “ Ađ, where A P Ob pCq is an object in C. Then,

getWL
putWR

“
getA

đ

L

putA
đ

R

“

η1
A

putAL |1
AK

1
AK | getAR

ϵ1
A

“

1I |1I
η1
A

|1I

putA
L

|1
AK |1I

1I |1
AK | getAR
1I |ϵ1

A

“

1I
η1
A

putA
L

1I
|
1
AK

1
AK

|

1I
1I
1I

getA
R

1I |ϵ1
A

“

1I
η1
A

putAL |1
AK

|

getAR
1A
1A

1I |ϵ1
A

“

1I | getAR
η1
A|1A

putAL |1
AK |1A

1I |ϵ1
A

“

getAR
η1
A|1A

putA
L

|1
AK |1A

1I |ϵ1
A

1I |1I

“

getAR
η1
A|1A

putA
L

1I
1I

|

1
AK |1A

ϵ1
A
1I

“

getAR
η1
A|1A

1A
putAL

|
ϵ1
A
1I

“

getAR
η1
A|1A

1A|ϵ1
A

putAL |1I

“

getAR
η1
A|1A

1A|ϵ1
A

putAL

“

getAR
x

z
p1Abϵ1

Aq˝pη1
Ab1Aq

y

{

putAL
“

getAR
x

z
1A

y

{

putAL
“

getAR
1A

putAL
“

getAR
putAL

“ idAđ “ idW ,

(4.2.55)

where we used (4.2.3) for the last equality.

4. Assume that W “ U b V , where U, V P CŻđ
˚ are C-valued exchanges. Then,

getWL
putWR

“
getUbV

L

putUbV
R

“

getUL
getVL |1Ũ
1Ṽ |putUR
putVR

“

idU | getUL
getVL |1Ũ
1Ṽ |putUR
putVR |idV

“

idU
getVL
1Ṽ

putVR

|

getUL
1Ũ

putUR
idV

“

idU
1I

getVL
putVR

|

getUL
putUR
1I
idV

“
idU
idV

|
idU
idV

“
idU |idU
idV |idV

“
idU
idV

“ idUbV ,

(4.2.56)

where we used the induction hypothesis on U and V for the sixth equality.

5. Assume that W “ U ` V , where U, V P CŻđ
˚ are C-valued exchanges. Then,

π

0,U,V |
getWL
putWR

“

π

0,U,V

1I
|
getU`V

L

putU`V
R

“

π

0,U,V | getU`V
L

1I |putU`V
R

“

getUL
x

z

σ

0,Ũ,Ṽ
y

{

putU`V
R

“
getUL

putUR |

π

0,U,V

“
getUL |1I

putUR |

π

0,U,V
“

getUL
putUR

|
1I

π

0,U,V
“ idU |

π

0,U,V “

π

0,U,V ,

(4.2.57)

where we used (4.2.19) for the third equality, (4.2.20) for the fourth equality, and the induction
hypothesis on U for the sixth equality, and

π

1,U,V |
getWL
putWR

“

π

1,U,V

1I
|
getU`V

L

putU`V
R

“

π

1,U,V | getU`V
L

1I | putU`V
R

“

getVL
x

z

σ

1,Ũ,Ṽ
y

{

putU`V
R

“
getVL

putVR |

π

1,U,V

“
getVL |1I

putVR |

π

1,U,V
“

getVL
putVR

|
1I

π

1,U,V
“ idV |

π

1,U,V “

π

1,U,V ,

(4.2.58)

where we used (4.2.19) for the third equality, (4.2.20) for the fourth equality, and the induction
hypothesis on V for the sixth equality. Also,

π

0,U,V |idW “

π

0,U,V |idU`V “

π

0,U,V and π

1,U,V |idW “

π

1,U,V |idU`V “

π

1,U,V . (4.2.59)

Hence, by the uniqueness of the left choice cell,

getWL
putWR

“

π

0,U,V ‘

π

1,U,V “ idW . (4.2.60)
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6. Assume that W “ U ˆ V , where U, V P CŻđ
˚ are C-valued exchanges. Then,

getWL
putWR

|π0,U,V “
getUˆV

L

putUˆV
R

|
1I

π0,U,V
“

getUˆV
L |1I

putUˆV
R |π0,U,V

“
getUˆV

L
x

z
σ0,Ũ,Ṽ

y

{

putUR

“
π0,U,V | getUL

putUR

“
π0,U,V | getUL
1I | putUR

“
π0,U,V
1I

|
getUL
putUR

“ π0,U,V |idU “ π0,U,V ,

(4.2.61)

where we used (4.2.24) for the third equality, (4.2.23) for the fourth equality, and the induction
hypothesis on U for the sixth equality, and

getWL
putWR

|π1,U,V “
getUˆV

L

putUˆV
R

|
1I

π1,U,V
“

getUˆV
L |1I

putUˆV
R |π1,U,V

“
getUˆV

L
x

z
σ1,Ũ,Ṽ

y

{

putVR

“
π1,U,V | getVL

putVR

“
π1,U,V | getVL
1I |putVR

“
π1,U,V
1I

|
getVL
putVR

“ π1,U,V |idV “ π1,U,V ,

(4.2.62)

where we used (4.2.24) for the third equality, (4.2.23) for the fourth equality, and the induction
hypothesis on V for the sixth equality. Also,

idW |π0,U,V “ idUˆV |π0,U,V “ π0,U,V and idW |π1,U,V “ idUˆV |π1,U,V “ π1,U,V . (4.2.63)

Hence, by the uniqueness of the left choice cell,

getWL
putWR

“ π0,U,V b π1,U,V “ idW . (4.2.64)

7. Assume that W “ U`, where U P CŻđ
˚ is a C-valued exchange. Then,

π

0,U |
getWL
putWR

“

π

0,U

1I
|
getU

`

L

putU
`

R

“

π

0,U | getU
`

L

1I | putU
`

R

“

x

z

e

Ũ
y

{

putU
`

R

“

π

0,U , (4.2.65)

where we used (4.2.27) for the third equality and (4.2.28) for the fourth equality, and

π

1,U |
getWL
putWR

“

π

1,U

1I
|
getU

`

L

putU
`

R

“

π

1,U | getU
`

L

1I |putU
`

R

“

idU

getU
`

L

| getUL

x

z

d

Ũ
y

{

putU
`

R

“

idU
getU

`

L

| getUL

putU
`

R |
putUR
idU`

|

π

1,U

“

idU
getU

`

L

| getUL |1I

putU
`

R |
putUR
idU`

|

π

1,U

“
idU
getU

`

L

putU
`

R

|

getUL
putUR

1U`

|
1I
π1,0

“
idU
getU

`

L

putU
`

R

|
idU
1U`

|
1I
π1,0

“
idU
getU

`

L

putU
`

R

|π1,0,

(4.2.66)

where we used (4.2.27) for the third equality, (4.2.28) for the fourth equality, and the induction
hypothesis on V for the sixth equality. Also,

π

0,U |idW “

π

0,U |idU` “

π

0,U and π

1,U |idW “

π

1,U |idU` “
idU
idU`

|

π

1,U . (4.2.67)
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Hence, by the uniqueness of the left iteration cell,

getWL
putWR

“ pidU q
`π

0,U ,

π

1,U ,1I
“ idU` . (4.2.68)

8. Assume that W “ Uˆ, where U P CŻđ
˚ is a C-valued exchange. Then,

getWL
putWR

|π0,U “
getU

ˆ

L

putU
ˆ

R

|
1I
π0,U

“
getU

ˆ

L |1I

putU
ˆ

R |π0,U
“

getU
ˆ

L
x

z
eŨ

y

{

“ π0,U , (4.2.69)

where we used (4.2.32) for the third equality and (4.2.31) for the fourth equality, and

getWL
putWR

|π1,U “
getU

ˆ

L

putU
ˆ

R

|
1I
π1,U

“
getU

ˆ

L |1I

putU
ˆ

R |π1,U
“

getU
ˆ

L
x

z
d˝

Ũ

y

{

1
!Ũ

| putU
R

putU
ˆ

R

“

π1,U |
idU

getU
ˆ

L

|
getUL
1Ũ

1!Ũ |putUR
putU

ˆ

R

,

“

π1,U |
idU

getU
ˆ

L

|
getUL
1Ũ

1I |1!Ũ |putUR
1I |putU

ˆ

R |idUˆ

“
π1,U
1I
1I

|

idU
getU

ˆ

L

1!Ũ
putU

ˆ

R

|

getUL
1Ũ

putUR
idUˆ

“ π1,U |
idU
getU

ˆ

L

putU
ˆ

R

|

getUL
putUR

idUˆ

“ π1,U |
idU
getU

ˆ

L

putU
ˆ

R

|
idU
idUˆ

“ π1,U |
idU
getU

ˆ

L

putU
ˆ

R

,

(4.2.70)

where we used (4.2.32) for the third equality, (4.2.31) for the fourth equality, and the induction
hypothesis on V for the eighth equality. Also,

idW |π0,U “ idUˆ |π0,U “ π0,U and idW |π1,U “ idUˆ |π1,U “ π1,U |
idU
idUˆ

. (4.2.71)

Hence, by the uniqueness of the left iteration cell,

getWL
putWR

“ pidU q
ˆ
π0,U ,π1,U ,1I

“ idUˆ . (4.2.72)

This completes the induction. The other three follow similarly. ❏

An immediate consequence of the yanking equation is that a message is equivalent to its forward-
time underlying resource sent left.

Lemma 4.2.8. A Message is Equiv. to Sending it’s Underlying Resource Left

♡

Let C be a resource theory. Given a C-valued exchange U P CŻđ
˚ ,

U – pŨqŻ (4.2.73)

in the category of resource transducers H
x

z
C

y

{
.
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Proof. Define the cells α :
x

z
C

y

{
pU

I
I pŨqŻq and β :

x

z
C

y

{
ppŨqŻ I

I Uq

α “
getUL

put
pŨqŻ

R

and β “
get

pŨqŻ

L

putUR
. (4.2.74)

Then,

α|β “
getUL

put
pŨqŻ

R

|
get

pŨqŻ

L

putUR
“

getUL
put

pŨqŻ

R
1I

|
1I

get
pŨqŻ

L

putUR

“
getUL |1I

put
pŨqŻ

R | get
pŨqŻ

L

1I |putUR

“
getUL
1Ũ

putUR

“
getUL
putUR

“ idU . (4.2.75a)

β|α “
get

pŨqŻ

L

putUR
|
getUL

put
pŨqŻ

R

“
get

pŨqŻ

L
putUR
1I

|
1I
getUL

put
pŨqŻ

R

“
get

pŨqŻ

L |1I
putUR | getUL

1I |put
pŨqŻ

R

“
get

pŨqŻ

L
1Ũ

put
pŨqŻ

R

“
get

pŨqŻ

L

put
pŨqŻ

R

“ id
pŨqŻ . (4.2.75b)

Hence, α and β are inverses of each other in H
x

z
C

y

{
, implying that U – pŨqŻ. ❏

Using the generalized corner, we can define a canonical functor between a resource category
and it’s category of resource transducers called the cornering functor. Given a process f : A Ñ B
in the resource category, its image under the cornering functor is the resource transducer that gets
a message A from the left performs the process f on it and sends the output B to the right.

Definition 4.2.9. The Cornering Functor

♣

Let C be a resource theory. The cornering functor is the additive strict anti-symmetric

monoidal functor p´qŻ : C Ñ H
x

z
C

y

{
such that

(i) Given an object A in C, pAqŻ “ AŻ, and

(ii) given a morphism f : A Ñ B in C,

pfqŻ “
getA

Ż

L
x

z
f

y

{

putB
Ż

R

. (4.2.76)

Now, we turn to constructing a canonical compact closed categorical structure on the category
of resource transducers. To do this, we will first need to show that every message U has a left dual.
We will find that the left dual of a message is itself but sent in the opposite direction, and by that,
we mean the reversed-time message, which is defined below.

Definition 4.2.10. Reversed-Time Message

Let C be a resource theory. The function Ąp´q
#
: CŻđ

˚ Ñ CŻđ
˚ from C-valued exchanges CŻđ

˚ to
C-valued exchanges CŻđ

˚ is defined inductively as follows:

pIq# “ I, (4.2.77a)

pAŻq# “ Ađ, (4.2.77b)

pAđq# “ AŻ, (4.2.77c)

pU b V q# “ V # b U#, (4.2.77d)

pU ` V q# “ U# ˆ V #, (4.2.77e)
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♣

pU ˆ V q# “ U# ` V #, (4.2.77f)

pU`q# “ pU#qˆ, (4.2.77g)

pUˆq# “ pU#q`, (4.2.77h)

where A P Ob pCq is an object in C and U, V P CŻđ
˚ are C-valued exchanges. Given a C-valued

exchange U P CŻđ
˚ , we refer to U# as U in reverse.

As we would expect, the forward-time underlying resource of the reversed-time message is the
dual of the forward-time underlying resource of the base message.

Lemma 4.2.11

♡

Let C be a resource theory. Given a C-valued exchange W P CŻđ
˚ ,

ĄW# “ pW̃ qK. (4.2.78)

Proof. We prove this via induction on W .

1. Assume that W “ I. Then, ĂI# “ Ĩ “ I “ IK “ pĨqK “ pW̃ qK.

2. Assume that W “ AŻ, where A P Ob pCq is an object in C. Then, ĄW# “ ČpAŻq# “ ĂAđ “ AK “

pĂAŻqK “ pW̃ qK.

3. Assume that W “ Ađ, where A P Ob pCq is an object in C. Then, ĄW# “ ČpAđq# “ ĂAŻ “ A “

pAKqK “ pĂAđqK “ pW̃ qK.

4. Assume that W “ U b V , where U, V P CŻđ
˚ are C-valued exchanges. By the induction

hypothesis, ĄU# “ pŨqK and ĄV # “ pṼ qK, so ĄW# “ ČpU b V q# “ ČV # b U# “ ĄU# b ĄV # “

pŨqK b pṼ qK “ pṼ b ŨqK “ p ČU b V qK “ pW̃ qK.

5. Assume that W “ U ` V , where U, V P CŻđ
˚ are C-valued exchanges. By the induction

hypothesis, ĄU# “ pŨqK and ĄV # “ pṼ qK, so ĄW# “ ČpU ` V q# “ ČU# ˆ V # “ ĄU# ˆ ĄV # “

pŨqK & pṼ qK “ pŨ ‘ Ṽ qK “ p ČU ` V qK “ pW̃ qK.

6. Assume that W “ U ˆ V , where U, V P CŻđ
˚ are C-valued exchanges. By the induction

hypothesis, ĄU# “ pŨqK and ĄV # “ pṼ qK, so ĄW# “ ČpU ˆ V q# “ ČU# ` V # “ ĄU# ` ĄV # “

pŨqK ‘ pṼ qK “ pŨ & Ṽ qK “ p ČU ˆ V qK “ pW̃ qK.

7. Assume that W “ U`, where U P CŻđ
˚ is a C-valued exchange. By the induction hypothesis,

ĄU# “ pŨqK, so ĄW# “ ČpU`q# “ ČpU#qˆ “ !ĄU# “ !pŨKq “ p?ŨqK “ p ĂU`qK “ pW̃ qK.

8. Assume that W “ Uˆ, where U P CŻđ
˚ is a C-valued exchange. By the induction hypothesis,

ĄU# “ pŨqK, so ĄW# “ ČpUˆq# “ ČpU#q` “ ?ĄU# “ ?pŨKq “ p!ŨqK “ p ĂUˆqK “ pW̃ qK.

This completes the induction. ❏

To show that the left dual of a message is its reversed-time message, we need to define cup
and cap cells of the correct type. We define the cap cell to be the cell that gets the reversed-time
message from the right and puts the forward-time message to the right, and we define the cup cell
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to be the cell that gets the forward-time message from the left and puts the reversed-time message
to the left.

Definition 4.2.12. Cap and Cup Cell

♣

Let C be a resource theory. Given a C-valued exchange U P CŻđ
˚ , we define the cap cell

ηU :
x

z
C

y

{
pI

I
I U

#bUq by

ηU “
getU

#

R

putUR
, (4.2.79)

and we define the cup cell ϵU :
x

z
C

y

{
pUbU# I

I Iq by

ϵU “
getUL
putU

#

L

. (4.2.80)

The fact that the get and put cells actually compose in the definition of the cap and cup cells
is an immediate consequence of Lemma 4.2.11.

By the generalized yanking equations, we get the desired duality.

Lemma 4.2.13. Every Message is Dual to it’s Reverse Time Message

♡

Let C be a resource theory. Given a C-valued exchange U P CŻđ
˚ ,

pηU , ϵU q : U $ U# (4.2.81)

in H
x

z
C

y

{
.

Proof. As we can see,

ηU
idU#

|
idU#

ϵU
“

getU
#

R

putUR

idU#

|

id
U#

getUL

putU
#

L

“

getU
#

R |id
U#

putUR | getUL

idU# |putU
#

L

“

getU
#

R
1Ũ

putU
#

L

“
getU

#

R

putU
#

L

“ idU# , (4.2.82)

and

idU
ηU

|
ϵU
idU

“

idU

getU
#

R

putUR
|

getUL

putU
#

L

idU
“

idU | getUL

getU
#

R |putU
#

L

putUR |idU
“

getUL
1
ŨK

putUR
“

getUL
putUR

“ idU . (4.2.83)

Since the snake-equations are satisfied, we are done. ❏

This tells us that every message has a dual in the category of resource transducers, but we
cannot yet say that the category of resource transducers is compact closed. We still need to show
that the category of resource transducers is symmetric. But before we do that, we have all the
necessary data to talk about the transpose of some resource transducers.

Lemma 4.2.14. The Transpose of the Projection Cell is the Injection Cell

♡

Let C be a resource theory. Given C-valued exchanges U, V P CŻđ
˚ ,

πK
0,U,V “

π

0,U#,V # , (4.2.84a)

πK
1,U,V “

π

1,U#,V # . (4.2.84b)
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Proof. We first prove (4.2.84a). As we can see,

πK
0,U,V “

ηUˆV

idU#
|

id
U#`V #

π0,U,V

idU#
|
idU#`V #

ϵU
“

getU
#`V #

R

putUˆV
R

idU#
|

id
U#`V #

π0,U,V

idU#
|
idU#`V #

ϵU

“

getU
#`V #

R |id
U#`V #

putUˆV
R |π0,U,V

idU#|idU#
|
idU#`V #

ϵU
“

getU
#`V #

R
x

z
σ
0,Ũ,Ṽ

y

{

putU
R

idU#
|
idU#`V #

ϵU

“

getU
#

R |

π

0,U#,V #

putUR

idU#
|
idU#`V #

ϵU
“

getU
#

R |

π

0,U#,V # |idU#`V #

putUR
id

U#
|ϵU

“
getU

#

R |idU# |

π

0,U#,V #

putUR
id

U#
|ϵU |1I

“

getU
#

R

putUR

idU#

|
idU#

ϵU
|

π

0,U#,V #

1I

“
ηU
idU#

|
idU#

ϵU
|

π

0,U#,V # “ idU# |

π

0,U#,V # “

π

0,U#,V # ,

(4.2.85)

where we used the snake equation in H
x

z
C

y

{
for the second to last equality. (4.2.84b) follows by a

similar argument. ❏

Lemma 4.2.15. The Transpose of the Right Choice Cell is the Left Choice Cell

♡

Let C be a resource theory. Given a pair of cells α :
x

z
C

y

{
pW

A
BUq and β :

x

z
C

y

{
pW

A
BV q, we have that

pα b βqK “ αK ‘ βK. (4.2.86)

Proof. By Lemma 4.2.14 and the fact that transpose is a contravention functor in H
x

z
C

y

{
,

π

0,U#,V # |pα b βqK “ πK
0,U,V |pα b βqK “ rpα b βq|π0,U,V sK “ αK, (4.2.87a)

π

1,U#,V # |pα b βqK “ πK
1,U,V |pα b βqK “ rpα b βq|π1,U,V sK “ βK, (4.2.87b)

so by the uniqueness of the left choice cell, pα b βqK “ αK ‘ βK. ❏

Now, we define the braiding of the category of resource transducers, which is essentially the
cornering of the symmetric braiding of the underlying resource category, and prove that this braiding
is natural and symmetric in the category of resource transducers.

Definition 4.2.16. The Braiding Cell

♣

Let C be a resource theory. Given C-valued exchanges U, V P CŻđ
˚ , we have the braiding cell

σU,V :
x

z
C

y

{
pUbV

I
I V bUq, which is defined by

σU,V “
getUbV

L
x

z
σṼ ,Ũ

y

{

putV bU
R

. (4.2.88)
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Lemma 4.2.17

♡

Let C be a resource theory. Given cells h :
x

z
C

y

{
pX

I
I Zq and g :

x

z
C

y

{
pY

I
I Wq,

h

idW
|σZ,W “ σX,W |

idW
h

, (4.2.89a)

idX
g

|σX,W “ σX,Y |
g

idX
. (4.2.89b)

Proof. (4.2.89a) and (4.2.89b) follow by induction on the cells h and g, respectively. ❏

Corollary 4.2.18. Naturality of the Braiding Cell

♡

Let C be a resource theory. Given cells h :
x

z
C

y

{
pX

I
I Zq and g :

x

z
C

y

{
pY

I
I Wq,

h

g
|σZ,W “ σX,Y |

g

h
(4.2.90)

Proof. As we can see,

h

g
|σZ,W “

idX |h

g|idW
|σZ,W “

idX
g

|
h

idW
|σZ,W “

idX
g

|σX,W |
idW
h

“ σX,Y |
g

idX
|
idW
h

“ σX,Y |
g|idW
idX |h

“ σX,Y |
g

h
,

(4.2.91)

where we used (4.2.89a) for the third equality and (4.2.89b) for the fourth equality. ❏

Lemma 4.2.19. The Braiding Cell is it’s Own Inverse

♡

Let C be a resource theory. C-valued exchanges U, V P CŻđ
˚ ,

σU,V |σV,U “ idUbV (4.2.92)

Proof. As we can see,

σU,V |σV,U “
getUbV

L
x

z
σṼ ,Ũ

y

{

putV bU
R

|
getV bU

L
x

z
σŨ,Ṽ

y

{

putUbV
R

“

getUbV
L

x

z
σ
Ṽ ,Ũ

y

{

putV bU
R

1I
1I

|

1I
1I

getV bU
L

x

z
σŨ,Ṽ

y

{

putUbV
R

“

getUbV
L |1I

x

z
σ
Ṽ ,Ũ

y

{
|1I

putV bU
R

| getV bU
L

1I |
x

z
σŨ,Ṽ

y

{

1I |putUbV
R

“

getUbV
L

x

z
σ
Ṽ ,Ũ

y

{

1
Ṽ bŨ

x

z
σŨ,Ṽ

y

{

putUbV
R

“
getUbV

L
x

z
σŨ,Ṽ ˝1Ṽ bŨ˝σṼ ,Ũ

y

{

putUbV
R

“
getUbV

L
x

z
σŨ,Ṽ ˝σṼ ,Ũ

y

{

putUbV
R

“
getUbV

L
x

z
1ŨbṼ

y

{

putUbV
R

“
getUbV

L
1ŨbṼ

putUbV
R

“
getUbV

L

putUbV
R

“ idUbV ,

(4.2.93)

where we used the yanking equation in the fourth and last equality. ❏

Putting this all together, we get the following theorem.

Theorem 4.2.20. The Category of Resource Transducers is a KCC

♡
Let C be a resource theory. Then H

x

z
C

y

{
is a compact closed category (i.e., KCC ).

Proof. This is an immediate consequence of Lemmas 4.2.13 and 4.2.19 and Corollary 4.2.18. ❏
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4.3 Showing that the Category of Resource Transducers is a Dif-
ferential Category

In the prior section, we showed that the category of resource transducers is compact closed, and
hence, by Theorem 4.1.6, it is ˚-autonomous, so to show that the category of resource transducers
is a differential category, all we need to show is that there exists a bialgebra and a corresponding
co-dereliction in it. The first step is to define a functor that act like “bang” or “whimper.” By
our definition of the forward-time underlying resource, we know that iteration acts like “bang”
and “whimper,” so iteration should play a key role in our definition of the differential category.
To make an iteration functor, we need some way to take an ordinary cell and turn it into a loop.
Fortunately, there is a canonical way to do this, as pointed out in Remark 3 of [16].

Definition 4.3.1. The Canonical Iteration Cell

♣

Let C be a resource theory. Take a cell α :
x

z
C

y

{
pU

W
W V q.

(i) The right canonical α-iteration cell αˆ :
x

z
C

y

{
pUˆ W

W V ˆq is the unique right iteration cell
such that

αˆ|π0,V “ π0,U and αˆ|π1,V “ π1,U |
α

αˆ
. (4.3.1)

That is αˆ “ pαq
ˆ
π0,U ,π1,U ,1I

.

(ii) The left canonical α-iteration cell αˆ :
x

z
C

y

{
pU` W

W V `q is the unique left iteration cell such
that

π
0,U |α` “

π
0,V and π

1,U |α` “
α

α`
|

π
1,V . (4.3.2)

That is α` “ pαq
`π

0,V ,

π

1,V ,1I
.

This canonical iteration cell induces a canonical iteration endofunctor in the category of resource
transducers.

Definition 4.3.2. The Iteration Functors

♣

The right iteration functor p´qˆ : H
x

z
C

y

{
Ñ H

x

z
C

y

{
is the functor such that

(i) given a C-valued exchange U P CŻđ
˚ , pUqˆ “ Uˆ, and

(ii) given a horizontal cell α :
x

z
C

y

{
pU

I
I V q, pαqˆ “ αˆ,

and the left iteration functor p´q` : H
x

z
C

y

{
Ñ H

x

z
C

y

{
is the functor such that

(iii) given a C-valued exchange U P CŻđ
˚ , pUq` “ U`, and

(iv) given a horizontal cell α :
x

z
C

y

{
pU

I
I V q, pαq` “ α`.

In our category of resource transducers, we have 14 structure cells involving the iteration type.
It should be noted that structure cells (u)-(iv) and (viii)-(xi) already appear in [16] and that the
right iteration functor together with the first seven structure cells gives us all data we need to define
the category of resource transducers is a differential category.
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Definition 4.3.3. The Structure Cells

Let C be a resource theory. Given a C-valued exchange U P CŻđ
˚ , we have the following

structure cells in the free cornering
x

z
C

y

{
with choice and iteration.

(i) The right comultiplication cell ∆ˆ
U :

x

z
C

y

{
pUˆ I

I U
ˆbUˆq, which is defined by

∆ˆ
U “ pidU q

ˆ
idUˆ ,π1,U ,1I

. (4.3.3)

(ii) The right counit cell eˆ
U :

x

z
C

y

{
pUˆ I

I Iq, which is defined by

eˆ
U “ π0,U . (4.3.4)

(iii) The right comonadic counit cell µˆ
U :

x

z
C

y

{
pUˆ I

I Uq, which is defined by

µˆ
U “ π1,U |

idU
π0,U

. (4.3.5)

(iv) The right comonadic comultiplication cell δˆ
U :

x

z
C

y

{
pUˆ I

I U
ˆˆq, which is defined by

δˆ
U “ pidUˆq

ˆ

π0,U ,∆ˆ
U ,1I

. (4.3.6)

(v) The right multiplication cell ∇ˆ
U :

x

z
C

y

{
pUˆbUˆ I

I U
ˆq, which is defined by

∇ˆ
U “ pidU q

ˆ
π0,U
π0,U

,
π1,U
id

Uˆ
`

id
Uˆ

π1,U
|
σ
Uˆ,U
id

Uˆ
,1I

. (4.3.7)

(vi) The right unit cell uˆ
U :

x

z
C

y

{
pI

I
I U

ˆq, which is defined by

uˆ
U “ p0q

ˆ
1I ,1I ,1I

. (4.3.8)

(vii) The right plastic cell νˆ
U :

x

z
C

y

{
pU

I
I U

ˆq, which is defined by

νˆ
U “ 0 b

idU

uˆ
U

. (4.3.9)

(viii) The left multiplication cell ∇`
U :

x

z
C

y

{
pU`bU` I

I U
`q, which is defined by

∇`
U “ pidU q

`
idU` ,

π

1,U ,1I
. (4.3.10)

(ix) The left unit cell e`
U :

x

z
C

y

{
pI

I
I U

`q, which is defined by

e`
U “

π

0,U . (4.3.11)
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♣

(x) The left monadic unit cell µ`
U :

x

z
C

y

{
pU

I
I U

`q, which is defined by

µ`
U “

idU

π

0,U
|

π

1,U . (4.3.12)

(xi) The left monadic multiplication cell

δ`
U :

x

z
C

y

{
pU`` I

I U
`q, which is defined by

δ`
U “ pidU`q

`π

0,U ,∇`
U ,1I

. (4.3.13)

(xii) The left comultiplication cell ∆`
U :

x

z
C

y

{
pU` I

I U
`bU`q, which is defined by

∆`
U “ pidU q

`π

0,Uπ

0,U
,

π

1,U
id

U`
`

σ
U,U`

id`
U

|
id

U`π

1,U
,1I

. (4.3.14)

(xiii) The left counit cell u`
U “ :

x

z
C

y

{
pU` I

I Iq, which is defined by

u`
U “ uˆ

U “ p0q
`
1I ,1I ,1I

. (4.3.15)

(xiv) The left plastic cell ν`
U :

x

z
C

y

{
pU` I

I Uq, which is defined by

ν`
U “ 0 ‘

idU
u`

U

. (4.3.16)

Even though we have all the maps to define a differential categorical structure on the category of
resource transducers, we are still a bit away from claiming that the category of resource transducers
is, in fact, a differential category. We still need to show that pp´qˆ, δˆ, µˆ,∆ˆ, eˆ,∇ˆ, uˆq satisfies
all the properties of a bialgebra modality and νˆ satisfies all the properties of a co-dereliction on
that bialgebra. To get the ball rolling, we restate two lemmas from [16] .

Lemma 4.3.4

♡

Let C be a resource theory. Given a C-valued exchange U P CŻđ
˚ ,

(i) pUˆ,∆ˆ
U , e

ˆ
U q is a comonoid,

(ii) pU`,∇`
U ,

e`
U q is a monoid.

Also, Given a cell h P
x

z
C

y

{
pU

I
I V q

(iii) hˆ|∆ˆ
V “ ∆ˆ

U |h
ˆ

hˆ , and

(iv) ∇`
U |h` “ h`

h` |∇V .

Proof. This is shown in Lemma 18 of [16]. ❏
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Lemma 4.3.5

♡

Let C be a resource theory. Then,

(i) pp´qˆ, δˆ, µˆq is a comonad in H
x

z
C

y

{
, and

(ii) pp´q`,

δ`, µ`q is a monad in H
x

z
C

y

{
,

and given a C-valued exchange U P CŻđ
˚ ,

(iii) δˆ
U |∆ˆ

Uˆ “ ∆ˆ
U |

δˆ
U

δˆ
U

(i.e., δˆ is a comonoid homomorphism), and

(iv) ∇`

U` |

δ`
U “

δ`
Uδ`
U

|∇`
U (i.e.,

δ` is a monoid homomorphism).

Proof. This is shown in Lemma 19 of [16]. ❏

Importantly, these lemmas prove the naturality of the right comultiplication cell, the right
comonadic counit cell, the right comonadic comultiplication cell, We, now, prove the naturality of
the right counit cell, the right unit cell, the right multiplication cell, and the right plastic cell.

Lemma 4.3.6. Naturality of The Right Counit Cell

♡

Let C be a resource theory. Given a cell h :
x

z
C

y

{
pU

I
I V q,

hˆ|eˆ
V “ eˆ

U (4.3.17)

Proof. hˆ|eˆ
V “ hˆ|π0,V “ π0,U “ eˆ

U . ❏

Lemma 4.3.7. Naturality of the Right Unit Cell

♡

Let C be a resource theory. Given a cell h :
x

z
C

y

{
pU

I
I V q,

uˆ
U |hˆ “ uˆ

V (4.3.18)

Proof. As we can see,

uˆ
U |hˆ|π0,V “ uˆ

U |π0,U “ p0q
ˆ
1I ,1I ,1I

|π0,U “ 1I , (4.3.19a)

uˆ
U |hˆ|π1,V “ uˆ

U |π1,U |
h

hˆ
“ p0q

ˆ
1I ,1I ,1I

|π1,U |
h

hˆ
“

1I | 0
1I

1I
|
h

hˆ
“ 0 “

1I | 0
uˆ
U |hˆ

1I
, (4.3.19b)

so by the uniqueness the right iteration cell, uˆ
U |hˆ “ p0q

ˆ
1I ,1I ,1I

“ uˆ
V . ❏

Lemma 4.3.8. Naturality of the Right Multiplication Cell

♡

Let C be a resource theory. Given a cell h :
x

z
C

y

{
pU

I
I V q,

hˆ

hˆ
|∇ˆ

V “ ∇ˆ
U |hˆ (4.3.20)
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Proof. As we can see,

hˆ

hˆ
|∇ˆ

V |π0,V “
hˆ

hˆ
|pidV q

ˆ
π0,V
π0,V

,
π1,V
id

V ˆ
`

id
V ˆ

π1,V
|
σ
V ˆ,V
id

V ˆ
,1I

|π0,V “
hˆ

hˆ
|
π0,V
π0,V

“
hˆ|π0,V
hˆ|π0,V

“
π0,U
π0,U

, (4.3.21)

and

hˆ

hˆ
|∇ˆ

V |π1,V “
hˆ

hˆ
|pidV q

ˆ
π0,V
π0,V

,
π1,V
id

V ˆ
`

id
V ˆ

π1,V
|
σ
V ˆ,V
id

V ˆ
,1I

|π1,V

“
hˆ

hˆ
|

ˆ

π1,V
idV ˆ

`
idV ˆ

π1,V
|
σV ˆ,V

idV ˆ

˙

|
idV

pidV q
ˆ
π0,V
π0,V

,
π1,V
id

V ˆ
`

id
V ˆ

π1,V
|
σ
V ˆ,V
id

V ˆ
,1I

“
hˆ

hˆ
|

ˆ

π1,V
idV ˆ

`
idV ˆ

π1,V
|
σV ˆ,V

idV ˆ

˙

|
idV

∇ˆ
V

“
hˆ

hˆ
|
π1,V
idV ˆ

|
idV

∇ˆ
V

`
hˆ

hˆ
|
idV ˆ

π1,V
|
σV ˆ,V

idV ˆ

|
idV

∇ˆ
V

“
hˆ|π1,V
hˆ|idV ˆ

|
idV

∇ˆ
V

`
hˆ|idV ˆ

hˆ|π1,V
|
σV ˆ,V

idV ˆ

|
idV

∇ˆ
V

“
π1,U | h

hˆ

idUˆ |hˆ
|
idV

∇ˆ
V

`
idUˆ |hˆ

π1,U | h
hˆ

|
σV ˆ,V

idV ˆ

|
idV

∇ˆ
V

“
π1,U
idUˆ

|
h
hˆ

hˆ

|
idV

∇ˆ
V

`
idUˆ

π1,U
|

hˆ

h

hˆ
|
σV ˆ,V

idV ˆ

|
idV

∇ˆ
V

“
π1,U
idUˆ

|
h
hˆ

hˆ

|
idV

∇ˆ
V

`
idUˆ

π1,U
|

hˆ

h |σV ˆ,V

hˆ|idV ˆ

|
idV

∇ˆ
V

“
π1,U
idUˆ

|
h
hˆ

hˆ

|
idV

∇ˆ
V

`
idUˆ

π1,U
|
σUˆ,U | h

hˆ

idUˆ |hˆ
|
idV

∇ˆ
V

“
π1,U
idUˆ

|
h
hˆ

hˆ

|
idV

∇ˆ
V

`
idUˆ

π1,U
|
σUˆ,U

idUˆ

|
h
hˆ

hˆ

|
idV

∇ˆ
V

“
π1,U
idUˆ

|
h|idV
hˆ

hˆ |∇ˆ
V

`
idUˆ

π1,U
|
σUˆ,U

idUˆ

|
h|idV
hˆ

hˆ |∇ˆ
V

“
π1,U
idUˆ

|
h

hˆ

hˆ |∇ˆ
V

`
idUˆ

π1,U
|
σUˆ,U

idUˆ

|
h

hˆ

hˆ |∇ˆ
V

“

ˆ

π1,U
idUˆ

`
idUˆ

π1,U
|
σUˆ,U

idUˆ

˙

|
h

hˆ

hˆ |∇ˆ
V

,

(4.3.22)

where we used Corollary 4.2.18 for the eighth equality. Hence, by the uniqueness of the right
iteration cell,

hˆ

hˆ
|∇ˆ

V “ phq
ˆ
π0,V
π0,V

,
π1,V
id

V ˆ
`

id
V ˆ

π1,V
|
σ
V ˆ,V
id

V ˆ
,1I

. (4.3.23)

Also,

∇ˆ
U |hˆ|π0,V “ ∇ˆ

U |π0,U “ pidU q
ˆ
π0,U
π0,U

,
π1,U
id

Uˆ
`

id
Uˆ

π1,U
|
σ
Uˆ,U
id

Uˆ
,1I

|π0,U “
π0,U
π0,U

(4.3.24)
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and

∇ˆ
U |hˆ|π1,V “ ∇ˆ

U |π1,V |
h

hˆ
“ pidU q

ˆ
π0,U
π0,U

,
π1,U
id

Uˆ
`

id
Uˆ

π1,U
|
σ
Uˆ,U
id

Uˆ
,1I

|π1,V |
h

hˆ

“

ˆ

π1,U
idUˆ

`
idUˆ

π1,U
|
σUˆ,U

idUˆ

˙

|
idU

pidU q
ˆ
π0,U
π0,U

,
π1,U
id

Uˆ
`

id
Uˆ

π1,U
|
σ
Uˆ,U
id

Uˆ
,1I

|
h

hˆ

“

ˆ

π1,U
idUˆ

`
idUˆ

π1,U
|
σUˆ,U

idUˆ

˙

|
idU

∇ˆ
U

|
h

hˆ
“

ˆ

π1,U
idUˆ

`
idUˆ

π1,U
|
σUˆ,U

idUˆ

˙

|
idU |h

∇ˆ
U |hˆ

“

ˆ

π1,U
idUˆ

`
idUˆ

π1,U
|
σUˆ,U

idUˆ

˙

|
h

∇ˆ
U |hˆ

,

(4.3.25)

so by the uniqueness of the right iteration cell,

∇ˆ
U |hˆ “ phq

ˆ
π0,V
π0,V

,
π1,V
id

V ˆ
`

id
V ˆ

π1,V
|
σ
V ˆ,V
id

V ˆ
,1I

. (4.3.26)

Therefore, hˆ

hˆ |∇ˆ
V “ ∇ˆ

U |hˆ.
❏

Lemma 4.3.9. Naturality of the Right Plastic Cell

♡

Let C be a resource theory. Given a cell h :
x

z
C

y

{
pU

I
I V q,

h|νˆ
V “ νˆ

U |hˆ (4.3.27)

Proof. As we can see,

h|νˆ
V |π0,V “ h|

ˆ

0 b
idV

uˆ
V

˙

|π0,V “ h|0 “ 0 (4.3.28a)

h|νˆ
V |π1,V “ h|

ˆ

0 b
idV

uˆ
V

˙

|π1,V “ h|
idV

uˆ
V

“
h

1I
|
idV

uˆ
V

“
h|idV

1I |uˆ
V

“
h

uˆ
V

, (4.3.28b)

so by the uniqueness of this right choice cell,

h|νˆ
V “ 0 b

h

uˆ
V

. (4.3.29)

Similarly,

νˆ
U |hˆ|π0,V “ νˆ

U |π0,U “

ˆ

0 b
idU

uˆ
U

˙

|π0,U “ 0, (4.3.30a)

νˆ
U |hˆ|π1,V “ νˆ

U |π1,U |
h

hˆ
“

ˆ

0 b
idU

uˆ
U

˙

|π1,U |
h

hˆ
“

idU

uˆ
U

|
h

hˆ
“

idU |h

uˆ
U |hˆ

“
h

uˆ
V

, (4.3.30b)

where we used Lemma 4.3.7 for the last equality of (4.3.30b), so by the uniqueness of this right
choice cell,

νˆ
U |hˆ “ 0 b

h

uˆ
V

. (4.3.31)

Hence, h|νˆ
V “ νˆ

U |hˆ. ❏

Finally, we show the first seven structure cells are the cornering of contraction, weakening,
dereliction, digging, co-contraction, co-wakening, and co-dereliction, respectively.
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Lemma 4.3.10. The Right Comultiplication Cell is Contraction

♡

Let C be a resource theory. Given a C-valued exchange U P CŻđ
˚ ,

∆ˆ
U “

getU
ˆ

L
x

z
∆Ũ

y

{

putU
ˆbUˆ

R

– p∆Ũ qŻ. (4.3.32)

Proof. As we can see,

getU
ˆ

L
x

z
∆Ũ

y

{

putU
ˆbUˆ

R

|
π0,U
idUˆ

“

getU
ˆ

L
x

z
∆Ũ

y

{

1!Ũ |putU
ˆ

R

putU
ˆ

R

|
π0,U
idUˆ

“

getU
ˆ

L
x

z
∆Ũ

y

{

1!Ũ | putU
ˆ

R

putU
ˆ

R

|
π0,U

idUˆ

“

getU
ˆ

L
x

z
∆Ũ

y

{

1!Ũ |putU
ˆ

R |π0,U

putU
ˆ

R |idUˆ

“

getU
ˆ

L
x

z
∆Ũ

y

{

1!Ũ |
x

z
eŨ

y

{

putU
ˆ

R

“

getU
ˆ

L
x

z
p1!ŨbeŨ q˝∆Ũ

y

{

putU
ˆ

R

“

getU
ˆ

L
x

z
1!Ũ

y

{

putU
ˆ

R

“

getU
ˆ

L
1!Ũ

putU
ˆ

R

“
getU

ˆ

L

putU
ˆ

R

“ idUˆ .

(4.3.33)

and

getU
ˆ

L
x

z
∆Ũ

y

{

putU
ˆbUˆ

R

|
π1,U
idUˆ

“

getU
ˆ

L
x

z
∆Ũ

y

{

1!Ũ |putU
ˆ

R

putU
ˆ

R

|
π1,U
idUˆ

“

getU
ˆ

L
x

z
∆Ũ

y

{

1!Ũ |putU
ˆ

R

putU
ˆ

R

|
π1,U

idUˆ

“

getU
ˆ

L
x

z
∆Ũ

y

{

1!Ũ |putU
ˆ

R |π1,U

putU
ˆ

R |idUˆ

“

getU
ˆ

L
x

z
∆Ũ

y

{

1!Ũ |

x

z
d˝

Ũ

y

{

1
!Ũ

| putU
R

putU
ˆ

R

putU
ˆ

R

“

getU
ˆ

L
x

z
∆Ũ

y

{

1
!Ũ

1
!Ũ

|

x

z
d˝

Ũ

y

{

1
!Ũ

| putU
R

putU
ˆ

R

putU
ˆ

R

“

getU
ˆ

L
x

z
∆Ũ

y

{

1
!Ũ

|
x

z
d˝

Ũ

y

{

1
!Ũ

|
1
!Ũ

| putU
R

putU
ˆ

R

putU
ˆ

R

“

getU
ˆ

L
x

z
p1!Ũbd˝

U q˝∆Ũ
y

{

1!Ũ |
1
!Ũ

| putU
R

putU
ˆ

R

putU
ˆ

R

“

getU
ˆ

L
x

z
p∆Ũb1!Ũ q˝d˝

Ũ

y

{

1!Ũ |
1
!Ũ

| putU
R

putU
ˆ

R

putU
ˆ

R

“

getU
ˆ

L
x

z
d˝

Ũ

y

{

x

z
∆
Ũ

y

{
|1
!Ũ

1
!Ũ

|
1
!Ũ

| putU
R

putU
ˆ

R

putU
ˆ

R

“

π1,U |
idU

getU
ˆ

L

|
getUL
1Ũ

x

z
∆
Ũ

y

{
|1
!Ũ

1
!Ũ

|
1
!Ũ

| putU
R

putU
ˆ

R

putU
ˆ

R

“ π1,U |

idU
getU

ˆ

L

|
getUL
1Ũ

x

z
∆
Ũ

y

{
|1
!Ũ

1
!Ũ

1
!Ũ

|
1
!Ũ

| putU
R

putU
ˆ

R
|id

Uˆ

putU
ˆ

R

“ π1,U |

idU

getU
ˆ

L
∆
Ũ

1!Ũ |putU
ˆ

R

|

getUL
putU

R
idUˆ

putU
ˆ

R

“ π1,U |

idU

getU
ˆ

L
∆
Ũ

1!Ũ |putU
ˆ

R

|
idU
idUˆ

putU
ˆ

R

“ π1,U |
idU
getU

ˆ

L
x

z
∆
Ũ

y

{

1
!Ũ

| putU
ˆ

R

putU
ˆ

R

“ π1,U |
idU
getU

ˆ

L
x

z
∆
Ũ

y

{

putU
ˆbUˆ

R

(4.3.34)

where we used [cd.3] in [4] for the seventh equality. Hence, by the uniqueness property of the right
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iteration cell, this implies that

getU
ˆ

L
x

z
∆Ũ

y

{

putU
ˆbUˆ

R

“ pidU q
ˆ
idUˆ ,πU,1,1I

“ ∆ˆ
U . (4.3.35)

This completes the proof. ❏

Lemma 4.3.11. The Right Counit Cell is Weakening

♡

Let C be a resource theory. Given a C-valued exchange U P CŻđ
˚ ,

eˆ
U “

getU
ˆ

L
x

z
eŨ

y

{

– peŨ qŻ. (4.3.36)

Proof. By (4.2.31) and (4.3.4),

getU
ˆ

L
x

z
eŨ

y

{

“ π0,U “ eˆ
U (4.3.37)

This completes the proof. ❏

Lemma 4.3.12. The Right Comonadic Counit Cell is Dereliction

♡

Let C be a resource theory. Given a C-valued exchange U P CŻđ
˚ ,

µˆ
U “

getU
ˆ

L
x

z
µŨ

y

{

putUR

– pµŨ qŻ. (4.3.38)

Proof. As we can see,

ηUˆ |
idpU#q`

µˆ
U

“
get

pU#q`

R

putU
ˆ

R

|
idpUKq`

π1,U |
idU
π0,U

“
get

pU#q`

R |idpUKq`

putU
ˆ

R |π1,U |
idU
π0,U

“
get

pU#q`

R

putU
ˆ

R |π1,U |
idU
π0,U

“
get

pU#q`

R
x

z
d˝

Ũ

y

{

1
!Ũ

| putU
R

putU
ˆ

R

|
idU
π0,U

“

get
pU#q`

R
x

z
d˝

Ũ

y

{

1!Ũ |putUR
putU

ˆ

R

|
idU
π0,U

“

get
pU#q`

R
x

z
d˝

Ũ

y

{

1!Ũ | putUR |idU

putU
ˆ

R |π0,U

“

get
pU#q`

R
x

z
d˝

Ũ

y

{

1!Ũ |putUR
putU

ˆ

R |π0,U

“

get
pU#q`

R
x

z
d˝

Ũ

y

{

1!Ũ |putUR
x

z
eŨ

y

{

“

get
pU#q`

R
x

z
d˝

Ũ

y

{

1!Ũ |putUR
x

z
eŨ

y

{
|1I

“

get
pU#q`

R
x

z
d˝

Ũ

y

{

1!Ũ
x

z
eŨ

y

{

|
putUR
1I

“

get
pU#q`

R
x

z
d˝

Ũ

y

{

x

z
eŨ

y

{

1I
|

1U
putUR

“

get
pU#q`

R
x

z
d˝

Ũ

y

{

x

z
eŨ

y

{
|1U

1I |putUR

“
get

pU#q`

R
x

z
peUb1U q˝d˝

U
y

{

putUR

“
get

pU#q`

R
x

z
µŨ

y

{

putUR

(4.3.39)

“

get
pU#q`

R
1
ŨK

x

z
µŨ

y

{

putUR

“

get
pU#q`

R

putU
ˆ

R | getU
ˆ

L

x

z
µŨ

y

{

putUR

“

get
pU#q`

R |id
pU#q`

putU
ˆ

R | getU
ˆ

L

x

z
µŨ

y

{

putUR

“

get
pU#q`

R

putU
ˆ

R

|
id

pU#q`

getU
ˆ

L

x

z
µŨ

y

{

putUR
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“

ηUˆ |
id

pU#q`

getU
ˆ

L

x

z
µŨ

y

{

putUR

“ ηUˆ |
idpU#q`

getU
ˆ

L
x

z
µ
Ũ

y

{

putU
R

,

where we used [cd.1] in [4] for the seventh equality. Since the names of the horizontal cells in
(4.3.38) are equal, (4.3.38) holds. ❏

Lemma 4.3.13

♡

Let C be a differential category. Given an object A P Ob pCq,

d˝
!A ˝ δA “ pδA b 1!Aq ˝ ∆A. (4.3.40)

Proof. As we can see,

d˝
!A ˝ δA “ p1!!A b µ!Aq ˝ ∆!A ˝ δA “ p1!!A b µ!Aq ˝ pδA b δAq ˝ ∆A

“ ∆A ˝ pp1!!A ˝ δAq b pµ!A ˝ δAqq “ pδA b 1!Aq ˝ ∆A,
(4.3.41)

where we used the comonadic unit law of the comonad p!, δA, µAq for the last equality. ❏

Lemma 4.3.14. The Right Comonadic Comultiplication Cell is Digging

♡

Let C be a resource theory. Given a C-valued exchange U P CŻđ
˚ ,

δˆ
U “

getU
ˆ

L
x

z
δŨ

y

{

putU
ˆˆ

R

– pδŨ qŻ. (4.3.42)

Proof. As we can see,

getU
ˆ

L
x

z
δŨ

y

{

putU
ˆˆ

R

|π0,Uˆ “

getU
ˆ

L
x

z
δŨ

y

{

putU
ˆˆ

R

|
1I

π0,Uˆ

“

getU
ˆ

L
x

z
δŨ

y

{

|1I

putU
ˆˆ

R |π0,Uˆ

“

getU
ˆ

L
x

z
δŨ

y

{

x

z
e

ĄUˆ

y

{

“
getU

ˆ

L
x

z
e

ĄUˆ ˝ δŨ
y

{

“
getU

ˆ

L
x

z
e!Ũ ˝ δŨ

y

{

“
getU

ˆ

L
x

z
eŨ

y

{

“ π0,U ,

(4.3.43)

where we used Lemma 2.2 in [2] for the second to last equality, and

getU
ˆ

L
x

z
δŨ

y

{

putU
ˆˆ

R

|π1,Uˆ “

getU
ˆ

L
x

z
δŨ

y

{

putU
ˆˆ

R

|
1I

π1,Uˆ

“

getU
ˆ

L
x

z
δŨ

y

{

|1I

putU
ˆˆ

R |π1,Uˆ

“

getU
ˆ

L
x

z
δŨ

y

{

x

z
d˝

ĆUˆ

y

{

1
!ĆUˆ

| putU
ˆ

R

putU
ˆˆ

R

“

getU
ˆ

L
x

z
δŨ

y

{

x

z
d˝

!Ũ

y

{

1
!!Ũ

| putU
ˆ

R

putU
ˆˆ

R

“

getU
ˆ

L
x

z
d˝

!Ũ
˝δŨ

y

{

1!!Ũ |putU
ˆ

R

putU
ˆˆ

R

“

getU
ˆ

L
x

z
pδŨb1!Ũ q˝∆A

y

{

1!!Ũ |putU
ˆ

R

putU
ˆˆ

R

“

getU
ˆ

L
x

z
∆Ũ

y

{

x

z
δŨ

y

{
|1!Ũ

1
!!Ũ

| putU
ˆ

R

putU
ˆˆ

R

“

getU
ˆ

L
x

z
∆Ũ

y

{

x

z
δ
Ũ

y

{

1
!!Ũ

|
1
!Ũ

putU
ˆ

R

putU
ˆˆ

R

“

getU
ˆ

L
x

z
∆Ũ

y

{

1
!Ũ

x

z
δ
Ũ

y

{

|
putU

ˆ

R
1I

putU
ˆˆ

R

(4.3.44)
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“

getU
ˆ

L
x

z
∆
Ũ

y

{

1
!Ũ

| putU
ˆ

R

x

z
δŨ

y

{
|1I

putU
ˆˆ

R

“

getU
ˆ

L
x

z
∆
Ũ
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!Ũ
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!Ũ
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!Ũ

| putU
ˆ

R

|idUˆ

putU
ˆ

L
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Ũ
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!Ũ
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R
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z
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Ũ
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∆ˆ

U

1I
|
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R
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z
δ
Ũ

y
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ˆˆ

R
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U |
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R
x

z
δ
Ũ

y

{
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R

,

where we used Lemma 4.3.13 for the sixth equality and Lemma 4.3.10 for the second to last equality.
Hence, by the uniqueness of the right iteration cell, this implies that

getU
ˆ

L
x

z
δŨ

y

{

putU
ˆˆ

R

“ pidUˆq
ˆ

π0,U ,∆ˆ
U ,1I

“ δˆ
U . (4.3.45)

This completes the proof. ❏

Lemma 4.3.15

♡

Let C be a differential category. Given an object A P ObC,

d˝
A ˝ ∇A “ p∇A b 1Aq ˝ p1!A b d˝

Aq

` p∇A b 1Aq ˝ α!A,!A,A ˝ p1!A b σA,!Aq ˝ α´1
!A,A,!A ˝ pd˝

A b 1!Aq.
(4.3.46)

Proof. Using monoidal graphical calculus, we have that:

“ “

∇A ∇A

d˝
A ∆A

µA

∇A

∆A

“

∇A

∆A

µA

∇A

∆A

`

∆A

∇A

∆A

“

∆A

µA eA eA µA

`

∇A

∆A

“

∆A

eA µA

∇A

∆A ∆A

µA eA `

∇A

d˝
A

∇A

d˝
A

(4.3.47)

This completes the proof. ❏
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Lemma 4.3.16. The Right Multiplication Cell is Co-Contraction

♡

Let C be a resource theory. Given a C-valued exchange U P CŻđ
˚ ,

∇ˆ
U “

getU
ˆbUˆ

L
x

z
∇Ũ

y

{

putU
ˆ

R

– p∇Ũ qŻ. (4.3.48)

Proof. First, note that

getU
ˆbUˆ

L
x

z
∇Ũ

y

{
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ˆ

R

|π0,U “
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L
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ˆ

L |1!Ũ
x

z
∇Ũ
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{
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R

|π0,U “
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L |1!Ũ
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z
∇Ũ
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“

getU
ˆ

L

getU
ˆ

L |1!Ũ
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z
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z
eŨ
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“
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L
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ˆ

L |1!Ũ
x

z
eŨ ˝ ∇Ũ

y

{

“
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L
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ˆ

L |1!Ũ
x

z
eŨ b eŨ

y
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“
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L
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ˆ

L |1!Ũ
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eŨ
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x

z
eŨ

y

{
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z
eŨ
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L
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eŨ
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L
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eŨ
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|
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ˆ

L
x

z
eŨ
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“
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|π0,U “
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,

(4.3.49)

Now, note that
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∇Ũ

y

{

putU
ˆ

R

|π1,U “

getU
ˆ

L

getU
ˆ

L |1!Ũ
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∇Ũ
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∇Ũ
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∇Ũ
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1
!Ũ
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1
!Ũ
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b1!Ũ q

y
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!Ũ
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R
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!Ũ
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Ũ
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Ũ
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Ũ
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Ũ
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!Ũ
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∇

Ũ
y

{
|1
Ũ
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!Ũ
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!Ũ
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!Ũ
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(4.3.50)

To simplify further, let us simplify each term separately. As we can see,
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!Ũ

| putU
R

putU
ˆ

R

“

idUˆ

getU
ˆ

L
1
!Ũ
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!Ũ
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ˆ
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ˆ
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∇Ũ
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(4.3.51)
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Ũ

1
!Ũ
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!Ũ

1
!Ũ
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1!Ũ |
x

z
σŨ,!Ũ
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!Ũ

1
Ũ
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!Ũ

x

z
σ
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∇Ũ

y

{
|putUR

putU
ˆ

R

“
idUˆ

π1,U
|

idUˆ

idU

getU
ˆ

L

|
getU

ˆ

L
getU

L
|1
!Ũ

x

z
σ
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(4.3.52)
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y

{

1
!Ũ
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1!Ũ |putU
ˆ

R | getU
ˆ

L
x

z
∇

Ũ
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!Ũ

| putU
R

putU
ˆ

R

|
idU

getU
ˆ

L

x

z
∇Ũ
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Putting the last three expressions together, we get that
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. (4.3.53)

Hence, by the uniqueness of the right iteration cell,
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ˆ
π0,U
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,
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Uˆ
`

id
Uˆ
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σ
Uˆ,U
id

Uˆ
,1I

“ ∇ˆ
U . (4.3.54)

This completes the proof. ❏

Lemma 4.3.17

♡

Let C be a differential category. Given an object A P Ob pCq,

d˝
A ˝ uA “ 0. (4.3.55)

Proof. As we can see,

d˝
A ˝ uA “ p1!A b µAq ˝ ∆A ˝ uA “ p1!A b µAq ˝ puA b uAq “ p1!A ˝ uAq b pµA ˝ uAq

“ p1!A ˝ uAq b pµA ˝ uAq “ p1!A ˝ uAq b 0 “ 0,
(4.3.56)

where we used Lemma 3.3 in [2] for the second to last equality. ❏

Lemma 4.3.18. The Right Unit Cell is Co-Weakening

♡

Let C be a resource theory. Given a C-valued exchange U P CŻđ
˚ ,

uˆ
U “

x

z
uŨ
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{
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R

– puŨ qŻ. (4.3.57)

Proof. As we can see,
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z
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{
“

x

z
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y

{
“ 1I , (4.3.58)
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and
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(4.3.59)

so by the uniqueness of the right iteration cell, this implies that

uˆ
U “ p0q

ˆ
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{

putU
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R

. (4.3.60)

This completes the proof. ❏

Lemma 4.3.19

♡

Let C be a differential category. Given an object A P Ob pCq,

d˝
A ˝ νA “ puA b 1Aq ˝ λA. (4.3.61)

Proof. As we can see,

d˝
A ˝ νA “ p1!A b µAq ˝ ∆A ˝ νA

“ p1!A b µAq ˝ pνA ˝ uAq ˝ ρA ` p1!A b µAq ˝ puA ˝ νAq ˝ λA

“ pp1!A ˝ νAq b pµA ˝ uAqq ˝ ρA ` pp1!A ˝ uAq b pµA ˝ νAqq ˝ λA

“ pνA b 0q ˝ ρA ` puA b 1Aq ˝ λA

“ 0 ` puA b 1Aq ˝ λA

“ puA b 1Aq ˝ λA,

(4.3.62)

where we used Lemma 3.3 in [2] for the fourth equality. ❏

Lemma 4.3.20. The Right Plastic Cell is Co-Dereliction

♡

Let C be a resource theory. Given a C-valued exchange U P CŻđ
˚ ,
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“ 0, (4.3.64)
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where we used the constant rule of ν for the fifth equality, and
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1I
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Ũ

y

{

1!Ũ
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where we used Lemma 4.3.19 for the fifth equality and 4.3.18 for the last equality. Hence, by the
uniqueness of the right choice cell,

getUL
x

z
νŨ

y

{

putU
ˆ

R

“ 0 b
idU

uˆ
U

“ νˆ
U . (4.3.66)

This completes the proof. ❏

We, now, have everything we need to prove the main result of this thesis.

Theorem 4.3.21

♡
Let C be a resource category. Then, H

x

z
C

y

{
is a differential category.

Proof. By Theorem 4.2.20, H
x

z
C

y

{
is a compact closed category, so by Theorem 4.1.6, H

x

z
C

y

{
is a

˚-autonomous category. By Lemmas 4.3.4-4.3.9, ∆ˆ, eˆ, µˆ, δˆ, ∇ˆ, uˆ, νˆ are natural trans-
formations. Since p!, δ, µ,∆, e,∇, uq is a bialgebra and ν is a co-dereliction corresponding to this
bialgebra, by Lemmas 4.3.10-4.3.20, pp´qˆ, δˆ, µˆ,∆ˆ, eˆ,∇ˆ, uˆq is a bialgebra and νˆ is a co-

dereliction corresponding to this bialgebra. Hence, H
x

z
C

y

{
is a differential category. ❏

Corollary 4.3.22. The Right Step Cell is a Co-Deriving Transform

♡

Let C be a resource theory. Given a C-valued exchange U P pCq
Żđ
˚ ,

π1,U “ ∆ˆ
U |

µˆ
U

idUˆ

. (4.3.67)

Proof. As we can see,
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U |

π1,U |
idU
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idUˆ
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U |

π1,U |
idU
π0,U
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U |

π1,U
idUˆ

|

idU
π0,U

idUˆ

“ π1,U |
idU

∆ˆ
U

|
idU
π0,U

idUˆ

“ π1,U |
idU |idU

∆ˆ
U |

π0,U

idUˆ

“ π1,U |
idU
idUˆ

“ π1,U .

(4.3.68)

This completes the proof. ❏
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